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Introduction

1.1 The digital revolution

Recording the output from geophysical instrumentshasundergone four stagesof
developmentduring thiscentury: mechanical,optical, analoguemagnetic, anddig-
ital. Take theseismometerasa typical example.Theprinciple of thebasic sensor
remainsthesame:theswingof a testmassin responseto motionof its fixedpivot
is monitoredandconvertedto anestimate of thevelocity of thepivot. Inertia and
dampingdetermine the responseof the sensor to different frequencies of ground
motion;different mechanical devices measured different frequency ranges.Ocean
wavesgenerateagreatdealof noisein therange0.1–0.5Hz, themicroseismicnoise
band, andit becamenormalpractice to install a shortperiod instrumentto record
frequenciesabove0.5Hz andalongperiodinstrumentto record frequenciesbelow
0.1Hz.

Earlymechanical systemsused leversto amplify themotionof themassto drive
a pen. The classic short period, high-gain design usedan invertedpendulum to
measurethehorizontal componentof motion. A largemasswasrequiredsimply to
overcomefricti on in thepenandlever system.

An optical lever reducesthefriction dramatically. A light beamis directedonto
a mirror, which is twistedby the responseof thesensor. Thereflectedlight beam
shinesonto photographic film. The sensor responsedeflectsthe light beamand
the motion is recordedon film. The amplification is determinedby the distance
betweenthe mirror andfilm. Optical recording is alsocompact: the film may be
enlarged to a more readable size. Optical recording was in commonusein the
1960’s and1970’s.

Electromechanical devices allow motion of the massto be convertedto a volt-
age,which is easyto transmit, amplify, and record. Electromagneticfeedback
seismometers usea null method, in which anelectromagnet maintainsthemassin
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10 Introduction

a constantposition. Thevoltagerequired to drive the electromagnet is monitored
andformstheoutput of thesensor.

This voltagecanberecordedon a simpletaperecorderin analogueform. There
is a goodanalogy with taperecording sound, since seismicwavesarephysically
very similar to low frequency soundwaves. The concept of fidelity of recording
carriesstraight across to seismic recording. A convenientway to search an ana-
loguetapefor seismicsourcesis to simplyplay it backfast,thusincreasingthefre-
quency into theaudiorange,andlistenfor bangs.Analoguemagnetic recordscould
beconvertedto paperrecordssimply by playing themthrougha chart recorder.

The digital revolution started in seismology in about 1975, notably when the
World WideStandardisedSeismographNetwork (WWSSN)wasreplacedby Seis-
mological ResearchObservatories(SRO). Thesewerevery expensive installations
requiring a computer in a building on site. The voltageis sampled in time and
convertedto a number for input to thecomputer. Thetaperecording systemswere
not ableto record theincoming datacontinuously sothe instrumentwastriggered
anda short record retainedfor eachevent. Two channels (sometimesthree)were
output: a finely-sampledshort periodrecord for thehigh frequency arrivals anda
coarsely-sampled channel (usually onesample eachsecond) for the longer period
surfacewaves.Limitationsof therecordingsystem meantthatSROsdid notherald
thegreatrevolution in seismology: thathadto wait for bettermassstoragedevices.

Thegreat advantageof digital recording is that it allows replotting andprocess-
ing of thedataafter recording. If a feature is too small to beseenon theplot, you
simply plot it on a larger scale. More sophisticated methods of processing allow
usto remove all theenergy in themicroseismicnoiseband, obviating theneedfor
separate short andlong periodinstruments.It is evenpossibleto simulate anolder
seismometer simply by processing, providedthesensor recordsall theinformation
thatwouldhavebeencapturedby thesimulatedinstrument.This is sometimesuse-
ful whencomparing seismogramsfrom differentinstrumentsusedto record similar
earthquakes. Currentpractice is thereforeto recordasmuchof the signal aspos-
sible and process after recording. This hasone major drawback: storage of an
enormous volumeof data.

Thestorageproblemwasessentially solvedin about 1990 by theadvent of cheap
harddisksandtapeswith capacitiesof several gigabytes.Portablebroadbandseis-
mometersweredevelopedat about the sametime, creating a revolution in digital
seismology: prior to 1990 high-quality digital data wasonly available from a few
permanent, mannedobservatories. After 1990it waspossible to deploy arraysof
instrumentsin temporary sites to study specificproblems,with only infrequent
visits to change disksor tapes.
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1.2 Digital Recording

Thesensor is theelectromechanicaldevice thatconvertsgroundmotion into volt-
age; the recorder converts the voltage into numbers andstoresthem. The ideal
sensor would producea voltagethat is proportional to thegroundmotion but such
adevice is impossibleto make (theinstrumentresponsewould have to beconstant
for all frequencies, whichrequirestheinstrumentto respondinstantaneouslyto any
input, seeSection2). Thenext bestthing is a linear response, in which theoutput
is a convolution of theground motionwith thetransfer function of theinstrument.

Let the voltage output be W�XZY4[ . The recorder samplesthis function regularly in
time,at a sampling interval \]Y , andcreates a sequenceof numbers:^ W-_a`bW6Xdce\]Yf[�ghci`bjekml0kfn2kCoCoCoqpsr (1.1)

Therecorderstoresthenumberasastring of bits in thesamewayasany computer.
Threequantities describe the limitations of the sensor: The sensitivity is the

smallestsignal thatproducesnon-zerooutput; theresolution is thesmallestchange
in thesignal thatproducesnon-zerooutput; andthe linearity determinestheextent
to which the signal canbe recoveredfrom the output. For example, the ground
motion may be so large that the signal exceeds the maximumlevel; the record
is said to be “clipped”. The recorded motion is not linearly related to the actual
ground motion,which is lost.

The samethreequantities can be definedfor the recorder. A pen recorder’s
linearity is betweenthe voltage andmovementof the pen, which depends on the
electronic circuitsandmechanical linkages;its resolution andaccuracy arelimited
by thethicknessof theline thependraws. For a digital recorder linearity requires
faithful conversionof the analoguevoltageto a digital count, while resolution is
setby thevoltagecorresponding to onedigital count.

The recorder suffers two further limitations: the dynamic range, t , the ratio
of maximumpossible to minimum possible recordedsignal, usually expressedin
deciBel: n0j	uwv�x2y{z�X+t�[ dB; andthemaximumfrequency thatcanberecorded.For a
penrecorder the dynamic range is setby the height of the paper, while the maxi-
mumfrequency is setby thedrumspeed. For a digital recorderthedynamicrange
is setby the numberof bits available to storeeachmemberof the time sequence,
while themaximumfrequency is setby thesampling interval \]Y or sampling fre-
quency |;}�`~l7�0\]Y (we shall seelater that themaximummeaningful frequency is
in factonly half thesampling frequency).

A recorderemployedfor someof theexamplesin thisbookused16bitsto record
thesignal asaninteger, making themaximumnumber it canrecord n y{� U�l andthe
minimumis 1. Thedynamicrangeis therefore n0j	uwv�x y{z X����������-[:`���� dB. Another
popular recorder uses16 bits but in a slightly moresophisticatedway. Onebit is
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usedfor thesignand15for theinteger if thesignal is in therange �an y{� U�l ; outside
this rangeit stealsonebit, recordsanintegerin therange �an y�� U�l , andmultiplies
by 20,giving a complete range �a��nF�0�F��j , or 116dB. Thestolen “gain” bit is used
to indicatethechangein gainby a factor of 20; the increasein dynamic range has
beenachievedat theexpense of accuracy, but this is usually unimportant because
it only occurs whenthesignal is large. A typical “seismicword” for recordersin
exploration geophysicsconsistsof 16 bits for the integer (“mantissa”), 1 for the
sign,and4 bits for successive levels of gain. The technology is changing rapidly
andword lengthsareincreasing;mostrecordersnow have beingsoldnow have24
bits asstandard.

Storage capacity setsa limit to the dynamicrangeandsampling frequency. A
larger dynamicrange requiresa larger numberandmorebits to bestored; a higher
samplingfrequency requiresmorenumberspersecondandthereforemorenumbers
to bestored. Thefollowing calculation givesanideaof thelogistical considerations
involved in running an arrayof seismometersin the field. In 1990 LeedsUniver-
sity EarthSciencesDepartment deployed9 3-componentbroadband instrumentsin
the TararuaMountain region of North Island, New Zealand,to study body waves
travelling through thesubductedPacific Plate.Thewaveswereknown to behigh
frequency, demanding a 50 Hz sampling rate. Array processing(seeChapter11.1)
is only possible if thesignal is coherentacrossthearray, requiring a10-km interval
betweenstations. TheReftekrecordersuseda 16 bit word andhad360Mb disks
thatweredownloadedontotapewhenfull.

A singlefield seismologistwasavailablefor routineservicingof thearray, which
meanthehadto drive around all 9 instrumentsat regular intervalsto downloadthe
disks before they filled. How often would they needto be downloaded? Each
recorder wasstoring 16 bits for eachof 3 components50 timeseachsecond, or
2400 bits/second. Allowing 20% overhead for things like the time channel and
state-of-health messagesgives2880bits/second. Onebyte is 8 bits, anddividing
2880into thestoragecapacity �i���2o���lCj�� bits givesabout lCj � s, or 11.5days. It
would beprudentto visit eachinstrumentat least every 10 days,which is possible
for anarraystretchingupto 150km from baseovergoodroads. A laterdeployment
usedMarsrecorderswith optical diskswhichcould bechangedby alocal unskilled
operator, requiring only infrequent visits to collectdata andreplenish thestockof
blank disks. In this case, the limiting factorwasthe time required to backup the
optical disksontotape,which cantake almostaslong astheoriginal recording.

It is well worth making the effort to capture all the information available in a
broadbandseismogrambecausethe information content is soextraordinarily rich.
Theseismogramin Figures1.1and1.2aregoodexamples. P, S,andsurfacewaves
areclearlyseen.Thesurfacewavesarealmostclipped(Figure1.1),yet theonsetof
theP wave hasanamplitudeof just onedigital count (Figure1.2). Thefrequency



1.3 Processing 13

Fig. 1.1. Seismogramof an event in the KermadecIslandson 1 Nov 1991 recorded in
North Island,New Zealand. NotetheP, S,andlonger period surfacewaves.Thedynamic
rangemeantmaximumsignalsof ���43;87E78 digital counts,andthescaleshowsthatthiswas
nearly exceeded. The time scaleis in minutes,andthe surfacewaveshave a dominant
period of about20s

of thesurfacewavesis about 20s,yet frequenciesof 10Hz andabovemaybeseen
in thebodywaves.Thefull dynamicrangeandfrequency bandwidthwastherefore
needed to record all thegroundmotion.

1.3 Processing

Supposenow that we have collectedsomeimportant data. What arewe going to
do with it? Every geophysicist should know that thebasicraw data,plus thatfield
note-book, constitutethemaximumfactual informationhewill ever have. This is
whatwe learnon field courses.Dataprocessingis about extracting a few nuggets
from this dataset; it involveschanging theoriginal numbers, which alwaysmeans
losinginformation. Sowe alwayskeep theoriginal data.

Processing involvesoperating on datain order to isolate a signal, the message
we areinterestedin, andto separateit from “noise” , which nobody is interested
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Fig. 1.2. Expandedplot of the first part of the seismogramin Figure1.1. Note the very
smallamplitude of theP arrival, which rideson microseismsof longerperiod. Thearrival
is easyto seebecauseits frequency is different from thatof themicroseisms.

in, and unwanted signals, which do not interest us at this particular time. For
example,wemaywish to examinetheP-waveonaseismogrambut not thesurface
waves,or wemaywish to remove theEarth’smainmagnetic field from amagnetic
measurement in orderto determinethemagnetisationof local rocksbecauseit will
helpusunderstand the regional geology. On anotherdaywe maywish to remove
thelocal magnetic anomaliesin orderto determinethemainmagnetic field because
wewantto understand whatis goingon in theEarth’s core.

Oftenwe do not have a firm ideaof whatwe ought to find, or exactly wherewe
should find it. Under thesecircumstancesit is desirable to keep the methods as
flexible aspossible, anda very important partof modern processing is theinterac-
tion betweenthe interpreterandthecomputer. Thegraphical display is a vital aid
in interpretation, andoften the first thing we do is plot thedatain someway. For
example,we mayprocessa seismogramto enhancea particular arrival by filtering
(Section4.1). We know the arrival time roughly, but not its exact time. In fact,
our main aim is to measurethe arrival time asprecisely aspossible; in practice,
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the arrival will be visible on someunprocessed seismograms,on others it will be
visible only afterprocessing, while on yet moreit maynever bevisible at all.

Thefirst half of this book deals with theanalysisof time seriesandsequences,
thecommonest techniquefor processing datainteractively without strict prior prej-
udiceabout thedetailed causeof thesignalsor thenoise. This bookadopts Claer-
bout’s1992 usageandrestricts thewordprocessingto distinguishthisactivity from
themoreformalprocessof inversionexplainedbelow. Processing is interactiveand
flexible; wearelooking for something interestingin thedatawithoutbeingtoosure
of whatmight bethere.

Supposeagainthat we wish to separateP-wavesfrom surface waves. We plot
the seismogram and find the P-waves arriving earlier because they travel faster
thansurfacewaves,sowe just cut out the laterpartof theseismogram.This does
not work when the P-waveshave beendelayed (by reflecting from somedistant
interfacefor example)andarriveat thesametimeasthesurfacewaves.Thesurface
wavesaremuchbigger thanbody wavesand the P-wave is probably completely
lost in the raw seismogram.P-waveshave higher frequenciesthansurfacewaves
(period 1 second against 20 secondsfor earthquake seismogramsor 0.1 s against
1 s for a typical seismic exploration experiment), which gives us an alternative
meansof separation. The Fourier transform, in its various forms (Appendix 2),
decomposesa time series into its component frequencies. We calculate andplot
thetransform,identify thebig contributionsfrom thesurfacewaves,zerothemand
transformback to leavethehigher frequency waves.Thisprocessis calledfiltering
(Section4.1). In theseexamplesweneedonly look attheseismogramor its Fourier
transform to seetwo separatesignals; having identified themvisually it is aneasy
matterto separatethem. This is processing.

1.4 Inversion

The processeddataare rarely the final end product: somefurther interpretation
or calculation is needed. Usually we will needto convert the processeddatainto
otherquantities moreclosely related to the physical propertiesof the target. We
might want to measurethe arrival time of a P-wave to determine the depth of a
reflector,theninterpretthatreflector in thecontext of a hydrocarbon reservoir. We
might measurespatial variations in the Earth’s gravity, but we really want to find
thedensity anomaliesthatcausethose gravity anomalies, andthenunderstandthe
hidden geological structurethatcausedthegravity variations.

Inversionis a way of transformingthedatainto moreeasily interpretable phys-
ical quantities: in the exampleabove we want to invert the gravity variations for
density. Unlikeprocessing, inversion is a formal, rigid procedure. Wehavealready
decided what is causing the gravity variations,andprobably have anof thedepth
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andextentof thegravity anomalies,andeventheir shape. Wehaveamathematical
modelsetout that we wish to testandrefine,using this new data. The inversion
excludesany radically different interpretation. For example, if we invert the seis-
mic arrival times for the depth of a pair of horizontal reflectors we would never
discover thatthey really comefrom a single, dipping reflector.

0

1.0

0.8

0.6

0.4

0.2

-3 -2 -1 0 1 2 3

g

x

D

R

ρ

X X

X

X

X X
X

X

X

X
X

Fig. 1.3. Gravity anomaly

Considerthegravity traverseillustratedin Figure1.3,which we intend to invert
for density. The traditional method,beforewidespreaduseof computers, was
to compare the shapeof the anomaly with theoretical curves computed from a
rangeof plausibledensity modelssimpleenough for the gravity to be calculated
analytically. This is called forward modelling. It involvesusing thelawsof physics
to predict theobservations from a model. Computerscancompute gravity signals
from very complicateddensity models. They canalsobe usedto searcha large
setof modelsto find thosethat fit the data. A strategy or algorithm is neededto
directthesearch. Ideally weshould startwith themostplausiblemodelsandrefine
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our ideasof plausibility asthe search proceeds.Thesetechniques aresometimes
referred to asMonteCarlo methods.

Thereare two separate problems,existenceanduniqueness. The first require-
mentis to find onemodel,any model,thatfits thedata.If nonearefoundthedata
areincompatiblewith themodel. Either thereis something wrongwith themodel
or we have overestimatedtheaccuracy of thedata. This is rare.Having found one
modelwe search for others. If othermodelsarefound the solution is nonunique;
we musttake account of the it in any further interpretation. This alwayshappens.
Thenonuniquenessis describedby thesubset of modelsthatfit thedata.

It is moreefficient,whenpossible, to solvedirectly for themodelfrom thedata.
This is not just anexercisein solving theequations relating the datato themodel
for a modelsolution, we mustalsocharacterisethe nonuniquenessby finding the
completesetof compatible solutions andplacing probabilities on the correctness
of eachindividual model.

Like mostformal procedures,the mathematics of inversetheory is very attrac-
tive; it is easyto becomeseducedinto thinkingtheprocessis moreimportantthanit
really is. Throughout this book I try to emphasisetheimportanceof themeasured
dataand the desired end goal: theseare much more important than the theory,
which is just thevehicle thatallows you to proceedfrom thedatato a meaningful
interpretation. It is like a car that letsyou take luggageto a destination: you must
pack the right luggageand to get to the right place(and, incidentally, the place
should be interesting andworthy of a visit!). You needto know enough about the
carto drive it safely andgetthere in reasonable time,but detailedknowledgeof its
workings canbeleft to themechanic.

Thereare two sourcesof error that contribute to the final solution: one aris-
ing becausetheoriginal measurementscontain errors, andonearising becausethe
measurementsfailedto samplesomepartof themodel.Supposewecanprovefor a
particularproblemthatperfect, error-freedatawould invert to asinglemodel: then
in the real caseof imperfect datawe needonly worry about measurementerrors
mappinginto the model. In this book I call this parameter estimation to distin-
guish it from true inversion. Modern inversiondealswith the moregeneral case
whenperfect datafail to provide a uniquemodel.Trueinversionis often confused
with parameter estimation in the literature. Thedistinction is vital in geophysics,
becausethe largestsourceof error in themodelusually comesfrom failure to ob-
tain enough of theright sortof data, rather thansufficiently accurate data.

Thedistinction betweeninversionandparameterestimationshould not become
blurred. It is tempting to restate the inverseproblem we should be solving by
restricting the modeluntil the available dataarecapableof determining a unique
solution in the absenceof errors, but this is philosophically wrong. Themodel is
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predeterminedby our knowledge of theproblem at thestart of theexperiment,not
by whatweareabout to do.

Somequotes illustrate the diversity of meaning attachedto to the term ‘inver-
sion’. J.Claerbout, in his book“Earth SoundingsAnalysis—ProcessingversusIn-
version”, callsit matrix inversion.This is only trueif theforward problem is posed
asmatrix multiplication. In explorationgeophysicsonesometimeshearsinversion
calleddeconvolution (Section 4.3), an even morerestrictive definition. Deconvo-
lution is treatedasan inverseproblem in Section10.2. “Given the solution of a
differential equation,find its coefficients” wasthedefinition usedby Gel’fandand
Levitan (1955). More specifically “giventheeigenvaluesof adifferential operator,
find theoperator”, a problem thatfindsapplicationin theuseof normalmodefre-
quencies in determining average Earthstructure. A morepoeticstatement of the
sameproblem is “can we hear the shape of a drum?”, which hasreceived much
attention from puremathematicians. Noneof thesedefinitionscover thefull extent
of inverseproblemscurrently being studiedin geophysics.

1.5 About this book

Thebookis divided into threeparts: processing, inversion,andapplicationswhich
combinetechniquesintroducedin both of the first parts. Emphasisis placed on
discrete, rather thancontinuous formulations, anddeterministic, rather than ran-
dom,signals. This departurefrom most texts on signal processingandinversion
demandssomepreliminaryexplanation.

The digital revolution hasmadeit easyto justify treating dataasa discretese-
quence of numbers. Analogue instrumentsthat producecontinuous output in the
form of a paper chart record might have the appearanceof continuity, but they
never hadperfecttimeresolution andareequivalent to discreterecordingswith in-
terpolationimposed by thenatureof theinstrumentitself—aninterpolation that is
all toooftenbeyondthecontrol andsometimeseventheknowledgeof theoperator.
Theimpression of continuity is anillusion. Part I therefore usesthediscreteform
of the Fourier transform, which doesnot require prior knowledge of the integral
form.

It is muchharder to justify discretising the modelin an inversion. In this book
I try to incorporatethephilosophy of continuousinversionwithin thediscretefor-
mulationandclarify thedistinction between true inversion, in which we canonly
everdiscoverapartof thetruesolution,andparameterestimation,wherethemodel
is adequatelydescribedby a few specially chosen numbers.

In the example of Figure 1.3 the model is definedmathematically by a set of
parameters—� , the radiusof the cylinder, � , thedepth of burial, and � , the den-
sity or density differencewith the surroundings. The corresponding gravity field
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is computed usingNewton’s inversesquarelaw for each masselement �F� andin-
tegrating over the volume. This givesa prediction for every measured value. We
caneitherselectacurveandfind thebest fit by trial anderror, thendeducethebest
valuesof thethreeparameters,or do a full mathematical inversionusing themeth-
odsdescribedin thePart II. Eitherway should give thesameanswer, but bothwill
suffer from thesameobviousdrawback: themodelis implausibly over-simplified.
It is a pity to usethe power of computers to simply speed up old procedures. It
is betterto prescribe a moregeneral modelanddetermineasmuchabout it asthe
dataallow. Ultimately, for this problem, this might meanallowing the density to
vary with all three spacecoordinates, aninfinite numberof degrees of freedom.

For the most part, we shall content ourselves with a finite numberof model
parameters,but still allow themodelto beascomplicatedaswewish, for example
by dividing thehalf spaceinto rectangular blocksandascribing a differentdensity
to eachcell. Somesuchparameterisation will be needed ultimately to represent
the model numerically whichever inversionprocedure is adopted. The methods
aresufficiently flexible allow for any previousknowledgewemight have about the
structurewithout necessarily building it into theparameterisation.

In practice,virtually all realinverseproblemsenduponthecomputer, whereany
continuousfunction is represented discretely. Continuousinversion hasonegreat
pedagogical advantage: if the model is a continuous function of an independent
variable and therefore containsan infinite number of unknowns, it is difficult to
pretend that a finite number of datacanprovide all the answers. Given a discrete
formulation anda hugeamount of (very expensive) data,it becomesall to easyto
exagguratethe results of an inversion. Chapter 9 givesa brief introduction to the
techniquesof continuousinversion. Its mainpurposeis to explain how it fits with
discrete inversion, andto illustratesomepotential pitfalls of discrete treatments,
ratherthanproviding a practical approachto solving continuousinverseproblems.

Deterministic signals arepredictable. An error-freeseismogram canbe com-
putedfrom theproperties of thesource andthemedium thewavespass through; a
gravity traversecanbecomputed from density; anda magnetometersurvey canbe
predicted from magnetisation. For random signals we canonly predict statistical
properties: themean,standarddeviation, etc. Wind noise on a seismogramis one
example,its statistical propertiesdepending on the weather, neighbouring trees,
etc. Electronic noise is another source of error in all moderndigital instruments.
Many books usea statistical definition of the power spectrum (e.g. Percival and
Walden(1998); Priestley (1992) ) whereasthis book usesthemorefamiliar math-
ematicaldefinition. Thecentral problemin transferring the familiar mathematical
techniquesof Fourier SeriesandTransformsto dataanalysis is that both assum-
ing the time function continuesforever: FourierSeriesrequire periodicity in time
while theIntegralFourierTransform(Appendix 2) requiresknowledgefor all time.
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Dataseriesneverprovidethis,sosomeassumptionshave to bemadeabout thesig-
nal outside themeasurementrange.Theassumptionsaredifferent for random and
deterministic signals. For example,it would seemreasonableto assumea seismo-
gramis zerooutside therange of measurement; thesamecould apply to a gravity
traverse if we hadcontinuedright across the anomaly. Randomsignals go on for
ever yet we only measurea finite portion of them. They areusually continuedby
assuming stationarity, thatthestatistical properties do not vary with time.

The emphasis on deterministic signals in this book is promptedby the subject.
The maxim “one man’s signal is another man’s noise” seemsto apply with more
force in geophysics than in other branchesof physical science and engineering.
For example,our knowledgeof the radius of the Earth’s core is limited not by
the accuracy with which we canreadthe arrival time of seismicreflectionsfrom
the boundary, but from the time delaysthe wave hasacquired in passing through
poorly-knownstructuresin themantle.Again, thearrival time of shear wavesare
madeinaccuratebecausethey appearwithin theP-wave code, ratherthanat a time
of greater backgroundnoisie.Themainsourceof errorin magnetic observationsof
theEarth’s mainfield comesfrom magnetisedrocksin thecrust. not from inherent
measurement errors—even for measurementsmadeasearly asthe late 18th cen-
tury. Onehasto go back beforeCaptainCook’s time, whennavigation waspoor,
to find measurementerrorscomparablewith thecrustal signal.

Somethingsimilar applies to errorsin modelsobtainedfrom aninversion. Grav-
ity datamaybeinvertedfor density, but aninherentambiguity makesit impossible
to distinguishbetweensmall,shallow massanomaliesandlarge, deepones.Seis-
mic tomography(Chapter 11), in which arrival timesof seismic wavesareinverted
for wavespeedswithin theEarth,is limited moreby its frequentinability to distin-
guishanomaliesin different parts of theEarththanby errors in reading the travel
timesthemselves.

Exercises

1.1 A geophoneresponseis quoted as3.28volts/in/sec.Give theground mo-
tion in metres/seccorresponding to anoutput of 1 milli volt.

1.2 A simpleseismic acquisition systemuses14 bits to record thesignal digi-
tally asaninteger. Calculatethedynamicrange. Convert to decibels (dB)
using theformula �V� `�n0j	uwv�x y{z X �V�2�V�� ¢¡¤£¦¥f��� x�§0[ (E1.1)

(Thefactor 10 converts“Bel” to “deciBel” andthefactor 2 convertsfrom
amplitudeto energy.)
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1.3 Thegeophonein question 1 outputslinearly overtherange1 microvolt–0.1
volt. Whatis its dynamicrange in dB?

1.4 You attach the geophonein question 1 to the recorder in question 2 and
settherecorder’s gainto 1 digital count/microvolt. What is themaximum
groundmotionrecorded?

1.5 A moresophisticated recording systemhasa 19-bit seismicword, 1 sign
bit (polarity), 4 gain bits (exponent plus its sign), anda 14-bit mantissa
(thedigits after thedecimal point). Calculate thedynamic rangein dB.

1.6 Whathappensto thesensitivity of themoresophisticatedrecordingsystem
for large signals?
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MathematicalPreliminaries:the ¨¢© andDiscrete
FourierTransforms

Supposewe havesomedatadigitizedasa sequenceof p numbers:^ Wªra`�W z k�W y k�W-«0kCoCoCo;k�W-¬®­ y (2.1)

Thesenumbersmustbevaluesof measurementsmadeatregularintervals.Thedata
maybesampledevenly in time,suchasa seismogram,or evenly in space,such as
an idealisedgravity traverse. Whatever the nature of the independent variable, it
will becalledtimeandthesequencea timesequence. Themathematicsdescribed
in this chapter requires only a sequenceof numbers. Themain tool for analysing
discrete datais the discrete Fourier transform or DFT. TheDFT is closely related
to Fourier Series,with which the readeris probably already familiar. Somebasic
properties of Fourier Seriesarereviewed in Appendix 1. This chapter begins not
with the DFT but with the TVU transform, a simpler construct that will allow us to
derive somefundamental formulaethat applyalsoto theDFT.

2.1 The T -transform

The T -transform is madeby simply forming a polynomial in thecomplex variableT usingtheelements of thetime sequenceascoefficients:¯ X°Te[	`bW z²± W y T ± W-«qT « ± oCoCo ± W-¬®­ y T ¬®­ y (2.2)

Many physical processeshave theeffect of multiplying the TªU transformof a time
sequence by another TVU transform. The bestknown of these is the effect of an
instrument: theoutput of a seismometer, for example, is different from theactual
ground motion it is supposedto measure.The relationship is oneof multiplying
the TVU transform of the ground motion by another TVU transform that dependson
the instrumentitself. For reasons that will becomeapparentlater, it is physically
impossible to make a devicethatrecordstheincoming time series precisely.

It is thereforeoften instructive to consider operations on the T -transform rather

25
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thanon theoriginal time series. Operationson the T -transformall have their coun-
terpart in thetime domain. For example,multiplying by T givesT ¯ X°Te[	`bW z T ± W y T « ± W « TF³ ± oCoCo ± W ¬"­ y T ¬ (2.3)

This new T -transformcorrespondsto thetime sequence:^ We´:r�`bjek�W z k�W y k�W2«0kCoCoCo7k�W2¬"­ y (2.4)

which hasbeenshifted onespacein time, or by an amountequal to the sampling
interval \]Y . Likewise,multiplying by apowerof T , T _ , shifts thetimesequencebyce\]Y . T is calledtheunit delay operator.

In general, multiplicationof two T -transformsis equivalentin the time domain
to a process calleddiscreteconvolution discreteconvolution. This discrete convo-
lution theorem is the most important property of the TVU transform. Consider the
product of

¯ X°Te[ with µ¶X°Te[ , the T -transformof asecond time sequencê
;· r , whose

length ¸ is not necessarily thesameasthatof theoriginal sequence¹ X°Te[	` ¯ X°TS[dµ�X°TS[	` ¬®­ yº_q» z W-_�T _½¼
­ yº ¾ » z ·

¾ T
¾

(2.5)

To find the time sequencecorresponding to this TVU transform we mustwrite it as
a polynomialandfind thegeneral term. Setting¿�`Àc ±�Á for thenew subscript ¿
andchanging theorder of thesummation doesexactly this:¬®­ yº_C» z ¼

­ yº ¾ » z W2_ ·
¾ T _ ´

¾
` ¼ ´Â¬"­ª«ºÃ » z

Ãº_C» z W2_ · Ã ­ _;T Ã (2.6)

This is just the T -transformof thetime sequencê
7Ä r , whereÄ Ã ` Ãº_C» z W-_ · Ã ­ _ (2.7)^7Ä r is thediscrete convolution of

^ Wªr and
^;· r ; it haslength p ± ¸ÅUÆl , oneless

thanthesumof thelengthsof thetwo contributing sequences.
Henceforth the curly brackets on sequenceswill be omitted unless it leads to

ambiguity. Theconvolution is usually written asÄ `bWPÇ · (2.8)

andthe discrete convolution theorem for T -transforms will be representedby the
notation: W È ¯ X°Te[· È µ¶X°Te[WPÇ · È ¯ X°Te[dµ¶X°Te[ (2.9)
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Fig. 2.1. Theconvolutionprocess.Thefirst sequence H is plottedagainstsubscript � . The
secondsequence I is reversedandshiftedso that I . is at �]�sÉ . Productsof theadjacent
elementsof thetwo sequencesarethensummedto givetheconvolutionfor thatvalueof É .

As anexample,considerthetwo sequencesWÊ`Ël0kfn2kf�2kml0kfn pÌ`��· `Àl0kf�2kf�2k4� ¸Í`ÏÎ (2.10)

Theconvolution c will have length p ± ¸ÐUbl]`Ñ� andis given by the formula
(2.7). Theformulamustbeapplied for eachof 8 valuesof ¿ :Ä z ` W z · z `ËlÄ y ` W z · yÒ± W y · z `��Ä «Í` W z · « ± W y · y½± W2« · z `ÀlqÎÄ ³ ` W z · ³ ± W y · « ± W2« · y½± W ³ · z `�nF�Ä � ` W y · ³ ± W-« · « ± W ³ · y½± W � · z `���ÎÄ � ` W « · ³ ± W ³ · « ± W � · y `���nÄ � ` W ³ · ³ ± W � · «"`Àl7�ÄCÓ ` W � · ³ `ËlqÎ (2.11)

Theprocedureis visualised graphically in Figure2.1. Theelements of thefirst se-
quence ( W ) arewritten down in orderandthoseof thesecond sequence(

·
) written

down in reverseorder(becauseof the U�c subscriptappearingin (2.7)). To compute
thefirst element,

Ä z , thestartof the
·

sequenceis alignedat cÊ`bj . Thecorrespond-
ing elements of W and

·
aremultipliedacrossandsummed.Only

· z lies belowan
elementof the W sequencein thetop framein Figure2.1,soonly theproduct W z · z
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contributesto thefirst termof theconvolution. In general,
Ä Ã is found by aligning· z at ci`Ô¿ , multiplying corresponding elementsandsumming.It is often thecase

that onesequence is much longer than the other, the long sequencerepresenting
the seismogram andthe shorter sequencesomeoperation to be performedon the
seismogram. Think of theshortsequenceasa “train” running along the“rails” of
thelong sequenceasthesubscript ¿ is increased.

If multiplication by a T -transform corresponds to convolution, division by aT -transform corresponds to the opposite procedure, deconvolution since µ¶X°Te[Õ`¹ X°Te[{� ¯ X°Te[ . Inspection of the first equation in the example(2.11) shows we can
find

· z if W zÊÖ`bj : · z ` Ä z ��W z (2.12)

Knowing the first term
· z we canuseto it to find thenext termof the

·
sequence

from thesecond of (2.11): · y `ËX Ä y U�W y · z [{��W z (2.13)

andso on. The general formula to invert (2.7) is obtainedby moving the c�`×j
termin thesumfor

Ä Ã to theleft handsideandrearrangingto give· Ã `ÙØ Ä Ã UÛÚ Ã _C» y W-_ · Ã ­ _7ÜW z (2.14)

Thisprocedureis calledrecursionbecausetheresultof eachequation is usedin all
subsequentequations. Notice the division by W z at every stage: deconvolution is
impossible when W z `Ýj . Since µ�X°TS[²` ¹ X°TS[{� ¯ X°Te[ , therecursion formula(2.14)
mustbe equivalent to division by the T -transform. Deconvolution is discussedin
detail in Section4.3.

We may now definea generalised operation corresponding to multiplication of
the T -transform by a rational function (ratio of two polynomials):Þ X°TS[½`~ß X°Te[tàX°Te[ ` X°TPUsT z [ªX°TPUsT y [VoCoCo7X�T&UsT ¬"­ y [X°T/U¶¿ z [ªX�T&U�¿ y [ªoCoCo7X°TPU�¿ ¼ ­ y [
In thetimedomainthiscorrespondsto acombination of convolution andrecursion.

The operation describesthe relationship betweenthe output of a seismometer
andthe ground motion, or instrumentresponse. Instrumentresponsesof modern
seismometers areusually specified in termsof the rootsof the two polynomials,
the polesandzeroesof the complex T -transform Þ X°Te[ . An ideal seismometerhasÞ X°Te[:`ál andrecordstheground motion exactly. Somemodern seismometersap-
proachthis ideal andhave rather simple instrumentresponses;older instruments
(andothers not designed to recordall aspects of the ground motion) have more
complicatedresponses. TheSRO (which standsfor seismological research obser-
vatory) wasdesigned in the 1970sfor the global network. Its full responsewas
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properly described by no fewer than14 zeroesand28 poles. Both input andout-
put aremadeup of real numbers, so the TªU transformshave real coefficientsand
thereforetheroots (polesandzeroes)areeitherrealor occur in complex conjugate
pairs.

2.2 The Discrete Fourier Transform

SettingT]`�â ­Vãåä-æÒç into theformulafor the T -transform (2.2)andnormalisingwith
a factor p gives: ¯ XZè¦[½` lp ¬®­ yº_C» z W-_�â ­Vãåä _ æÒç (2.15)

This equation is a complex Fourier series (Appendix 1); it definesa continuous
function of angular frequency è which we discretiseby choosing

èêéÊ` n0ë�ìí ` n0ë�ìp�\]Y `�n0ë�ìî\i| (2.16)

where \i| is thesamplingfrequency. Substituting into (2.15) andusing
í `bp�\]Y

givestheDiscrete Fourier Transform (DFT):¯ é ` ¯ XZèêéª[
` lp ¬"­ yº_C» z W-_0â ­ª«ðï�ãñé _Cò ¬ gìó`�jekml0kfn2kCoCoCo;k�pÌU�l (2.17)

This equation transforms the p valuesof the time sequence
^ W�_Fr into another

sequenceof numberscomprising the p Fourier coefficients
^ ¯ éªr . Thevalues ofT thatyield theDFT areuniformly distributedabout theunit circle in thecomplex

plane(Figure2.2).
An inverse formulaexiststo recover theoriginal timesequencefrom theFourier

coefficients:

W-_a` ¬®­ yºé » z ¯ éeâ «ðï�ã _ é ò ¬ (2.18)

To verify this, substitute
¯ é from (2.17)into theright handsideof (2.18)to give¬"­ yºé » z lp

¬®­ yº ¾ » z W
¾ â ­ª«ðï�ãåé

¾ ò ¬ â «ðï;ã _ é ò ¬ ` ¬®­ yº ¾ » z W
¾ lp ¬®­ yºé » z â ­ª«ðï;ãñé-ô

¾ ­ _Cõ+ò ¬
(2.19)

The sumover ì is a geometric progression. Recall the formula for the sumof a
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Fig.2.2. In theArganddiagram,ourchoicefor � , �����¦�	��

��� , liesalwaysontheunitcircle
because � � �S�ö� . Discretisationplacesthe � � pointsuniformly aroundtheunit circle. In
thiscase

�����÷�	������� andthereare12points around theunit circle.

geometric progression, which applies to bothrealandcomplex sequences:¬®­ yº_C» z Þ _ ` l®U Þ ¬l�U Þ (2.20)

In (2.19)theratio is Þ `�â ­ª«ðï;ã�ô _ ­
¾ õ1ò ¬ and Þ ¬ is â ­ª«ðï;ã�ô _ ­

¾ õ , whichis unity providedc Ö` Á , giving zero sum. When cÏ` Á every term is unity, giving a sumof p .
Nyquist’s theoremfoll ows: lp ¬"­ yºé » z â ­ª«ðï�ãåé-ô _ ­

¾ õ1ò ¬ `bøC_ ¾ (2.21)

Substituting into (2.19)andusingthesubstitution property of theKronecker delta
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(seebox) leaves W;_ , which proves the result. Equations (2.17) and (2.18) are a
transform pair that allow us to passbetweenthe time sequence W andits DFT

¯
andbackwithout any lossof information.

THE KRONECKER DELTA

TheKronecker delta, alsocalled theisotropic tensorof rank2, is
simply anarraytaking thevalue zeroor one:øC_ ¾ ` jöc Ö` Á` lÆcÊ` Á
It is useful in time sequenceanalysis in defining a spike, a se-
quencecontaining a single non-zeroentry at time corresponding
to elementci` Á .
The substitution property of the Kronecker delta applies to the
subscripts. When multiplied by another time sequence and
summedover c thesumyieldsjust onevalueof thesequence:º _ øC_

¾ W-_a`bW z¦ù j ± W y:ù j ± oCoCo ± W ¾ ù l ± oCoCo2`bW ¾
Thesubscript Á onthe W ontheright handsidehasbeensubstituted
for thesubscript c on theleft handside.

In equations(2.17)–(2.18)subscript c measures time in units of the sampling
interval \]Y , so Y	`Ýce\]Y , up to a maximumtime

í `�p�\]Y . ì measuresfrequency
in intervalsof \i|ú`Ål7� í up to a maximumof the sampling frequency |°}�`p�\¢|û`ül7�0\]Y . Thecomplex Fouriercoefficients

¯ é describe thecontribution of
theparticular frequency èÛ`�n0ë�ìî\i| to theoriginal time sequence. Writing

¯ é in
termsof modulusandargument gives¯ é `b� é â ã¤ýSþ (2.22)

A signal with just onefrequency is a sine wave; � é is themaximumvalue of the
sinewave and ÿ	é definesthe initial point of thecycle – whether it is truly a sine,
or a cosine or somecombination. �	é is real andpositive andgivesa measure of
theamountthat frequency contributesto thedata;a graph of �Sé plottedagainst ì
is calledtheamplitudespectrum andits square, � «é , thepowerspectrum. ÿ é is an
angleanddescribesthephaseof this frequency within the time sequence;a graph
of ÿ é plottedagainstì is called thephasespectrum.

Considerfirst thesimpleexampleof theDFT of aspike. Spikesareoftenusedin
processingbecausethey representanideal impulse. Thespike sequenceof lengthp has � _a`bøC_ � (2.23)
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Thespike is at time
� \]Y . Substituting into (2.17)gives

�]éi` lp â ­ª«ðï�ã � é ò ¬ (2.24)

When
� ` j , �Õé�` £ v ����������� ; the spike is at the origin, the phasespectrum is

zeroandtheamplitudespectrumis flat. Thespike is saidto containall frequencies
equally. Shifting thespike to someothertime changesthephasespectrum but not
theamplitudespectrum.

Fig. 2.3. A boxcarsequencefor NÑ�Æ��=7= and � �Æ�4= . Its amplitude spectrumis shown
in the lower trace. The sequence definedin (2.25) hasbeenshiftedto centreit on �&�@0> = s for clarity; theamplitudespectrumremains unchangedbecauseof theshift theorem
(Section2.3.2). Notethezeroesandslow decreasein maximum amplitudefrom ���Ô= to�]�Û@m= , causedby thedenominatorin equation (2.28).

An importantexampleof atimesequenceis theboxcar, asequencethattakesthe
value1 or 0 (Figure2.3). It takes its namefrom the Americantermfor a railway
carriage and its appearancein convolution, when it runs along the “rail s” of the
seismogram.Thetime sequenceis defined as· _ ` l j
	Ïc�� ¸
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��p (2.25)

Substituting into (2.17)gives

µ�é]` lp ¼ ­ yº_C» z â ­ª«ðï;ã _ é ò ¬ (2.26)

which is another geometric progression with factor §����/U®n0ë��dìê��p andsum

µ�é ` l"U�â ­ª«ðï;ãñé ¼ ò ¬p Ø l�U�â ­ª«ðï�ãñé ò ¬ Ü` â ­Vï�ãåé-ô ¼ ­ y õ+ò ¬ ��¡1� ë�ìî¸b��pp ��¡1� ë�ìê��p (2.27)

Theamplitude andphase spectra are,from (2.22)

��é ` ���� �f¡¤� ë�ìî¸Ï��pp ��¡¤� ë�ìê��p ���� (2.28)

ÿ é ` U ë�ìÊX�¸ U�l�[p U���ë (2.29)

where � takesthevalues0 or 1, depending on thesignof
��¡1� ë�ìî¸Ï��p .

Thenumerator in (2.27)oscillatesas ì increases. Zeroesoccur at ìó`bp¢�q¸Ýkfn0p¢�q¸ÝkCoCoCo ,
where ¸ is the length of the (non-zeropart of the) boxcar. The denominator in-
creases from zeroat ì�` j to a maximumat ì�` p¢�0n thendecreasesto zeroatìÛ`áp ; it modulatestheoscillating numerator to give a maximum(height ¸ ) atìÏ` j to a minimum in the centreof the range ìb`×p¢�0n . The amplitude spec-
trum is plotted as the lower tracein Figure 2.3. The larger ¸ the narrowerthe
central peakof thetransform.This is a general property of Fouriertransforms(see
Appendix 2 for a similar result): the spike hasthe narrowesttime spreadandthe
broadestFouriertransform.

Inspection of (2.27)shows that thephase spectrum is a straight line decreasing
with increasing ì (frequency). The phase spectrum is ambiguous to an additive
integer multiple of n0ë ; it is sometimesplotted as a continuous straight line and
sometimesfoldedbackin therange X°jekfn0ëÒ[ in a sawttoothpattern.

Cutting out a segment of a time sequence is equivalent to multiplying by a
boxcar—all values outside the boxcar areset to zero,while those inside are left
unchanged.This is why theboxcararisessofrequently in timeseriesanalysis, and
why it is important to understandits propertiesin thefrequency domain.
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2.3 Properties of the discrete Fourier transform

2.3.1 Relation to continuous Fourier Series and Integral Fourier Transform.�
Thereexist analogiesbetween theDFTontheonehand andFourierseriesandthe

Integral FourierTransform ontheother. FourierSeriesandtheFIT aresummarised
in Appendices1 and2, but this material is not a prerequisite for this Chapter. The
forwardtransform,(2.17), hasexactly thesameform asthecomplex Fourierseries
(1.10). The coefficientsof the complex Fourier series are given by the integral
(1.12):

¯ é]` lí �
�z W6XZY4[�â ­Vãñé7ä-ç �FY (2.30)

Setting èÌ` n0ëê� í ,
í ` p�\]Y , Yó` ce\]Y , where \]Y is the samplinginterval,

andusingthe trapeziumrule to approximatethe integral leads to (2.17), the DFT
equation for

¯ é . It is important to notethat (2.17) is not an approximation, it is
exact. This foll ows from Nyquist’s theorem(2.21)andbecausewe choseexactly
theright frequency intervalfor thegivensampling interval.

Likewise, Fourier integralsmaybe approximatedby the trapezium rule to give
sumssimilar to (2.17) and(2.18). Resultsfor continuousfunctionsfrom FITs and
Fourier seriesprovide intuition for the DFT. For example, the FIT of a Gaussian
function â ­���ç�� is another Gaussian, X�l7�0n�� ë �²[�â ­Sä!� ò � � (Appendix 2). This useful
property of theGaussian(theonly function thattransformsinto itself) doesnotap-
ply to theDFT becausetheGaussianfunction never goesto zero,there arealways
endeffects, but Gaussian functionsarestill used in time seriesanalysis. Notealso
thatwhen � is largetheGaussianis very narrow andsharply peaked,but thetrans-
form is verybroad. This is anotherexampleof anarrowfunction transforming to a
broadone, a general property of theintegral Fouriertransformaswell astheDFT.

The Fourier seriesof a monochromaticsinewave hasjust onenon-zero coef-
ficient, corresponding to the frequency of the sinewave, andthe integral Fourier
transformof amonochromaticfunction is aDiracdeltafunction (Appendix 2) cen-
tred on the frequency of the wave. The sameis approximately true for the DFT.
It will contain a single spike provided the sequencecontains an exact numberof
wavelengths. Differencesarise becauseof the discretisation in time andthefinite
lengthof therecord. FourierSeriesareappropriatefor analysingperiodic functions
andFITsareappropriate for functionsthatcontinueindefinatelyin time. TheDFT
is appropriate for sequencesof finite length thatareequally spaced in time,which
areour mainconcern in time sequenceanalysis."

This subsection maybeomittedif thereader is unfamiliar with Fourierseriesor theintegral transform
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2.3.2 Shift Theorem.

TheDFT is a special caseof the T -transform,somultiplication by T Xd`úâ ­Vã ä2æ
ç [
will delaythe sequenceby onesampling interval \]Y . Put the other way, shifting
the time sequenceonespacewill multiply the DFT coefficient

¯ é by â ­ª«ðï�ãñé ò ¬ .
The corresponding amplitudecoefficient �
é remainsunchangedbut the phaseis
retardedby n0ë�ìê��p . This is physically reasonable;delaying in timecannot change
the frequency content of the time sequence,only its phase. The spike providesa
simpleillustration of theshift theorem. Equation (2.24)with

� `Ëj gives �
éû`p ; shifting in time by
� \]Y introducesthe phase factor â ­ª«ðï�ã � ò ¬ by the shift

theorem, which agrees with (2.24).

2.3.3 Time Reversal

Reversingthe order of a sequenceis equivalent to reversing the time andshifting
all termsforward by oneperiod (thefull lengthof thesequence). Denotethetime-
reversedsequenceby W$# sothat W%# _ `bW ¬"­ _ . Theright hand sideof equation(2.17)
thengives,with thesubstitution Á `�p UÛc ,

lp ¬®­ yº_q» z W ¬®­ _0â ­ª«ðï�é _Cò ¬ ` lp ¬"­ yº ¾ » z W
¾ â ­ª«ðï�é-ôñ¬®­

¾ õ+ò ¬ ` ¯'&é (2.31)

Timereversal thereforecomplex conjugatestheDFT.
Time reversal yieldsthe T -transform of T ­ y with a delay factor:¯ # X°Te[½`bW2¬"­ y½± W2¬®­ª«CT ± oCoCo ± W z T ¬®­ y `bT ¬®­ y ¯)( lT�* (2.32)

2.3.4 Periodic repetition.

Replacec with c ± p in (2.18):

W2_ ´Â¬ ` ¬®­ yºé » z ¯ é2â «ðï�ã�ô _ ´Â¬ õ é ò ¬ `bW-_ (2.33)

Similar substitutionsshow that WC_ ­ª¬ `ÀW-_ , W2_ ´Â«�¬ `ÀW2_ , andso forth. TheDFT
always “sees” the dataasperiodically repeatedeven though we have not specif-
ically required it; the inversetransform (2.18) is only correct if the original data
repeatedwith period p .
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2.3.5 Convolution theorem.

TheDFT is a special caseof the T -transformandwe would expect it to obey the
convolution theorem provided T hasthe samemeaningin both seriesandwe se-
lect thesamefrequenciesèSé , whichmeansthesamesamplinginterval andnumber
of samplesfor eachseries. Thereis one important differenceresulting from the
periodic repetition implicit in the DFT. In deriving (2.7) we omittedtermsin the
suminvolving elements of W or

·
with subscripts which lay outsidethe specified

ranges, j to p U�l for W and j to ¸ U�l for
·
. Whenthesequencesrepeat period-

ically this is no longer correct. We canmake theconvolution theoremwork in its
original form by extending both sequencesby adding zeroes(“padding”) to lengthp ± ¸ ± l or more.Thereis thenno overlap with theperiodically repeatedparts
of thesequences(Figure2.4).

The effect of convolution is often difficult to understand intuitively, whereas
the equivalentprocessof multiplication in the frequency domain canbe simpler.
Consider theexampleof convolution with aboxcar. This is amovingaverage (pro-
vided the boxcar hasheight l7�q¸ ). A moving average might be thought suitable
for smoothing out high frequenciesin the data,but this is not the case.Convolu-
tion with

·
in thetimedomainis equivalentto multiplicationby µ in thefrequency

domain.Theamplitudespectrum in Figure2.3showsthattheprocedurewill com-
pletely eliminate thefrequenciesp¢�q¸Ýkfn0p¢�q¸ kCoCoCo but will not doa very goodjob
of removing other high frequencies. Thezeroedfrequenciescorrespondto oscilla-
tionswith anexact integernumber of wavelengthswithin thelength of theboxcar.
Thusa moving averagewith a length of exactly 12 hours will bevery effective in
reducing a signalwith exactly that period, (thermal effectsfrom theSunfor exam-
ple), but will not do a goodjob for neighbouring frequencies (tides, for example,
which do not have periods that areexactly multiples of 12 hours). In general we
do not know the periodsin advance,so we cannot design the right moving aver-
age,andfew physical phenomenahave a single precise frequency. Thereduction
of other frequenciesis determined mainly by the slowly varying denominator. In
Chapter4.1weshallexploremoreeffectivewaysto removethehigherfrequencies.

2.3.6 Cyclic Convolution.

If nopadding is applied theproductof two DFTsgive theDFT of thecyclic convo-
lution. Thesameformula (2.7) appliesbut valuesof thesequencewith subscripts
outside the range X°jek�phU l�[ arethe periodically repeatedvalues rather thanze-
roes. The cyclic convolution is periodic with period p , the sameasthe original
sequences.

Thecyclic convolution for the two sequences W and
·

definedin (2.10) is quite
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different from the ordinary convolution. First we make themthe samelength by
adding onezeroto

·
, then apply (2.7)while retaining elementsof

·
with subscripts

outside therange X°jek�Îe[ , which arefilled in by periodic repetition (e.g.
· ­ y ` · � `j , · ­ ³ ` · ³ `�� ). Equation (2.11) is replacedby+ .Í� H�.�I�.-,ûH ! I/. ! ,óH % I/. % ,ûH10qI/.!02,óH43�I/.!3:� 878+ ! � H�.�I ! ,ûH ! Ið.5,ûH % I/. ! , H104I/. % ,ûH43qI/.!0²���7�+ % � H�.�I % ,ûH ! I ! ,ûH % Ið.-,óH40�I/. ! ,óH43�I/. % ���7E+ 0 � H . I 0 ,ûH ! I�%2,ûH0%�I ! ,óH 0 I . ,óH 3 I . ! �Û�;B+ 3Í� H�.�I�3-,ûH ! I�02,ûH % I % ,óH40�I ! ,óH63qIð.:��8�7

(2.34)

The convolution is of length5, the sameasboth contributing series, andrepeats
periodically with period 5. It is quite different from thenon-cyclic convolution in
(2.11): X�l0kf�2kmlqÎSkfnF�-kf��ÎSkf��nekml7�2kmlCÎe[ .

2.3.7 Differentiation and integration.

Differentiationandintegrationonly really applyto continuousfunctionsof time,so
first let usrecoveracontinuous function of time from our timesequenceby settingY	`Ýce\]Y and èîé]` n0ë�ìê��p�\]Y in (2.18):

W�XZY4[Ò` ¬®­ yºé » z ¯ é2â ãåä þ ç (2.35)

Differentiatingwith respect to time gives� W� Y ` ¬®­
yºé » z �°èêé ¯ éeâ ãåä þ ç (2.36)

Now discretisethis equation by setting Y²` ce\]Y and8W2_a` � W� Y
���� ç »Â_ æÒç

to give 8W2_à` ¬®­ yºé » z �°è
é ¯ é2â «ðï;ã _ é ò ¬ (2.37)

This is exactly thesameform astheinverseDFT (2.18),so
8W�_ and �°èîé ¯ é mustbe

transformsof each other.
Differentiation with respect to time is therefore equivalentto multiplication by

frequency (anda phase factor � ) in thefrequency domain; integrationwith respect
to time is equivalentto divisionin thefrequency domain. Thesamepropertieshold
for theFIT (Appendix 2).
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a b

T-T 2T

c

T 2T

a b c

-T

Fig. 2.4. Cyclic convolution of a long tracewith a shorterone.Thelong traceis actually
aseismogramandtheshorterone( 9 ) a “filter” (Chapter 4.1)designedto enhancespecific
reflectionswithin theoriginal seismogram. Thesequenceshavebeenplottedascontinuous
functionsof time,aswould normally bedonein processinga seismogram. ' $ J $ K show
thelocationof theshorterfilter usedfor calculatingdifferent valuesof theconvolution (É
in equation(2.7)). Whenonetimesequenceis shortcyclic andordinaryconvolutionsonly
differ neartheends.They canbemadeidenticalby addingzeroes to bothsequences,as
shown in the lower figure. In this example, if the seismogram is outlaststhedurationof
significant groundmotionthereis little differencebetweencyclic andstandardconvolution.

For example, we sometimesneedto differentiate andintegrateseismogramsto
convert betweendisplacement,velocity, andacceleration. The change in appear-
anceof theseismogramscansometimesbequite dramatic becausemultiplication
by frequency enhanceshigher frequenciesrelative to lower frequencies; thus the
velocity seismogramcanappear noisier than the displacementseismogram [Fig-
ure2.5].
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Fig. 2.5. Broadbandvelocity (upper trace)anddisplacement (lower trace)seismograms
obtainedfrom thesamerecord on Stromboli volcano. A depressionis mostnoticeablein
thedisplacement; thedisplacementtracealsohasmuchlesshigh frequency noisebecause
of theintegrationNeuberg (2000).

2.3.8 Parseval’s Theorem.

Substituting for
¯ é from (2.17)gives:: ¯ é : « ` lp « ¬®­

yº_q» z W-_0â ­ª«ðï�ãñé _Cò ¬
¬"­ yº ¾ » z W

¾ â ­ª«ðï;ãñé
¾ ò ¬

(2.38)

Summingover ì , usingtheNyquist theorem,andthesubstitution property of the
Kronecker deltagives:¬®­ yºé » z : ¯ é : « ` lp « º _6; ¾ W2_7W ¾ ¬®­ yºé » z â ­ª«ðï�ãåé-ô

¾ ­ _Cõ¤ò ¬
` lp º _6; ¾ W2_;W ¾ øC_ ¾
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This is calledParseval’s theorem;it ensuresequality of “energy” betweenthetime
andfrequency domains.

Parseval’s theorem applies generally to any orthogonal function expansion. It
equates the energyin the time sequence(sumof squaresof elements) to that of
thefunction coefficients. Nyquist’s theorem(2.21) ensuresthatParseval’s theorem
applies exactly to theDFT.

2.3.9 Fast Fourier Transform.

Equation(2.17)for theDFT requiresa sumover p termsfor eachof p frequency
values ì ; the total computation required is therefore p « complex multiplications
andadditions (operations), assuming all the exponential factors have beencom-
putedin advance. A clever algorithm, called the fast Fourier transformor FFT,
accomplishesthe sametaskwith substantially lesscomputation. To illustratethe
principle of theFFT suppose p is divisible by 2 andsplit thesum(2.17)into two
parts:

p ¯ éÊ` ¬®­ yº_q» z W-_�â ­ª«ðï�ãñé _Cò ¬
` ¬ ò «�­ yº_C» z W-_0â ­ª«ðï�ãñé _Cò ¬ ±

¬"­ yº_C» ¬ ò « W2_;â ­ª«ðï;ãñé _Cò ¬¬ ò «�­ yº_C» z X°W-_ ± W _ ´Â¬ ò « â ­Vï�ãñé [�â ­ª«ðï;ãñé _qò ¬ (2.40)

This sumis achieved by first forming the combinations W�_ ± W _ ´Â¬ ò « â ­Vï�ãñé (N/2
operations)andthenperforming thesumof p¢�0n terms.Thetotal numberof oper-
ationsfor all frequency termsis now p ù p¢�0n ± p¢�0n , a reduction of almosthalf for
large p whenthe additional p¢�0n operations maybe neglected. Thereis no need
to stopthere: provided p canbedividedby 2 againwe candivide thesumin half
oncemoreto obtaina further speedup of almosta factor of two. When p is a
power of 2 thesummaybedivided uwv�x « p times,with a final operation count for
large p of about ÎFpÀuwv�x « p .

Themodernversion of theFFTalgorithm datesfrom Cooley andTukey (1965) It
wasknown muchearlierbut did notfind widespreadapplication until theadvent of
digital computersled to large scaledataprocessing. Thepower of 2 fastalgorithm



2.3 Propertiesof thediscreteFourier transform 41

is the mostwidely used, but fastalgoritms areavailable for p containing larger
primefactors.

The speedadvantageof the FFT is enormous. Consider the casep ` lCj �
<n « z anda ratherslow computer performing a million operationsper second. The
conventional sumrequires p « `ÀlCj y « operations, which take lCj � sor 11.5days to
dothetransform. TheFFTrequires Î	�"n0j½�alCj � `��Ò�alCj Ó operationsor about 80s!
An 80 s computation could be usedrepeatedly in a dataprocessing experiment,
while an11.5daycomputation is only practical for a one-off calculation.

TheFFTnot only madeit practical to compute spectrafor largedatasets,it also
reduced the time required to convolve two sequencesof roughly equal length us-
ing theconvolution theorem.We transform bothsequenceswith theFFT, multiply
the transformstogether, thentransform backusing the FFT. Despite its apparent
clumsiness, this procedure is faster than using equation (2.7). Like a conven-
tional (“slow”) DFT, convolution using equation (2.7) also requires =iX°p « [ op-
erations when p ` ¸ and is large. Using the convolution theorem, we pad
eachsequencewith zeroes to avoid the problemsof periodic repetition, take the
DFT of both ( lm�0pËu¤v�x « p operations), multiply thetransformstogether ( p opera-
tions)andinversetransform( �0p uwv�x « p operations), to producethesameresult. Ifp?>Ýn�Î u¤v�x « p the transformmethodwill be faster. Whenonesequenceis much
longer thantheother, pA@ ¸ , thetimedomain calculationwill usually befaster.

2.3.10 Symmetry of the transform.

Equations (2.17) and (2.18) give a meansof transforming a sequenceof lengthp into another sequenceof the samelength andbackagainwithout any loss of
information. The two formulae arequite similar, the only differences being the
normalising factor l7��p in (2.17) andthesignof theexponent,bothof which have
beenchosenarbitrarily by convention. The mathematics works equally well for
exponents with the other sign convenction, providedthe signsaredifferent in the
two equations and we apply them consistently, for a normalisation factor p in
front of (2.18) insteadof l7��p in front of (2.17). Someauthorsusea normalising
factor l7� � p , whichgivesasymmetric transform pairwith thesamefactor in each
formula.Whatever theconvention, it is fixedby thedefinition of

¯ é .
This symmetrymeansthat,apartfrom signs andnormalisations, any statement

we make about the time sequenceand its transform canalso be madeabout the
transform coefficientsandits time sequence.For example,we found theDFT of a
boxcar to bea ratio of sines. Symmetryrequiresthat theDFT of a time sequence
madeup of the ratio of sineswould thenalso be a boxcar. Another exampleis
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givenby theconvolution theorem:W/Ç · È ¯ µ�k
which states that convolution in thetime domainis multiplication in thefrequency
domain. It follows that convolution in the frequency domain is multiplication in
thetime domain: ¯ Ç:µÑÈ W ·
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SUMMARY: PROPERTIES OF THE DISCRETE
FOURIER TRANSFORM

(i) Forwardandinversetransforms:¯ éi` lp ¬®­ yº_C» z W2_�â ­ª«ðï;ã _ é ò ¬
W-_a` ¬®­ yºé » z ¯ éeâ «ðï�ã _ é ò ¬

(ii) Amplitude and phase spectra : �½é×` : ¯ é : g ÿ é `�0¥ x ¯ é g¯ éÊ`b��é²§����B��ÿ é .
(iii)

¯ z ` averageof thedata,thezero-frequency component,
or “DC shift” ”.

(iv) Maximumfrequency l7�0\]Y
(v) Periodic repetition :

¯ ¬¦´6éi` ¯ é
(vi) Shift theorem: W�_ ´ ¼ È ¯ éSâ ­ª«ðï�ãñé ¼ ò ¬
(vii) p ø4ã z È l (all ì ) ;p ø ã ¼ È ¯ é â ­ª«ðï;ãñé ¼ ò ¬ .
(viii) Timereversal È complex conjugation
(ix) Differentiation andintegration :8W�XZY4[ ÈC��èêé ¯ é ;D W�XZY4[d�FY È ¯ é �2XE�°è é [ ± constant
(x) Convolution theorem: WPÇ · È ¯ µ
(xi) Convolution with a spike returns the original sequence

shifted

2.4 DFT of random sequences

Noise in a time sequenceshould sometimesbe represented as a random vari-
able, representing a quantity that is itself unpredictable but which hasknown or
knowablestatistical properties. The expectation operator expectation operator F
is applied to functions of a random variable to yield its statistical properties. The
expectation is normally taken to be the average of many realisations of the vari-
able. A random variable G hasan expected value F XHGs[ andvariance I�XHG�[&`F�JZXHG UKF¢XEGs[�[ «ML derivablefrom its probability distribution. For two randomvari-
ablesG and N we candefinea covarianceO XHGókPN [½`QFSRñXTG UUF¢XTGs[�[ªXENÀUUF¢XEN¢[�[TV (2.41)
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Notethat
O XHG k�Gs[¦`WI�XEGs[ . Thecovariancemeasuresthedependence of G andN on eachother, if they areindependent then

O XHGókPN [à`×j andthey aresaidto
beuncorrelated. Givenacollectionof p random variables XHG z k�G y k�Gi«0kCoCoCo;k�Gi¬&[
wemaydefinea covariancematrixX

ãZY ` O XHG ã k�G Y [ (2.42)

For independent randomvariablesthecovariancematrix is diagonalwith variances
on thediagonal.Covariancesarediscussedin moredetail in Chapter 5.

In time seriesanalysis the expectation operator may be replacedby an average
over timeprovidedthestatistical propertiesdonotvarywith time. Suchasequence
iscalledstationary. WedefineastationarystochasticsequenceXHG z k�G y k�Gi«0kCoCoCo7k�Gi¬P[
asonewhosecovariancesaredependent on thetime differencebut not thetime it-
self, i.e.

O XHGÊ_ k�Gi_ ´ Ã dependson suffix ¿ but not suffix c . Supposethesequence^ W-_-gÔcÊ`bjekml0kCoCoCoqpÀUól�r is onerealisation of thisstochasticsequenceandthe G½_
have zeromean.Replacing theexpectationoperator in thecovariancewith a time
average givesanestimate of thecovariances[ Ã ` ln0pÌU�l º _ W2_�W-_ ´ Ã (2.43)

Thesequence
[ Ã is called theautocorrelation andwill bediscussedfurtherin Sec-

tion 4.2.
TheDFT of theautocorrelationis thepower spectrum:[ Ã È : ¯ é : « (2.44)

(the result follows from the convolution theoremandis not that hardto prove. It
is given morecompletely in Section4.2.) The statistical properties of the power
spectrum of a stationary stochasticprocesscanthereforebe estimated becauseit
can be derived directly from the covariances. This allows us to manipulate the
spectraof randomsignalsandputstimeseriesanalysisonafirm statistical footing.
A practical exampleof noiseestimation is givenin Section 3.4.3.

A useful random noisesequence ì hasuncorrelated individual elements. The
covariancesare therefore zero for all lags ¿ except for ¿ö` j , and the autocor-
relation approximates to a spike at the origin. The DFT of a spike at the origin
is a constant,so the expected values of the power spectrum of ì areall the same
constant. Sucha spectrum is saidto be white becauseit containsall frequencies
equally, andtherandomnoisesequence ì is saidto bea sample of whitenoise.
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Exercises

2.1 Write down the T -transform
¯ X°Te[ of thesequenceW-_a` ^ �2kmU®�2kml�[�o

Obtainthe first threetermsof the time sequencecorresponding to the in-
verseof this T -transform

¯ ­ y X°Te[ . [Hint: factorise
¯ X°Te[ , usepartial frac-

tions on
¯ ­ y X°TS[ , expand eachterm by the binomial theorem andcollect

powersof T .] For whatvaluesof T doesyour expressionfor
¯ ­ y X°Te[ con-

verge?
2.2 Obtaintheconvolution of thetwo time sequencesW2_à` ^ �2kmU��2kml0k�jekmU&l0kf�2kmU®n-[

and · _a`]\ ln k ln_^ o
Why is this operation called a moving average?

2.3 Userecursionto show thattheresult of deconvolving thetime sequenceÄ `ËX�l0kf�2kmlqÎSkfnF�-kf��ÎSkf��nekml7�2kmlCÎe[
with W]`ÀX�l0kfn2kf�2kml0kfn-[
is · `ÀX�l0kf�2kf�2k4� [
Investigateelementsof

·
beyondthegivensequence.

2.4 Show thattheDiscreteFourierTransform of thesequenceX°jekml0kmU&l0k�j2[
is X ¯ z k ¯ y k ¯ «0k ¯ ³ [½`a`+jek lÎ X�l"UK��[�kmU ln k lÎ X�l ± �ð[Hb

(a) Verify thegeneral relation
¯ ¬"­VéÊ` ¯ &é .

(b) Plot theamplitudeandphasespectra.

2.5 Sketchtheamplitudeandphasespectraof aboxcarwindow with sampling
rate \]Y , total length of seriesp , taper fraction ß (i.e. thenumber of non-
zero termsin the boxcar sequenceis ¸ ` ß p . Show on your plot the
valuesof ì at thezeroes of theamplitude spectrum. You mayassumel7� ß
is aninteger.
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Obtain the ratio of the valuesof the amplitude spectrum at ì ß ` l0o��
to the central peakat ìö` j . Find the numerical valueof this ratio for¸Ð`ÀlCj .

2.6 Find thecyclic convolution of thetwo time sequencesW2_à`ÀX��2kmU��2kml0k�jekmU&l0kf�2kmU®n-[
and · _à` ln X�l0kml0k�jek�jek�jek�jek�j2[
Compareyour result with theordinaryconvolution obtainedin question 2.

2.7 Find theDFT of the time sequence Wm_]`áX�l0kmUPl0k�jek�j2[ by (a) direct calcu-
lation and(b) usingtheshift theoremandyour solution to question 4.

2.8 Verify Parseval’s theorem for the time sequencesin questions 4 and 9
above.

2.9 Find the DFT of the sequence X�l0kmU&l�[ . Compareits amplitudespectrum
with thatof thesequence X�l0kmUPl0k�jek�j2[ , found in question 9, andcomment
on the effect on the amplitude spectrum of adding zeroes to a time se-
quence.

2.10 Giventhat theFourierSeriesfor aninvertedparabolaon theinterval X°jekml�[
is YÒUsY « ` l� Udcºé » y £ v � n0ë�ìÂYì « ë «
find, by differentiation or otherwise, the Fourier Seriesof the sawtooth
function Y in thesameinterval.

In both cases sketch the function and its Fourier serieson the intervalX�UPl0kfn-[ . (SeeAppendix 1).
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Practicalestimationof spectra

3.1 Aliasing

Thetransform pair (2.17)and(2.18) areexactandtherefore no informationis lost
in performing theDFT: we canmove freely betweentime andfrequency domains
ascircumstancesrequire. However, beforedigitisingwehadacontinuousfunction
of time W�XZY4[ with acontinousFouriertransform

¯ XZè¦[ . Weshould thereforeexplore
exactly whatinformationis lost by digitizing.

It follows from theperiodicity of theDFT that¯ ¬¦´6éÊ` ¯ é (3.1)

For realdatawe cantake thecomplex conjugateof (2.17)andshow alsothat¯ ¬®­VéÊ` ¯ &é (3.2)

Physically, thismeansthatFouriercoefficientsfor frequencieshigher than p¢�0n are
determinedexactly from the first p¢�0n ± l ; above p they repeat periodically and
betweenp¢�0n and p they reflectwith the sameamplitudeanda phasechangeofë . Equation (2.17)allows us to transform p real values in the time domaininto
any numberof complex values

¯ é , but theseonly contain p independent realand
imaginary parts. Thereis anirrit atingcomplication with

¯ z , which is realbecause
it corresponds to zerofrequency, and

¯ ¬ ò « , which is alsorealbecauseof equation
(3.2). If p is even there are therefore 2 real coefficients and p¢�0niUöl complex
coefficients,giving a total of p independent realnumbers in thetransform.

Equations(3.1)and(3.2)definealiasing, themappingof higherfrequenciesonto
therange R jek�p¢�0n6V : afterdigitisation higher frequencieswill masqueradeaslower
frequencies. Thehighestmeaningful coefficientin theDFT is

¯ ¬ ò « , corresponding
to theNyquistfrequency: |0¬�` l7�0n�\]Y�k (3.3)

The sine wave associated with
¯ ¬ ò « passes through zero at all the digitisation

47
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Fig. 3.1. If thesamplinginterval is too large cyclesareskippedin theoriginal signal,giv-
ing theimpressionof a muchlongerperiod.Large dotsdenotevaluessampledat 500Hz;
they lie on thesinewave with frequency 417Hz (solid line, thealiasedfrequency) aswell
asthesinewavewith truefrequency 83Hz (dashedline).

points (Figure 3.1): any componentof this sine wave in the original continuous
function will not appear in thedigitisedsequence. Higher frequenciesarealiased
becausecyclesare“missed” by thedigitisedsequence,asillustratedin Figure3.1.

A useful illustrationof aliasing is theappearanceof spokeson a wheel,eachan
angle � apart, capturedon film. A film madefrom imagesevery, say, 0.025s ( \]Y )
appears to us to rotate with angular velocity e becausethe spoke movesthrough
anangle f `ge"\]Y betweensuccessive frames. As thewheelspeeds up it reaches
a point where f exceeds half the angle betweenthe spokes,andif the spokesare
identical we cannot tell from the digitisedfilm whether the wheel is rotating for-
wardsat a rate f-�0\]Y or backwards at a rate XT� Uhfe[{�0\ÊY . The brain interprets
the imageasbackwardsrotation. Reversalof thesense of rotation corresponds to
complex conjugation in (3.2);periodic repetition starts for thefaster rotation speede�`i�½�0\]Y , wheneachspoke comesinto line with thenext betweenframes.

Figure3.2 givesa graphical method for finding the aliasedfrequency by plot-
ting the frequency of the original continuous function, the input frequency to the
digitisationprocess,against the frequency of the digitised sequence, the aliased
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Fig. 3.2. Digitising frequencieshigherthantheNyquist frequency kml��÷�C�m�;��� backinto
therange )1= $ k l , . Thefrequency in thedigitisedsignalis calculatedfrom thisgraph, with
theexample in which both frequencies583=500+83and417=500-83 arebothaliasedto
83Hz. TheNyquistfrequency is 250Hz andthesamplinginterval 2 ms.

frequency. This applies only to the amplitudeof the coefficients; thereis a phase
changeof ë for eachof thenegativeslopesectionsin thefigure. In thisexamplethe
samplinginterval, \]Y , is 2 ms,typicalof aseismicreflectionsurvey. Thesampling
frequency is therefore |4}/` l7�0\]Y/`ü�0j�j Hz. The Nyquist frequency is half the
samplingfrequency, or 250Hz. All frequenciesarealiasedinto theband0–250Hz.
Equation(3.2) shows that417Hz is aliasedto �0j�j/U�ÎVl7�Ê`ö��� Hz, while 517Hz
is aliased from (3.1) to �el7�àUÛ�0j�jÕ`Àl7� Hz.

It should be clear from this examplethat aliasing canhave disastrouseffects.
Very high frequencies canenterat very low frequency andcompletely maskthe
signalof interest.Thereis no way to undotheeffectsof aliasingafter digitisation:
the informationallowing us to discriminatefrequenciesabove the |w¬ from those
below |;¬ is lost. It is thereforeessential to remove all energy above the Nyquist
beforedigitising.Thisis usually doneby ananti-alias filter appliedto theanalogue
signal.

It is sometimesdesirable to reduce thevolumeof databy resampling at a longer
interval. For example,a broadbandrecordmayhave a sampling intervalof 0.01s
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but a study of surface wavesonly needs a sampling interval of 1 s. In this casethe
original digitisedsequencemustbepreprocessedto remove all frequencies above
thenew Nyquist (0.5Hz) beforemaking thenew sampling.

Wehaveseenthatinformationis lost by digitising attoolargeatimeinterval.We
now aska similar question, canwe recover the original signal from the digitised
samples? The answer is yes, provided the original signal contained no energy
above theNyquist frequency. Reconstruction of theoriginal time seriesW�XZY4[ from
its samplesWF_Ï` W6Xdce\]Y4[ is an interpolation, the precise form being given by
Shannon’s sampling theorem:

W6XZYf[½` � ­ yº_C» z W2_
��¡¤� ëî|0¬�X�YÒUÛce\ÊYf[ëî|0¬ÛXZYÒUÔce\]Yf[ (3.4)

A proof of Shannon’s sampling theoremis given in Appendix 3. Equation (3.4)
hastheform of a discreteconvolution of thedigitisedtime sequencewith thesinc
function

�f¡¤�on � n , where
n ` ëî|m¬"Y , which vanishesat the digitising times ce\]Y

exceptfor Y:`Ýj . Theconvolution (3.4)performstheinterpolation between points
in exactly theright way to forcefrequenciesabove |Z¬ to bezero.

Symmetryof theFouriertransformallows usto make thesamestatement in the
frequency domain: if a function of time is truncated( ß X°Y4[Ò`bj for

�� 8Y �� > í ) thenits
Fourier transform canberecoveredfrom its values at a setof discrete frequenciesìê� í `Ïìî\i| . Wesometimesneedto addzeroes to atimesequence, for exampleto
increaseits length to a power of 2 in order to useanFFTor to improve resolution,
andwe should knowhow this changesthespectrum. Consider onetime sequence,W , of length ¸ anda second,

Ä
, of length pp> ¸ , withÄ _à`bW2_-g cÊ`bjekml0kCoCoCo�kf¸ÍU�l`bjeg cÊ`�¸Ýkf¸ ± l0kCoCoCo7k�pÌU�l (3.5)

Clearly Ä _à` · _�W2_ (3.6)

where
·

is theboxcarsequencegivenin equation (2.25).Multipl ication in thetime
domainis convolution in the frequency domain, in this casewith the DFT of the
boxcar: ¹ é ` ¬®­ yºÃ » z µ Ã ¯ é-­ Ã

` lp ¬"­ yºÃ » z
�f¡¤� ë2¿6¸Ï��p��¡¤� ë2¿Â��p â ­Vï;ã Ã ô ¼ ­ y õ1ò ¬ ¯ é-­ Ã (3.7)
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This is an interpolation of the
¯

spectrumfrom ¸ to p points over thesamefre-
quency range. It is analogousto the continuouscasein (3.4). By adding zeroes
to the endof a sequencewe have implicitly kept \]Y the same,the total length is
increasedto p�\]Y , and the frequency spacing of the transform hasdecreasedtol7��p�\ÊY . “Padding” by adding zeroes is often a useful thing to do. No informa-
tion is lost or added, andtheadditional frequency points canmake theplot of the
spectrum clearer.

3.2 Aliasing

3.3 Spectral leakageand tapering

Examiningthespectrum to determine thefrequency characteristics of thesignal is
a usefulpreliminary to processing, An accuratespectrum is essential if we wish to
identify periodicitiesin thedata, for exampletheEarth’s normalmodes.

Ideally our seismogram would be a continuous function of time extending for-
ever; the spectrum would then be the integral Fourier transform. In practice we
have a discretised seriesof finite length, which introduces two fundamentallimi-
tations on the derived spectrum. Thefinite length

í
limits the frequency spacing\i|�` l7� í , and the sampling interval \]Y limits the maximummeaningful fre-

quency |7¬ .
In theprevioussection we found that adding zeroes to a time series reducesthe

frequency spacing of the spectrum without changing its content. Adding zeroes
therefore improves the spectrum’s appearance without introducing any spurious
new information; it is alsoa convenientdevice for lenghthening thetime seriesto
thenext power of two whenusing theFFT.

TheDFT usesa finite numberof termsto representthetime seriesandis there-
fore susceptible to Gibbs’ phenomenonshould theoriginal time seriescontain any
discontinuities, just asFourier seriessuffer from Gibbs’ phenomenonwhenrep-
resenting discontinuous functions (Appendix 1). The DFT treatsthe time series
asperiodically continued,soa “hidden” discontinuity will exist if the lastvalueis
markedly different from thefirst: thismustbeguardedagainst,usually by reducing
theearly andlatevaluesof thetime sequence.

It is useful to consider a finite time sequencelasting time
í

asa section of an
idealsequenceof infinite length. Selecting anintervalfrom alongertimesequence
is calledwindowing, andit canbeachievedmathematically by multiplying theideal
sequenceby aboxcarfunction thatis zeroeverywhereoutsidetherange X°jek í [ and
equalto unity insidetherange.

Supposewe have an ideal time sequencewhosespectrum containssomelines
andother structure, andwindow it in time. Multiplication in the time domain is
equivalentto convolution in thefrequency domain, sowehave convolvedtheideal
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Fig. 3.3. Syntheticboxcar window power spectrafor an explosive sourcerecorded at a
distanceof D;@ A . Reproduced,with permission, from Dahlen(1982).

spectrum with the DFT of a boxcar, µ:é , given in equation (2.27) and shown in
Figure2.2. This function hasa central peakandmany side lobes. A line in the
idealspectrumat frequency è will convolve with µ é to returnthesamesequence
shifted to è (“convolutionwith aspike”, page43). A single peakis thereforespread
acrossa range of frequencieswith many spurioussecondarypeaks. This is called
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spectral leakagespectral leakagebecausewindowing in timespreadstheenergy in
the spectrum across a range of frequencies. It makesit moredifficult to identify
the central frequency of a peakin the spectrum or obtaina correct estimateof its
width. In many cases it is impossible to identify thepeakat all. Thebestsolution
to theproblem of spectral leakageis to measurea longer time sequencein thefirst
place,but this is not alwayspossible.

An example is given by Dahlen(1982) for a synthetic normalmodespectrum
from an explosive source at a distanceof ���rq . The ideal spectrum is shown in
Figure 3.3 at the bottom. It wascalculated theoretically andwould be obtained
from a recordof infinite length, if sucha recordcould be measured. The middle
spectrum of Figure3.3correspondsto a boxcar window; thespectrum is thesame
as would be obtained from a 20-hour record of the sameground motion. The
peakshave beenbroadenedby the finite lengthof record. Prominent side lobes
appear asthe fuzzy in-fill betweenthe major peaks; they overlapthroughout the
low frequency (long period) partof thespectrum.

Shortening a record broadensspectral peaks and introducesside lobes, partic-
ularly at low frequencies corresponding to periods that areshorter than the total
lengthof recordby only a small factor. This is a fundamentallimitation placedon
thedataby thelimited recording time.

It is possible to reduce the side lobesby changing the window function, but
at a price. Instead of using a boxcar window we can usesomeother function
with a morefavourable Fourier transform, onethat hassmalleror no side lobes.
Oneexample is the triangular or Bartlett window , in which the time sequenceis
multiplied by a function like:s XZY4[ ` Y�j
	�Yo	 í �0n` X í U Yf[ í �0nt	�Yu	 í (3.8)

Notethatthis is theresult of convolving a boxcar function with itself. TheFourier
transform is therefore the square of that of the Boxcar in Figure 2.2. The side
lobesarestill present but arelessof a problembecausethecentral peakhasbeen
increasedat their expense.As a general rule,side lobesarereduced by smoothing
thesharp edges of therectangular boxcar window. This is called tapering.

An extremecaseis theGaussian window,which hasno sidelobes. Theintegral
Fouriertransform of thefunction §��!� Ø U"Y « �4v « Ü is proportional to §���� Ø Uwv « è « �;ÎFÜ
(Appendix 2), which decreasesmonotonically as èyx �{z . v determinesthe
width of the Gaussian; a small valueof v indicatesa narrowfunction in the time
domainbut a broad function in the frequency domain,andvice versa. This is a
general propertyof theFourierTransform, sometimescalled theuncertainty prin-
ciple (seebox). Ideally, for resolving spectral peaks, we want a narrowfunction
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in thefrequency domainandtherefore a broadfunction in thetime domain, but its
breadth is againlimited by thelength of thetime series.

Gaussianwindowsareused in time-frequency analysisof seismogramsDziewon-
ski et al. (1969), in which oneseeks to identify thechange in frequency with time
of a dispersedwavetrain. Theoriginal seismogramis dividedup into intervalsand
the spectrum found for eachinterval. It is thenpossible to contour the energy in
thewavetrain asa function of thecentral time of eachwindow andfrequency. For
surface waves,thecentral time is proportional to the inverse of thegroup velocity
of thewaves.TheGaussianwindow is theobviouschoicebecauseit hasthesame
form in both time andfrequency domains; it putsbothaxesof thecontour plot on
anequal footing.

THE UNCERTAINTY PRINCIPL E

Heisenberg’s uncertainty principle states the impossibility of
knowing accurately both position and momentumof a particle;
onecanonly improve the accuracy of the determination of one
of these two quantities at the expense of the accuracy of the
other. Positionandmomentum of, for example, an electron are
described by the wave function or probability density functions
(pdf). Mathematically, the pdfs of position andmomentum are
integral Fouriertransformsof each other. In thesimplecasewhen
theposition is confinedby aGaussianpdf, themomentum is con-
fined by the transform, whosewidth is inverselyproportional to
thewidth of theposition’s pdf. This is the theory underlying the
roughstatementthat the product of the uncertainties in position
andmomentumis constant.
In time seriesanalysis the uncertainty principle givesa compro-
misebetween theaccuraciesof theheight andlocation(or central
frequency) of aspectral peak.Wecanimproveon theaccuracy of
the location of the peakby makingthe peaknarrower, but if we
do so we introducea larger error in the spectrum, which makes
the height unreliable. Similarly, we cansmooththe spectrum to
determinetheheight of apeakmoreprecisely, but thisspreadsthe
peakandmakesthedeterminationof its central frequency lessac-
curate. The product of the errors remains roughly constant,and
wouldbeexactly constantif thepeakhadtheGaussian bell-shape.

So far we have only beenconcernedwith resolution of the spectrum, the need
to separate neighbouring spectral peaks, or to be surethat a high point in a con-
tinuous spectrum is within a measuredfrequency range. Thereis alsotheproblem
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of unwanted noisein the original time sequence,which will map faithfully into
theFourier transform through the DFT formula (2.17). Convolution with a broad
function is a smoothing operation, andcanact to reducenoisewhenit dominates
the rapidly varying part of the spectrum. Time-windowingcantherefore smooth
thespectrumandreducenoise, but at theexpenseof spectral resolution. This is yet
another instanceof a recurring trade-off between noisereduction andresolution in
dataprocessing.
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Fig. 3.4. Detail of effect of Hann taperon spectralpeaks,andshapeof Hannwindow
(lower figure). Reproduced,with permission,from Dahlen(1982).

A whole menagerie of windows with different statistical properties hasbeen
usedin geophysics. All windows suffer thesameunavoidable problem: reducing
sidelobesbroadensthecentral peak.Thechoice of windowis determinedto some
extent by what we want to measure. If the peaks areclearly separatedandeasily
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identifiable then side lobesarenot a problem: a boxcar window will produce a
goodnarrow peak. If thenoiseis largeabroaderwindow will beneeded to separate
them.

Returning to Figure3.3,thetop traceshowsthespectrumfor thesameidealised
time seriesusing a 20-hour long Hannwindow. This spectrum could beobtained
from the samelength of recordas the middle trace(boxcar taper). The spectral
peaksare broader but the side lobes are much reduced. The effect is shown in
more detail in Figure 3.4; note that the boxcar hasthe greater spectral leakage
(infill between thepeaks) andnarrowercentral peaks.

Other popular windows are Blackman-Harris, also studied by Dahlen(1982),
and the cosine taper, in which the boxcar is tapered at eachendby a half cycle
of a cosine. I find this approach to tapering unsatisfactory: it is arbitrary and
involvesa lossof databy downgrading dataaway from the centre of the record.
Modernoptimisedmulti-tapermethodsavoid this problem. They arediscussedin
Section10.3.
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TO DIGITIZE A CONTINUOUS TIME SERIESAND
PRODUCE A SPECTRUM

(i) Filter the analogue recordto remove all energy nearand
above the Nyquist frequency. The signal is now band-
limited.

(ii) Digitize using a sampling interval such that the Nyquist
frequency lies above thehighest frequency in theoriginal
data. The sampling theorem ensuresthat no information
is lost.

(iii) Window thedatawith a finite-lengthwindow. In practice
this may be imposedby the duration of the experiment,
or you may be choosing a suitable piece of a continuous
recording (e.g. a fixed time of a continuousseismometer
recording starting at theorigin time of theearthquake).

(iv) Detrend (e.g. by removing a best-fitting straight line).
Slow variations acrossthe entire time sequencecontains
significantenergyatall frequenciesandcanmaskthehigh
frequency oscillations of interest.

(v) Taper to smooth theendsof the time series to zero. This
reducesspectral leakage but broadensany central peaks.
It alsohasthe effect of equalising endpoints of the data
to zero, thusavoiding any discontinuitiesseenby theDFT
from periodic repetition. Tapering is equivalent to convo-
lution in thefrequency domain; it smooths thespectrum.

(vi) padwith zeroeswith zeroes,usually to make thenumber
of samples a power of 2 for the FFT. This reduces the
spacing in the frequency domain and smooths the spec-
trum by interpolation.

3.4 Examplesof Spectra

3.4.1 Variations in the Earth’s Magnetic Field

TheEarth’s magneticfield is influencedby theSunandits position relative to the
local position on the Earth’s surface.Thesechangesarebrought about by a com-
bination of factors, including ionisation of the upper atmosphere,which changes
theelectrical conductivity, andmovementof the ring currentwithin themagneto-
sphereby theangleof incidenceof thesolarwind ontheEarth’smaindipolarfield.
The changesrangefrom a few nanoTesla(nT) during quiet daysto many thou-
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sandsof nT during a severemagnetic stormandareeasilydetectable by a proton
magnetometer.

Thetime sequenceplottedin Figure3.5wasobtainedby running a proton mag-
netometer for severaldays to record thetotal intensity of theEarth’s magneticfield
every 10 minutes.Theproton magnetometeris a trueabsolute, digital instrument.
It workson theprinciple thata proton possessesits own magneticmoment,which
is known from laboratoryexperiment.Theproton precessesin amagnetic field and
theprecessionfrequency is proportional to thefield strength. Theamplitudeof the
precessiongradually decays until theproton’s momentis alignedwith theapplied
field. The instrumentalignsprotonswith anappliedfield which is thenremoved;
theprotonsthenprecessunder theinfluenceof theEarth’smagneticfield until they
realign with it. Eachprecessionis countedand the total number divided by the
time to give the precession frequency andhence the magneticfield strength. The
instrumentis digital becauseit counts anintegernumberof precession cycles,and
is absolute becausethe result depends only on knowing the magnetic momentof
theproton: theinstrumentneedsno calibration.

The magnetometerwascoupled to a simple recorder that printed out the time
andfield strength every 10 minutes. Thedatawererecorded on floppy disk. The
raw dataand amplitude spectrum are shown in Figure 3.5. The spectrum was
calculatedby first removing the meanvalue of the data(otherwisethe spectrum
is completely dominated by the zero frequency valueand it is impossible to see
anything in the plot), padding to 1024points, andmultiplying by a cosinetaper
with thecosineoccupying 10%of the full length of the time series. Finally, only
thelow-frequency part of thespectrumis plottedto show thetwo interestingpeaks.

Thesamplingintervalis 10min andsampling frequency 1.667mHz.TheNyquist
frequency is half thesampling frequency, or 0.8333 mHz. Thesequencecontains
625samples,a total duration of 4.34days. Thesequencewaspaddedto 1024val-
ues,so the frequency interval in the spectrum is 1.623 | Hz. Therearetwo peaks
in the spectrum, one at about 11.5 | Hz and one at about twice that frequency.
Thesecorrespondto periodsof 24 and12 hours respectively. They areprobably
an effect of the Sunon the ionosphere. Oscillations areapparent in the raw time
seriesin Figure3.5, but onecould not determine the presenceof two frequencies
by inspectingthetime sequencealone.

3.4.2 The Airgun Source

We do not know the time function for earthquake sources in advance;we need
to determine it from the available data, and it is often difficult or impossible to
separate the effectsof a complicatedsourceanda complicatedEarthstructureon
theseismogram.Explosion seismology is different,becauseit is oftenpossible to
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Fig. 3.5. Protonmagnetometerdata. Top panel shows the raw data,middle panel the
spectrum, lower panel the low frequency portion of the spectrumshowing diurnal and
semi-diurnalpeaks.

runseparateexperimentsto measurethesourcefunction. Theideal sourceis adelta
function in time, sincethis would convolve with the ground structure to produce
a seismogramthat reflectsthestructureexactly, but sucha sourceis impossible to
realisephysically.

A timefunction for anairgunsourcein waterandits spectraareshown ontheleft
in Figure3.6. Theinitial pulse is foll owedclosely by a reflection of oppositesign
from thewatersurface,thelagbeing determinedby thedepthof theairgunbeneath
thewatersurface.This double pulse leadsto interferenceat certain frequencies } ,
whenthetravel timesof thedirectandreflectedwavesdiffer by ~E���U��!�r� } , where� is an integer. Thesefrequenciescorrespond to the zeroes in the power spectra,
which canbeseenin Figure3.6to vary with thedepthof thesource.

The airgun also releasesa bubble of air that oscillates,producing secondary
pulseswhenever thepressure reachesa maximumor minimum. Thepulsesoccur
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Fig. 3.6. Variationof the time function of anairgunsourceasa function of depthbelow
watersurface,andpowerspectra.

at an interval determined by the natural frequency of oscillation of the bubble,
which in turn dependson thesizeandtypeof theairgun. Thetraceon theright of
Figure3.6is for a70cubicinch gun.Thebubble pulseimpartsalongcharacteristic
time (hereabout 100 ms) to the time sequence,which mapsinto low frequency
structure(10 Hz) in thepower spectrum.

3.4.3 Microseismic Noise

It is commonto conduct a noise survey in bothearthquake andexplosion seismol-
ogy by simply recording incomingenergy in theabsenceof any source. Figure3.7
shows spectra from a broadbandseismometeroperating in New Zealand, where
microseismscanbelarge. Eachcurve representsthepower spectrum of 15 minute
samplesfrom the � component taken every 3 hours. The samplingratewas25
Hz. Note thebroadpeaks at periodsof 6 s and3–4s typical of microseisms. Re-
moving microseismic noiseis animportant stage in processing modernbroadband
seismograms.

Exercises

3.1 You decimate a seismogram from 25 Hz sampling to 1 Hz sampling in
orderto reducethevolumeof datarequiredin astudyof surfacewaveswith
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Fig. 3.7. Power spectraof microseismicnoise from a broadbandseismometerin New
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20 s period. Give theold andnew Nyquist frequencies. What previously
meaningful periodshave beenaliasedinto 20 s period?

3.2 A time seriesis sampled at 250 Hz. What are the sampling interval and
Nyquist frequency? The original signal, before digitizing, was contam-
inated with noiseat about 400 Hz. At what frequency would this noise
appearin the spectrum of the digitized sequence?Repeatthe calculation
for noise contaminationat 475Hz.

3.3 Youhopeto find two peaksin thespectrumof agravimeterrecord. Theory
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predicts they will haveperiodsof 6.2hoursand6.6hourswith good signal
to noiseratio.

(a) For how long must you record in order to resolve two distinct
peaks?

(b) Whatis asuitablesampling frequency, assumingno significanten-
ergy arriveswith period¡ 6 hours?

(c) How many valueswill your time seriescontain¿

(d) Whatelsewould you do to obtain a practical estimateof thepeak
frequencies?

3.4 Sketchthespectrum you would expect from seismogramsrecordedunder
thefollowing circumstances. Labeltheaxes.

A noisestudy revealsa generally white background of amplitude ����$�!���
ms

� � , plus microseismic noiseof amplitude
�$�����

ms
� � in the pe-

riod range 4–11 s. Teleseismicbody waves have typical amplitude ����$� ���
ms

� � andfrequency 0.5–10Hz; surfacewavesdshavetypical ampli-
tude ��� �$� � �

ms
� � andperiod 10–100s.

3.5 Computer exercise:The Spectrum
Usethepitsa program(seeAppendix 7) to generatea setof sinusoidal
time seriesby using
Utilities � Testsignal � sin/cos
with a sampling rateof 20 Hz, length of 51.2s, andany amplitude. Start
with a frequency of 1 Hz andcalculatethespectra with
Advanced tools � Spectrum � FFT � Boxcar taper (ta-
per fraction = 0.)
(Choosingtheboxcartaper option with taperfraction zerodoesessentially
nothing.)

(a) Explainwhy thespectrum looks theway it does.

(b) Now gradually increasethefrequency of thesinewave by 1 Hz at
a time,up to 9 Hz, taking thespectrumeachtime. Explainwhy the
spectrum changesin theway it does

(c) Now jump to 11 Hz. Explain the result. Go on with higher fre-
quencies

(d) What happensto the spectrum at 10 Hz? Try comparing 10 Hz
signalswith phases zeroand90� .

3.6 Computer exercise:Normal Modes
ReadtheASCII file cmo.x (seeAppendix 7). Theheaderhas30 linesand
thesampling interval is 20s(i.e. thesampling frequency is 0.05Hz=50mHz).
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Therecording is from agravimeter(acting hereasavery long period seis-
mometer) at College, Alaskaof a very large, shallow, earthquake in Oax-
aca,Mexico.

(a) Thesurfacewaveswereso large the instrumentwassaturatedand
took about 2 hours to recover. Note the nonlinearbehaviourbe-
fore it settlesdown. ZOOM out thebaddataat thebeginning of the
record. Canyou seetheEarthtides?Take thespectrumanddesign
a suitable highpassfilter to remove the tides. (It is better to cal-
culate themfrom theory andsubtract them,but pitsa cannot do
this).

(b) Filter out thetidesandexamineyour “clean” seismogram.

(c) The bursts of energy aresurface wavesthat have travelled repeat-
edly round the greatcircle paththrough OaxacaandCollege. See
how many you can identify. Rememberthat every other burst of
energyhastravelled in opposite directions; if ��� is the Rayleigh
wave speed, �/� the Earth’s radius, and � the angular distance
between event andstation, the first wavetrain arrivesafter a time� � � � � � , the second after time � � ~T�1� �¡� �r� � � , the third after
time �$�¢~T�1�U�)� �r� �/� , etc. Although you have lost the first few
arriving wavetrains becausethe instrumentsaturated, you canstill
estimate the distance � and,given �£�g¤¦¥%�¨§ � km, the Rayleigh
wave speed. Find these2 values.

(d) Take the spectrum and identify the peaks in the frequency range
2–3mHz. ThesearethefundamentalSpheroidal normalmodesof
the Earth. They are labelled, by convention, zª©m« wherethe first
zero denotes a fundamental(overtones have this “quantum num-
ber” greater thanzero)and ¬ is the“angular ordernumber”, giving
essentially the number of cycles of the mode(or standing wave)
between North andSouthPoles.Thus ¬ is a sortof wavenumber.

Measure thefrequenciesof themodesbetween1.95and3.00mHz
andcompareyourresultswith thecalculatedvaluesfor Earthmodel
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(e) Repeatthe procedurewith the file esk.x, which is for the same

earthquakerecordedatEskdalemuir, in Scotland. Thereareglitches
towardstheendof therecord; thesecanberemovedwith
Routine Tools � Edit � glitch editing
or you can just ZOOM out the last part of the record(this wastes
data).



4

Processingof timesequences

4.1 Filteri ng

Filtering of a time sequence is convolution with a second, usually shorter, se-
quence. Many important linearprocessestaketheform of aconvolution; for exam-
ple theseismometerconvolvestheground motion with its own impulseresponse,
andcantherefore be thought of asa filtering operations. We shall concentrateon
bandpassfilters,whicharedesignedto eliminatewholerangesof frequenciesfrom
the signal. Filters that eliminate all frequenciesabove a certain value arecalled
low-passwhile thoseeliminating all frequencies below a certain valuearecalled
high-pass. A notch filter removesall frequencies within a certainband. Therange
of frequenciesallowedthrough is calledthepassband andthecritical frequencies
arecalledcut-off frequencies. Thesefilters areparticularly useful whensignal and
noisehavedifferentfrequency characteristics.

An exampleof filtering is shown in Figure4.1. Exactly the sameseismogram
shown in Figure1.2 hasbeen high-passfiltered to remove energy at frequencies
below 1 Hz. Thisremoveslargesurfacewavesto revealbody waves.Surfacewaves
have typical periodsof 20 s while bodywaveshave muchshorter periodsof about
1 s, so they arequite widely separated in frequency. An aftershock is concealed
in the surface wavesgenerated by the main event. A high-passfilter doesa good
job of removing surface wavesfrom the record, leaving the body wavesfrom the
aftershock unchanged.

Considerfirst a moving average,in which eachelement of the time sequenceis
replacedby anaverageof º neighbouring elements. This is a convolution of the
original timesequencewith aboxcarfunction,andis thereforeafiltering operation.
We might expect the averagingprocess to smooth out the rapid variations in the
sequence and therefore act as a low-passfilter. To examinethe effect properly
we mustexaminetheoperation in the frequency domain. Convolution in the time
domainis multiplication in the frequency domain, so we have multiplied by the

65
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Fig.4.1. Thesamedataasdisplayed in Figure1.1Butterworthhighpassfilteredwith »B¼¾½¿
Hz and4 poles. The surfacewaveshave beencompletelyremovedandan aftershock,

whichhadpreviouslybeenobscuredby thesurfacewaves,canbeseen.

Fourier transform of the boxcar, the function shownin Figure 4.2 and given in
equation(4.1). Its shapeis nowherenearthatof theideallow-passfilter becauseof
thesidelobesandnarrowcentral peak.Theamplitudespectrum is identically zero
at the frequencies ��À � ºiÁ : thesecorrespond to sinewaveswith exactly � cycles
within the boxcar. The moving average is thereforea very good way to remove
unwanted energywith anexactknown frequency (adiurnalsignal for example)but
is not a good general low passfilter because it lets through a lot of energywith
frequency above theintendedcut-off.

An ideal low-passfilter should have anamplitude spectrum that is equalto zero
outsidethepassbandandequal to unity insideit. Thesharpdiscontinuity cannot be
representedwell by a finite numberof termsin thetime domainbecauseof Gibbs’
phenomenon;acompromiseis needed betweenthesharpnessof thecut-off andthe
lengthof the sequencein the time domain. The compromiseis similar to that in
taperingwindowsfor spectra. A largevariety of tapered cut-offs arein use,but we
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Fig.4.2. Variationof theamplitudespectradefinedby thefunction givenin equation (4.1)
with Â . Thecut-off frequency is keptat 1 Hz; notethesharper roll-off as Â is increased.

shallconcentrate on theButterworth, which for low-passfilters hasthe functional
form: Ã Ä « ~HÅ � Ã � ¤ �� �h~HÅ � Å5Æ � �·Ç (4.1)

where Å Æ is the cut-off frequency at which the energy is reducedby half, andthe
index � controls the sharpnessof the cut-off. � is the number of polesof the
amplitude spectrum. Examplesof the shapeof this function areshown in Figure
4.2.

Otherfilters maybeconstructed from thelow-pass function

Ä « ~HÅ � . A high pass
filter hasamplitudespectrum

Ä�È ~HÅ � ¤ � � Ä « ~HÅ � . A bandpassfilter maytherefore
beconstructed by shifting the samefunction along the frequency axis to centre it
about Å É : Ã Ä É�~EÅ � Ã � ¤ �� �iÊ±~HÅK�UÅ5É �!� Å2Æ·Ë �·Ç (4.2)
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Fig. 4.3. A broadbandseismogramfrom a regional event which ocurred on 20 February
1992 at 40.818 Ì S, 174.426Ì E, depth74 km, magnitude ÍÏÎÐ½)ÑµÒ Ó , andwasrecordedin
New Zealand.Butterworth low-passfiltered with the samecut-off frequency (1 Hz) and
varying numberof poles( Â ). P andS wavetrainsarevisible. Notethefurtherreduction in
highfrequency contentasthenumberof polesis increased.

anda notch filter by

Ä Ç ~HÅ � ¤ � � Ä É�~HÅ � . Ä « ~HÅ � mustbesymmetric about ÅÔ¤ �
,

becausethecorresponding time sequenceis real,and
To construct thetime sequencewe mustalsospecify thephase, thentake thein-

verseFouriertransform.Thesimplestchoice is to make thephasezeroandsimply
invert theamplitudespectrum. Thisgivesazero-phasezero-phasefilter. Zerophase
filters obviously do not changethephaseof theoriginal time sequence,which also
meansthey will not in general shift peaksof theoriginal signal. Thetimesequence
of a zero-phase filter must be symmetrical about the origin because the Fourier
transform is real. The filter will therefore be acausal: the output of the filter at
time Õ dependson input values earlier thantime Õ . It is not possible to construct a
physical device to perform suchafiltering operation, but it is quiteeasywhenpro-
cessing atimesequenceafter recording. Suchfiltersarealsocallednon-realisable.

An easyway to produce a zero-phase filter in the time domain is to convolve
first with thechosenfilter, thentime-reverseit andconvolveagain. Thefirst opera-
tion multipliesby

Ä ~HÅ � andthesecond by

Ä×Ö ~EÅ � becausetime reversalcomplex
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conjugatesthe Fourier transform (Section 2.3.3), giving a net multiplication by
Ã Ä ~HÅ � Ã � , which is real.Thesearecalled2-passfilters.

Time (seconds)

minimum phase

zero phase (shifted 2 s)

Fig. 4.4. Two filters in thetimedomain with thesameamplitudespectrumgivenby equa-
tion (4.1)with ÂØ½ÙÑ . Theupper filter is causalandminimum phase.The lower filter is
zero-phaseandshouldbesymmetricabout Ú ½ÔÓ : ???it hasbeenshiftedby 2.0s to show
theshapein relationto theminimum phasefilter. It is acausal.

A causal or realisable filter is definedasoneproducing output for time Õ that
depends only on input values from time Õ or later. It cannot be zero-phase. An
infinite number of causalfilterscanbeproducedfrom asingleamplitudespectrum,
depending on the choice of phase. The most useful choice is minimumphase,
giving a time sequencewith energy concentrated at the front. A minimum phase
filter hasthedesirable property of being“shortest” filter with thegivenamplitude
spectrum. Examplesof zero-phaseandcausal minimumphasefilterswith thesame
amplitude spectrum areshown in Figure4.4.

Theminimumphase or minimumdelay filter maybeconstructed by factorising
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the Û -transform: Ä ~EÛ � ¤¡Ü1Ý � � Ý � �Þß±à z ~TÛá�KÛ ß � ­ (4.3)

Eachfactor ~EÛ
�âÛ ß � hasa phase ã ß ~EÛ �åä �
andthe phaseof

Ä ~£Û � will be their
sum,which is minimised by minimising the phase of eachfactorwhile retaining
thesameamplitude.A generalfactor æÐ�âç/Û , with Û�¤hèt�êéTë , hassquaredampli-
tude æ � �Ù�1æ�ç/èS�Qç � ; keeping this constant for all è requiresfixing both æ � �Qç �
and æ�ç , which is only possible for the combination ìê~EæîíMç � , ìê~ïçªíPæ � . The minus
signsaretaken up asa � phase change in makingthephase positive, leaving only
thealternatives ~EæîíMç � and ~Tç6íPæ � . Wecanthereforechangeamaximumphasefactor
with ç ä æ to a minimum phasefactor by swapping æ and ç . Eachfactor of theÛ -transform (4.3) is thereforeeither minimum or maximumphase,depending on
whetherÛ ß ä �

or Û ß×ð �
. Thewhole Û -transformis minimumphase only if all its

constituentfactorsaremimimumphase. We canthereforeform a minimumdelay
sequenceby changing all themaximumphasefactorsfrom Ûñ��Û ß to

� �KÛ ß Û . The
amplitude spectrum is unchanged. Note that the Û -transformof a minimumdelay
time sequencehasall its zeroes outsidethe unit circle. This method of finding a
minimum delay time sequenceis impractical for long sequencesbecauseof nu-
mericaldifficultiesassociatedwith finding rootsof highorderpolynomials; amore
practical method basedon Kolmogoroff spectral factorisation will bedescribedin
Section4.3.

Wenow show thataminimum-phasesequencehasall its energyconcentrated at
thefront. This involvesproving thatall thepartial sumsof thesquaresof termsin
a minimum-phasesequence

Ä
: òñóô ¤ ô � �õö à z

Ã Ü ö Ã � ­ (4.4)

aregreater thanor equal to thecorresponding partial sumsfor any othersequence
with thesameamplitudespectrum.

We generalise to complex sequencesand introducea second sequence ÷ that
differsfrom Ü by only onefactor in the Û -transform:Ä ~EÛ � ¤ ~EÛñ�UÛ z ��ø ~£Û � (4.5)ù ~TÛ � ¤ ~��wÛ z Û'� � ��ø ~TÛ � (4.6)

where ø ~EÛ � ¤hú � �õö à z � ö Û ö (4.7)
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Notethat Ü and ÷ have thesameamplitudespectrum,andthat

Ã Û z Ã ä �
for Ü to be

minimumdelay.
The û�ü È termin theexpansionof thedifference

ò óô � òÐýô is then þ Ã Û z Ã � � �$ÿ þ Ã � ö Ã � � Ã � ö � � Ã � ÿ .
Summingfrom û�¤ �

to �S� �
gives

ò óô � ò ýô ¤ þ Ã Û z Ã � � � ÿ Ã � ô Ã � ä �
(4.8)

The Ü sequencetherefore hasmoreenergy at the front. The samefollows for all
factors of

Ä ~TÛ � andtherefore theminimumphasesequencehasmoreenergy con-
centrated at the front that any othersequencewith the sameamplitude spectrum.
This result, dueto E.A. Robinson, is calledtheenergy-delay theorem.

4.2 Corr elation

Thecrosscorrelation of two time sequencesæ and ç is definedas:� ö ¤ �À �âº � � õ ô æ ô ç ö�� ô (4.9)

where û is calledthe lag, ÀØíMº arethelengthsof æ and ç respectively, andthesum
is taken over all À¦�Ùº � �

possible products. Theautocorrelation wasdefined
in (2.43); it is now seenasthecrosscorrelation of a time sequencewith itselfã ö ¤ ��1ÀA� � õ ô æ ô æ ö�� ô (4.10)

Thecorrelation coefficient is equalto thecrosscorrelationnormalisedto giveunity
whenthetwo sequencesareidentical andtherefore perfectly correlated� ö ¤ � ô æ ô ç ö�� ô� � ô æ ô æ ô � ô ç ô ç ô (4.11)

Notethat

Ã � ö Ã�� �
, andthat

� ö ¤ �
occurs only when æ�¤¡ç (perfect correlation),

and
� ö ¤ � � when æ�¤g�Bç (perfect anticorrelation).

As anexample,considerthetwo sequences:æ � � íM�!íM�!íM�!í �
	 ~TÀA¤¡� � (4.12)ç�� � í�� � í � í�� � íM� ~£º ¤¡� � (4.13)

Thecrosscorrelation � of æ and ç is of length À �âº � � ¤ ®
:® � ��� ¤ æ � ç z ¤ �® � ��� ¤ æ � ç z �Ôæ � ç � ¤ �® � � � ¤ æ � ç z �Ôæ � ç � �êæ � ç � ¤i�



72 Processingof timesequences® � � � ¤ æ � ç z �Ôæ � ç � �êæ � ç � �êæ � ç � ¤ �® � z ¤ æ z ç z �Ôæ � ç � �êæ � ç � �êæ � ç � �êæ � ç � ¤i�® � � ¤ æ z ç � �Ôæ � ç � �êæ � ç � �êæ � ç � ¤i�® � � ¤ æ z ç � �Ôæ � ç � �êæ � ç � ¤i�® � � ¤ æ z ç � �Ôæ � ç � ¤i�® � � ¤ æ z ç � ¤¡�
giving thetime sequence: �B¤ ~ � í � íM�!í � íM�!íM�!íM�!íM�!í � ��� ® (4.14)

Similarly, theautocorrelation of æ maybeevaluatedasã
� ¤g~ � í�´²í �$� í � ¥!í ��® í � ¥!í �$� íP´²í � � � ® (4.15)

andfor ç : ã É ¤ ~T�!í�� �!í�´²í��B�!í ° í��B�!í�´²í��B�!íM� � � ® (4.16)

Thecorrelationcoefficientsare:� ¤ ~ � í � íM�!í � íM�!íM�!íM�!íM�²íM� �m��� � �%¥ (4.17)

Now considercorrelationin thefrequency domainwith Àa¤iº . Equation (4.9)
is actually convolution of ç with thetime-reversedsequenceæ�� :� ö ¤ Ý � �õô à z æ ô ç ö�� ô ¤ Ý � �õô à z æ � � ô ç ö�� ô¤ � Ý � �õô à z æ �ô ç ö � ô ¤ Ý � �õô à z æ �ô ç ö � ô (4.18)

Thelaststepis possibleif thesequencesareperiodic, becausethenthesumis over
an entire period. Taking the DFT and using the convolution theorem (2.6) and
theresult that time reversal is equivalentto complex conjugationin thefrequency
domain(2.3.3)gives: ø Ç ¤�� ÖÇ�� Ç (4.19)

It follows thattheDFT of theautocorrelation is thepower spectrum:� Ç ¤ Ã � Ç Ã � (4.20)� Ç is realandtheautocorrelation is thereforesymmetricin thetime domain. Fur-
thermore, a zero-phase,2-passfilter is theautocorrelationof theoriginal filter.

A matchedfilter is usedto cross-correlatethedatawith anestimateof theknown
signal. It is particularly useful in seismology whenthe shape of the waveform is
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known but its arrival time is not. Supposethetimesequencecomprisesadetermin-
istic signal with additive randomnoisethat is uncorrelatedwith thesignal:æ ö ¤�� ö �Ô� ö (4.21)

Cross-correlating æ with anestimateof � ö will reduce therandom noise andleave
theautocorrelation of the signal. The time reversal of � ö canbe usedto form the
filter, so thatconvolution producesthecross-correlation. Matched filters aregood
for searchinganoisy timesequencefor asignal of known shape. A typical example
is to usea portion of the first P-wave arrival, which is usually relatively clear, to
make a filter to pick out later arrivals in the seismogram, suchas reflections or
refractionsfrom deeperlayers.

4.3 Deconvolution

Deconvolution is the reverseof convolution. It arises frequently in seismology,
for example in removing or altering the instrument response of a seismometer,
or calculating the responsefor a different source time function. Thereare four
methods: recursion, asalreadygivenby equation(2.14)in Section 2.1,divisionin
the frequency domain, construction of an inversefilter from the Û -transform, and
designing a suitable Wiener deconvolution filter by leastsquares,which will be
dealtwith in Section 10.2.All methodssuffer from thesamefundamentalproblems
but it is instructive to compareall four.

Convolution is multiplication in thefrequency domain,sodeconvolution is sim-
ply division in the frequency domain. Suppose we wish to deconvolve sequenceæ from sequence � to give ç ; the frequency domainprocedureis to transformboth
sequences,perform thedivision � ~EÅ � ¤ ø ~HÅ �� ~HÅ � í (4.22)

andinversetransformtheresult. A majorproblemariseswhentheamplitudespec-
trum of thedenominator vanishes,at frequencies Å z where

Ã � ~TÅ z � Ã ¤ �
, because

we cannot divide by zero. Now if � is consistent with convolution of æ with any
othersequence,ø ~HÅ z � ¤ �

andequation(4.22) will yield
� � � . However, thepres-

enceof smallamountsof noisein either � or æ will leadto wildly varying numerical
estimatesof � ~HÅ � near Å z . Inverse tranformation of theseerroneousspectral val-
ueswill mapeverywhere in thetime domain,with disastrousconsequences.

This difficulty is fundamental. Consider the commoncaseof deconvolution of
a seismometerinstrumentresponse. � is theseismogramand æ the instrumentim-
pulseresponse.A short periodinstrumentmaygive zeroresponsefor frequencies
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lessthan0.5 Hz, so �Ô~EÅ � is zero for Å ð � . Thereis no output from the seis-
mometer, yet by deconvolution we aretrying to obtainthegroundmotionthatwas
never measured!

We could design the deconvolution procedureto returnzerowhenever the in-
strumentresponseis zero. A similar procedure,which hassimilar effects, is the

A(ω)

ω

ε

Fig. 4.5. Deconvolution involvesdivision in the frequency domain. Whentheamplitude
spectrum ���±»�� falls to zerodeconvolution is impossible,andwhenit falls below a certain
value � thatdependsupon thenoisetheresultwill bedominatedby amplifiednoise.The
problemis alleviatedby adding a constant� to fill in theholesin thespectrum, like filling
themwith water.

water-level method. A small constant � is added to

Ã �Ô~EÅ � Ã (Figure4.5). We are
trying to estimatethe ratio of two uncertain quantities, ø and � , both of which
contain noisedenotedby  Æ and  � respectively: ~ ø �! Æ ��� ~"�ê�! � � . Provided�$#% &� and ø #% �Æ this ratio will bea goodapproximation to therequiredratioø � � . However, at frequencieswhere �Ô~EÅ � is comparablewith  '� the estimate
of the ratio may become large. Adding a positive constant � to � will stabilise
this division, provided �(#  � í) Æ , becausewhen �A¤ ø ¤ �

(as required for
consistency) theratio gives  ªÆ � ~" &�u�!� �+* �

. � will alsobiasour estimateof the
ratio ø � � towardslow valuesandchange the phase, but these effects areaccept-
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ableprovided � is muchlessthantypical values of

Ã � Ã . Adding a constant to the
spectrum is alsoreferredto as“adding white noise” to stabilise thedeconvolution
becausethespectrum of white noiseis flat (Section2.4).

Another way to view deconvolution is division by the Û -transform, or multipli-
cationby

� � �Ô~£Û � . If this inversecanbe expandedasa power seriesin Û we can
extract the corresponding time sequencefrom the coefficients, which will give a
causalfilter providedthere areno inversepowersof Û . First factorise �Ô~TÛ �� ~£Û � ¤hæ Ý ÝÞÇ à z ~TÛá�KÛ Ç � (4.23)

thenexpand theinverse by themethodof partial fractions:��Ô~TÛ � ¤ Ýõ ß±à z , Ç~£Ûá�KÛ Ç � (4.24)

Wecanexpand eachtermin thesumasa power series.Thegeneraltermgives�~TÛá��Û Ç � ¤ � �Û Ç.- � � ÛÛ Ç �0/ ÛÛ Ç�1 � � ­$­$­ 2
(4.25)

Combiningall suchpower seriesandsubstituting into (4.24)givesa power series
for

� � � ~TÛ � . This power serieswill only converge if (4.25) convergesfor every
term,which requiresin generalthat Ã Û Ã ð Ã Û Ç Ã (4.26)

for every � . The Fourier transform is obtainedby putting Û ¤436587BéEÅ ��Õ ; hence
Ã Û Ã ¤ �

and(4.26)becomes

Ã Û Ç Ã ä �
for all � . This is exactly thecondition for æ to

beminimumphase.Thereforeonly minimumphasesequenceshavecausal inverse
filters.

At this point we digressto usethis property to deducean efficient methodof
findingaminimumdelayfilter from agivenamplitudespectrum. Firstnotethatthe
power spectrum © ~HÅ � is obtained from the Û -transformby setting ÛÏ¤9365�7 éEÅ ��Õ
in �ñ~ � � Û � �ñ~EÛ � . Taking the logarithm gives :<;=�ñ~ � � Û � �>:<;=�ñ~EÛ � . Inverting thisÛ -transform producescausaltermsfrom thesecond termwhile thefirst termyields
only termsat negative times. Removing acausal terms in the time domainand
taking the Û -transform againgives :?;=� ~TÛ � , then exponentiation givesthe desired� ~EÛ � . æ obtainedfrom inverting � ~£Û � will be causal becauseboth :<; and 365�7
preserve causality: whenapplied to power series they both produce power series
with only positive powers. It is minimum phasebecausethe inversefilter is also
causal: it canbeproducedby thesameprocedurestarting from © � � ~HÅ � . Problems
arisewhen © ~HÅ � ¤ �

, whenneither © � � ~HÅ � nor :?; © ~EÅ � exist, but these zeroes
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will alwaysproduce difficulties. This method is called Kolmogoroff factorisation
of thespectrum. i In practice we startwith a givenpower spectrum(square of the
amplitude spectrum), take its logarithm, inversetransform, discardnegative time
terms,take thetransform, andexponentiate.

Inversefilters have two potential advantagesover division in the frequency do-
main: they arecausal and,if they canbetruncated,theconvolutionprocessmaybe
moreefficient thanFouriertransformation of theentire input sequence.Truncation
depends on how rapidly the power series for

� � � ~TÛ � converges,which depends
ultimately on the sizeof the roots of the original Û -transform; a root closeto the
unit circle will give a slowly convergentpower seriesanda long inversefilter. The
effectsof theserootsmaybealleviatedby a numberof methods akin to thewater
level method, damping asin leastsquaresinversion (Section10.2), or removal of
theroot altogether.

Dampingis best illustratedby a simpleexample. Consider the first-dif ference
filter Ü�¤ ~ � í�� � � (4.27)

The Û -transformof theinverse filter is
� � ~ � �KÛ � , which expands to�� �KÛ ¤ � �âÛ'�ÔÛ � � ­$­$­

(4.28)

with radius of convergence 1 becauseof the root lying on the unit circle. The
inverse filter is therefore of infinite length and of no practical useas it stands.
Claerbout (1992) recommends replacing Û with @!Û where @ is slightly lessthan1.
(4.28)thenbecomes �� �A@�Û ¤ � �B@�Û'�B@ � Û � � ­$­$­

(4.29)

which will converge quite rapidly even when @ is only slightly smaller than 1.
Claerbout (1992) calls this “leaky integration”, integrationbecauseit is theinverse
of differencing, a discrete analogueof differentiation, and leaky becauseat each
stepa fraction

� �A@ of thecontribution to theintegral is lost.
This fundamentalproblemwith inverting thefirst differencefilter arisesbecause

it removesthemeanvalue of theinput sequence: this average cannever berecov-
ered. The zero frequency Fourier coefficient of Ü is zero ( Ü z �WÜ � ¤ �

), and
thereforedivision in the frequency domainwill alsofail. Thewaterlevel method
leadsto divisionof thezerofrequency termby � rather thanzero. Notethat(4.29)
with Ûå¤C36587BéEÅ ��Õ leadsto division of thezerofrequency termby

� �D@ ratherthan
zero,pointing to aconnection between@ andthewaterlevel parameter. Recursion,
usingequation (2.13), is an effective way to deconvolve the first-difference filter,
leading to thesameformulaastheinfinite length inversefilter.
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Thefourth method of deconvolution, designof acausal filter by leastsquares,is
treatedasa problem in inversetheoryin Section10.2.

Exercises

4.1 A low-passButterworth filter hasamplitudespectrumÃ �å~HÅ � Ã � ¤ �� �Q~EÅ � Å2Æ � Ç
For Å2Æ ¤g�1� find theamplitudesat ÅQ¤ ´¨�¾íM¥1�¾í ° � for � ¤ � íM�!íM� . How
does the valueof � affect the frequency content of the output above the
cut-off?

4.2 Find theconvolution of thesequence E6Ü ö 	 û
¤ � í � í ­$­$­ íPÀy� �GF
with (a)

the spike EIH)J z 	LK ¤ � í � í ­$­$­MF and(b) the spike EIHNJPO 	LK ¤ � í � í ­$­$­MF ,
with Q fixed.

4.3 (a) Is the sequence(2,-3,-3,2) minimum phase? If not, find the mini-
mumphasesequencewith thesameamplitudespectrum.

(b) Verify by directcalculation thattheautocorrelationsof thetwo se-
quencesarethesame.This is a general result: why?

(c) For eachsequencecalculatethepartial sums© ô ¤ ôõö à z æ �ö 	 �
¤ � í � íM�!íM�
to show theminimumphase sequencehasmoreof its energy con-
centratedat thefront.

4.4 Show thatatwo-passfilter (in whichconvolution is donefirst with thefilter
coefficients,thenwith the samecoefficientsreversedin time) is thesame
asconvolution with theautocorrelation of theone-passfilter.

4.5 Computer exercise:Butterworth filters using pitsa.

(a) A convolution of any sequencewith a spike returns the original
sequence.To seethefilter characteristic in the time domain, sim-
ply filter a spike, thentake theFFT to seeits amplitudeandphase
spectra. Usingpitsa, theprocedureis to generatea spike in the
centre of therecord with
Utilities � Test signals � Spikes.
You canuse1024 points with thespike at point 512.
Filter thespike with a Butterworth low passfilter using
Advanced Tools � Filter � Butterworth Low Pass
Use1 Hz, answer“no” to theoneor two passquestion, andchoose
a few differentof sections(between1 and9).
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Examinetheresulting filters in thetime domain.
Comparetheonset of thefilteredsignals.

(b) Take their FFT and examinehow the steepnessof the amplitude
spectrum varies with thenumberof sections.

(c) Vary thecut-off frequency andexamine thedifferencein bothtime
andfrequency domains.

(d) Use the forward-backward (“y” ) option for the 2-section Butter-
worth Low Passfilter andcomparewith theone-passfilters in both
time andfrequency domains.Comparethephase spectra.

(e) Filter theseismogramin thefile nov1. Readthedatawith
Files/Traces � Retrieve Files � ASCII

Skip the first 80 points (this is header informationcontaining e.g.
earthquake location, time,characteristics of theseismometeretc.);
thesampling frequency is 50 Hz. You should now have a seismo-
gramlasting 20min. Identify theP, S,andSurface Waves.

(f) High passfilter with a Butterworth, 4 sections,cut-off frequency 2
Hz. Canyou seetheaftershock?

(g) If this is indeedanaftershockit will have thesameP-Stime asthe
mainshock. MeasuretheP-Stimesby
Routine Tools � Zoom � untapered

UseDouble Cursor andnotethetimeappearingin thewindow
asyou move the cursor around. Zoom in if you want to readthe
time moreaccurately.

(h) Selectthefirst Pwaveon theoriginalbroadband traceby zooming
in. Filter thetrace with a bandpass0.5-1.5Hz, 4 section filter.

(i) Comparetheonset of theresulting tracewith thehigh pass filtered
trace(above2 Hz), andtry to readtheonset time in eachcase.You
should find a big difference(10s).

(j) Thisis anexampleof dispersioncaused by awavetravelling through
a thin, fast layer (in this case the subductedPacific crust). The 1
Hz arrival (seen on thebandpasstrace) travelsat moreor lessnor-
mal velocity. Think aboutwhetheryou should have usedone-or
two-passfilters for any interpretation.

4.6 Calculatethecrosscorrelation of thesequences(1,2,3)and(1,-2,1), their
autocorrelations,andtheir correlation coefficients.

4.7 (a) Verify the sequence(6,-5,1) is minimum phaseby factorizing theÛ -transform.
(b) Construct the inversefilter by expressing the reciprocal of the Û

transform in partial fractionsandexpanding eachterm.
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(c) Calculate the first 10 termsof the inversefilter (usea calculator),
andfind the ratio of the last term to the first. Hasthe series con-
vergedwell enough for 10 termsto make a reasonabledeconvolu-
tion filter?

4.8 Computer exercise:correlation.
You will find crosscorrelationunder theAdvanced tools menu.Use
theunscaled option.

(a) 1. Generate a Ricker waveletby
Utilities � Test signals � Ricker

You will find thewavelet fills thescreennicely at 0.3Hz.
2. Find its autocorrelation. Note that pitsa doesnot plot the

negative termsbut they appear (symmetrically) at the far
end: note also the total time hasdoubled. You canmove
thezerolagof theautocorrelationto themiddleof thetrace
by
Utilities � Trace utilities � Single chan-
nel � Cyclic shift

3. Now generatea noisy Ricker wavelet and cross-correlate
with the noisefree Ricker wavelet (they should both have
the samedominant frequency). Observe the noisereduc-
tion. Try shifting the noisy Ricker wavelet in time andre-
peatthecrosscorrelation.

(b) TheISAM files in directory prac8/seis1.* contain the result
of a hammerseismicexperiment.Thereare24 traces,ignore trace
24. Thegeophonespacing was2 m.

1. Identify the first arrival, air wave, andsurfacewave. Note
thatautoscaling makestraces16onwardslook ratherdiffer-
ent. This is becausethe surface waveshave movedoff the
right of theplot. You needto zoom in on thefirst arrival to
seeit properly.

2. Estimatethe phasevelocity of the surfacewaves roughly
by eye. Thenfind it moreaccurately by cross-correlating
traces. For example, cross-correlating traces 6 and 1 (do
it that way round or you will get a negative time for the
maximum)givesa peakat thetime takento travel 10m.
Whatcausestheother peaksin thecross-correlation?

3. Repeatfor thefirst arrival. For thisyouneedfirst to remove
the larger surfacewavesby filtering out frequenciesabove
about 150Hz.
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4. The air wave lies betweenthe first arrival and the surface
wave. Isolateit asbestyou canby zoomingin time andfil-
tering, andmeasure its phasevelocity by cross-correlation.

5. What are thoseother waves betweenthe first arrival and
surfacewaves?Try somefiltering, phasevelocity measure-
ments,etc. to investigatetheir properties.

4.9 Sketch the wavelet given by the time sequence ~ � íM¥!í � í�� �!í � í � í � � . The
wavelet representsa seismicsource time function andyou wish to decon-
volve it from a seismicreflection record.

(a) Find its autocorrelation. Explain briefly why cross-correlating a
seismogramwith theinput waveletis useful in findinglater arrivals.

(b) Write down the Û�� transform of theoriginal wavelet
(c) Factorizethe Û�� transform,show it is notminimumdelay, andcon-

struct theminimumdelaywaveletwith thesameautocorrelation.
(d) Show how to constructtheinversefilter usingpartial fractions(there

is no needto do the expansion). Explain why the procedureonly
worksfor a minimumdelay wavelet.

(e) In this case, what is the differencebetweenconvolving with the
minimum delay wavelet rather than the original wavelet? How
wouldthisbeexpectedto influencethedeconvolvedreflection record?

4.10 Write down the (infinite-length) inverse filter for the 2-point moving av-
erage filter �� E � í �GF . Discusshow bestto construct anapproximatefinite-
length filter to do thesamejob.

4.11 (Computer exercise)
Youwill find deconvolution undertheAdvanced tools menu.pitsa
doesdeconvolution by division of Fouriertransforms.It asksfor the“water
level”, which is the “white noise” added to the spectrum to stabilize the
processandessentially preventyou from dividing by zero. It asksfor the
waterlevel in a rather obscureway, andpartof this practical is to work out
for yourself how to choosethewaterlevel appropriately.

(a) First generatesomething that looks like a seismogramwith some
reflectionsandnoiseby thefollowing procedure.

1. Generatearapidly decaying sinewave: frequency 3 Hz and
exponential factor 6, in themenu
Utilities � Test Signals � Mixed Signal
Default sampling rateandrecord length will do. Keepthis
trace.

2. Generate a noisy seriesof spikes, using variable ampli-
tudes, bothpositive andnegative,on thesametrace.
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3. Convolve the dampedsinusoid with the noisy spikes. You
cannow imaginethisseriesasaseismogramwith anumber
of noisy arrivals.

(b) Now deconvolvethethird tracewith theoriginal,noise-freedamped
sinusoid.Choosetheappropriatewaterlevel to give thebest result.
Add noiseto thedenominator andrepeat.

(c) Finally, investigatea rangeof signal-to-noiseratios.
Discuss theeffectivenessof stabilising deconvolution by thewater
level method.
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Processingtwo-dimensionaldata

5.1 The 2D Fourier Transform

Sofar wehave dealt with sequencesthataredigitisedsamplesof a function of one
variable, the time. The sametechniquesapply to functions of distance, when it
is appropriate to refer to wavenumber ratherthan frequency. A gravity traverse,
for example, yields dataasa function of distance along the traverse. Time series
methodscanbe generalised to sequencesderived from digitisedfunctions of two
or moreindependent variables.For example, gravity datacollectedon an è2íPë grid
canbedigitizedas æ ö « ¤hæ ~£û��tè íP¬E�të � (5.1)

or seismicdatafrom anequally spaced arrayis a function of bothtime andspace:æ ö « ¤hæ'~£û���Õ íP¬E�tè � (5.2)

We candefinea 2D discreteFourier transform (2DDFT) by taking two DFT’s.
In the caseof equation (5.2), the first 1D transform is taken with respect to time
andthesecond with respect to distance:� Ç Ji¤hú � �õö à z+R � �õ « à z æ ö «<S � �NT ßVU ö Ç�W ú � « J W R8X (5.3)

where � counts frequency in units of
� �GY ��Õ and

K
countswavenumberin units

of
� �GZ �tè . In the caseof equation (5.1), for 2D spatial data,the 1D transforms

arewith respect to è and ë , and �¾í K arewavenumbersfor the è - and ë -directions
respectively. The1D transformsmaybetaken in any order.

Sincethe2D transform is madeup of two successive 1D transforms,the inver-
sion formula canbederived simply by inverting each1D transform in turn, using

82
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equation (2.18): æ ö « ¤ �Y[Z ú � �õÇ à z R � �õJ à z � Ç J S �NT ßVU Ç ö W ú � J « W R8X (5.4)

Properties of the 2D transform may be derived from thoseof the 1D transform:
therearetwo-dimensional shift, convolution , andParseval theorems.Differentia-
tion with respect to è is equivalentto multiplying thetranformby �1��éT� �GY �tè and
differentiation with respectto ë becomesmultiplication by �1��é K �GY �të .

l
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m
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region of linear
features

long wavelength

Fig. 5.1. Two-dimensionaldatacancombine high andlow wavenumbers,depending on
theorientationof thestructures.Linearpatternsarecharacterisedby constantwavenumber
ratio Í]\�Â , eventhough they containa rangeof wavenumbers.They mapto a line in the
transform domainat right anglesto thelineation.

The relationship between spatial anomaliesandtheir transform is complicated
by the presenceof two wavenumbers. Data that vary rapidly in the è direction
maynot vary muchin ë . Suchdatawill look like lines parallel to the ë -axis; they
mapinto the lower right partof the transform domainbecausethe è wavenumber
is large and the ë wavevector is small (Figure 5.1. Generallineations share the
sameratio of wavevectors,

K � �ê¤ constant. Thewavevector is defined ashaving
components ~E�¾í K � ; for linear featuresthewavevector points perpendicular to the
linearities,in thedirection of aray if thedataarerecording wavecrests(Figure5.1).

Aliasingin two dimensionsis slightly differentfrom aliasing in one.TheFourier
transform is periodic in bothdirections:� Ç � ú=^ J � R ¤C� Ç � ú_^ J ¤�� Ç ^ J � R ¤�� Ç ^ J ­ (5.5)

Wecantherefore “tile” thefrequency-wavenumber spaceasin Figure5.1. For real
data,half thetransform coefficients within eachtile aresimply relatedto theother
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Fig.5.2. Periodic repetitionof the2D DiscreteFourier Transform causesaliasingasin one
dimension. Similar patterns in thebasicrectangle setby the two samplingwavenumbers
“tile” thewhole �Mb8cedM� domain(left figure). Foldingoccurswhenthesumof wavenumbers
is above thesumof thetwo Nyquistwavenumbers.

half: � ú � Ç ^ R � J ¤C� ÖÇ ^ J (5.6)

exactly aswe should expect, having replaced Y[Z real valueswith Y[Z complex
coefficients within eachtile: half of the complex numbers are redundant. The
symmetryof this form of aliasing is shown in Figure5.1. Interestingly, it means
thatwavenumbers above theusual 1D Nyquist in the è -direction (

� � �%�
è ) arenot
aliased provided the wavenumber in the ë -direction is sufficiently below its 1D
Nyquist(

� � �%�
ë ), andvice versa.

5.2 2D Filteri ng

Filteringin 2D involvesmultiplicationby afilter function in thefrequency-wavenumber
domain. Simplelow pass,bandpass,high pass,andnotch filters may be defined
usingthe length of the wavevector

Ã f{Ã ¤ � K � �ê� � . Thusa low passfilter with
cut-off À , allows through all wavevectors inside the circle � K � �ê� � ð À ; a
highpassfilter all wavevectorsoutside thecircle; abandpassfilter all wavevectors
within an annulus; anda notchfilter excludesall wavenumberswithin the annu-
lus. The sameconsiderations of roll-off apply asin onedimension; for example
we could construct a 2D Butterworth filter by using the function (4.1) with

Ã f{Ã
replacing Å .

In 2D we arenot restricted to circular filter functions, but any departure from
circlesmeansthat onedirection is filtered preferentially over another. Thereare
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sometimesgood reasons for this: to clean up linear features, for example. It is
sometimesdesirableto look atthegradientof thedatain agivendirection,which is
equivalentto multiplicationby awavenumber, or combination of thewavenumbers,
in thewavenumberdomain. Another exampleof anisotropic filtering is to separate
wavestravelling at different speeds(Section 5.3).

2D filters areimportant in processingpotential data. The magnetic or gravita-
tional potential, g , above theEarth’s surfacesatisfiesLaplace’s equation:h � g)¤ ��­

(5.7)

Take the Earth’s surfaceto be at Û ¤ �
in a Cartesian coordinate system with Û

pointing upwards; equation (6.3) is solvedby separationof variablesby assuming
a form g�~Eè íPëîíPÛ � ¤�i ~Eè �"j ~Eë � �ñ~EÛ � (5.8)

Substituting into (5.7) leadstoi � �i � j � �j � � � �� ¤ �
(5.9)

Sinceeachtermis afunction of adifferentvariable,each mustbeconstant. Choos-
ing i � � � ia¤ � K � and j � � ��j ¤g�w� � leadstoi � � � K � i ¤ �

(5.10)j � � �â� � j ¤ �
(5.11)� � � � ~E� � � K � � � ¤ �
(5.12)

Theequations for i and j give sinusoidal solutionswhile that for � givesexpo-
nentials. Werequire g to decaywith heightbecausethesourcesarebelowground,
andwe thereforeeliminatetheexponentially growing solution. Thusonesolution
of (5.7) is i ~Eè �"j ~Eë � �ñ~EÛ � ¤>g&J Ç S � ô U J ^ Ç Xlk S ßMU Jnm � ÇGo X (5.13)

where�5~ K íP� � ¤ � K � �ê� � is the positive decay ratewith height. The general
solution of (5.7) is a superposition of all suchsolutions:g
~Eè2íPë�íPÛ � ¤ õJ ^ Ç g&J Ç S � ô k S ßVU Jnm � ÇGo X (5.14)

Thecoefficients gpJ Ç mustbefound from boundaryconditions,whichareprovided
by measurements.Putting Ûå¤ �

in (5.14)givesg�~Eè íPëîí � � ¤ õJ ^ Ç g&J Ç S ßVU J+m � Çqo X (5.15)

This hasthe form of a 2D Fourier series. If we make measurementsat ground
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level, Û ¤ �
, we canfind the g J ^ Ç from g�~Eè íPëîí � � using the theory of Fourier

series. Putting these back into (6.11) we can, in principle, find g at any height.
Thisprocessis called upward continuation; it is useful, for example, in comparing
datamadefrom anaircraft with ground data.
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Fig. 5.3. (a)Bougergravity anomaliesatgroundlevel and(b) thesameanomaliesupward
continuedto r ½ 16km. Redrawn from (DuncanandGarland,1977).
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Clearly, equation (5.15)maybedigitisedto form a2D Fourierinverse transform
of the form (5.2)]. The gsJ Ç then form the 2DDFT of spatial datameasured atÛñ¤ �

. Upwardcontinuation to height t involvesmultiplying eachFouriercoeffi-
cientby 365�7ñ�u�
t ¤v365�7ñ� Ã f{Ã � t . This is a form of low passfiltering: thehigh
wavenumbers aresuppressed by the decreasing exponential. This is a very effec-
tive methodfor upward continuation. As theheight t increaseswe move further
from thesourcesof themagnetic or gravitationalanomaliesandsmallscaledetail
is lost. Theanomalymapat altitudethereforecontains muchlessfine scaledetail
thanthe corresponding mapat ground level (Figure5.2. Downward continuation
is similar to upward continuation but suffers from instability . High wavenumbers
areenhancedrather thansuppressed. Sincehighwavenumbersaregenerally noisy,
thenoiseis alsoenhanced.

5.3 Travelling waves

=constant velocity/k ν

FAST

SLOW

(reflections)

(surface waves)
(back 
  scattering)

ν

k

Fig. 5.4. The2D discreteFourier transform separatessignalsby phasespeed.Fastwave
energy (e.g.reflections)plotsnearthe w axiswhile slow (e.g.surfacewaves)plot nearthex

axis. It is therefore possibleto separatethe two evenwhenthey overlap in frequency:
1D filtering fails. Backwards-travelling wavesplot with wpy x negative.

A seismic reflection line providesdatathat is equally spaced in both time and
space.Technical details of acquisition andprocessingof seismicreflection data
is discussedfully in texts on exploration geophysicssuch as(Yilmaz, 2001). The
2DDFTmapsthetime-distanceplane into thefrequency-wavenumberdomain, of-
tencalledthe z - { plane. It is adecomposition of thewavefieldinto planetravelling
wavesbecausetheexponential factor is adigitisedform of theusual travelling wave
form |6}8~���{������������ , where { is the wavenumber and � the phasespeed. Plane
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wavestravelling at the given speed � have constant {��G� in the space-timedomain
andconstant ���G� in the frequency-wavenumberdomain; amplitudesassociated
with waves travelling at a given speed therefore appear on straight lines passing
through theorigin, their slopedepending on thephasespeed (Figure5.2).

The2D transformseparatesthe wavesaccording to their speedaswell astheir
frequency andwavelength,giving literally anadditional dimension for processing.
We can therefore design filters that passonly waves travelling at certain phase
speeds. Aliasing in the z - { domaincanalsobe thought of asaliasing the wave
speed(seeFigure5.1with axesreplacedby z and { ). A wavetravelling sofast that
onecrestpassestwo geophones during onetime sample interval will bealiased to
a wave that travels moreslowly. We canfilter wave speeds by excluding wedge-
shaped regions of z - { space. Figure5.3 shows a wedgeboundedby two lines of
constant ����{ , or constantwave speed. Thesearesometimescalled fan-filters for
obvious reasons;they remove all wavestravelling between two wave speeds.

Figure5.5givesapractical exampleof an z - { filter applied to seismicreflection
data.(a) shows therecordof a noisetestwith spacing 10 m; thehorizontalscaleis
distancefrom thesourceandthevertical scale is in seconds. Slow wavesshow up
assteeplines,sothehighenergy seenatA is travelling moreslowly thantheenergy
seenatC or D. A is surfacewavesor “groundroll” , energytrappedin near-surface
layerstravelling at something like a Rayleigh wave speed, slower thaneither P or
S bodywaves. B is backscatteredenergy; it arrivesvery lateat short distanceand
mustthereforehave travelled somedistancebefore being reflectedbackby some
anomalousstructure. C is dispersive energy that alsotravels throughnear-surface
layers. It travels fast because it foll ows the direct path from the sourceto the
receivers at near theP-wave speed. D is theprimary reflection, themain target of
interest. It travelsveryquickly andis representedby nearly-horizontal linesthatdo
not intersectwith theorigin. Thehighspeed is causedby near-vertical incidenceof
thereflectedrays;this makesthewavefront sweepacrosstheground very quickly.
The lines do not pass through the origin becauseof the time taken for the wave
to travel down to thereflector andback: at normalincidencethewavefront travels
acrosstheground at infinitespeedandsoappears asahorizontal line at time � , the
two-way travel time from surfaceto reflector.

(b) showsthe2DDFT of (a),with z along thevertical axisand { alongthehor-
izontal axis. The ground roll is at A, with low values of z���{ becauseof the low
wave speed. B appearsat negative valuesof { becauseit is travelling backwards.
ThedispersedwavesC arehigh wavenumberandhigh frequency; they travel faster
thanA andareatahigher valueof z���{ . Fasterstill , andwith lower z and { , arethe
primaryreflections. (c) showstheapplicationof a“dip” or fan-filter designedto re-
movetheground roll A. (d) shows theinversetransformof (c) with thegroundroll
removed.Thefanfilter hasdonenothing to removethedispersivewavesC because
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Fig. 5.5. Example of � -
x
-filtering of a seismicreflectionwalk-away noisetest. Seetext

for details.

thesetravel atspeedsoutsidetherejectionwedgeof thefilter. Thereis noreason to
restrict thefilter shapeto a simple wedge(or circle, asin theexampleof low-pass
filtering). In this examplewe could design a filter to remove thedispersive waves
also,leaving the primary reflections, by excluding a polygon shape containing C
andE. Modernprocessing software allows theoperator to draw a filter shapewith
themousebefore invertingthetransform.

2D filtering suffers thesamerestrictionsas1D filtering. Theedgesof thewedge
mustnot be too sharpbut must be tapered to avoid ringing effects and leakage,
just asfor theButterworth filter in 1D. Thefanwidth mustnot betoo narrow; if it
is the effect is the sameasa very narrow bandpassfilter, which producesa near-
monochromaticwave thatcanonly berecoveredaccuratelywith a very long time
series.
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Exercises

5.1 Take the2D Discrete FourierTransform of thearray:{]��� {]����{]�������� � � ������ � � ������ � � �
(a) Sketchthepatternof aliased frequencies.
(b) Computeall 9 values of the transform and point out the aliased

values. [Beware: many values arecoincidentally thesamebut are
not aliased.]

(c) Find theamplitudespectrum.

5.2 A wave travelling at speed� with wavelength �
����{ hastheform���6�¡  �
��{¢�����£�¤�¤�
By writing thecosinein termsof complex exponentials,find the2 non-zero
coefficientsof thecomplex 2D Fouriertransformof thewave.

5.3 You collectdatafrom a linear arrayof geophoneswith spacing 1 km and
sampling interval 25 ms.

(a) Calculate theNyquist frequency andNyquist wavelength.
(b) A wavesweepsacross thearraywith planewavefront andapparent

velocity 5 km/s. Show with a diagram where this wave energy
would appear in the2D Fouriertransformof thedata.

(c) Show alsowhereyou would expect thealiased wave energyto ap-
pear.

(d) Youwishto design an z=�¥{ filter to removemicroseismicnoisebut
retain body waves. The microseismstravel slower than3 kms¦¢§
with periodsin therange2–8s. Thebody wavestravel faster than
3 kms¦¢§ andhave frequenciiesin therange0.25–5Hz. Sketch the
regions in the 2D transform domainwhereyou expect to find the
body wavesandmicroseisms,andoutline the characteristics of a
filter to separatethetwo.

(e) Discuss the effectivenessof this filter when the microseismsare
larger in amplitudethanthebody waves,bearing in mind theneed
for roll-off at thecut-offs.

5.4 Youcarryoutamagnetic survey of asquarefield with side100m in search
of signals from buried Romanbuildings. Theambientnoisehasadominant
wavelengthof about0.3m.

Give your choice of sampling interval (in metres)andoutline how you
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would design a 2D low-passButterworth filter to enhancethesignal from
thebuildingsandstreets.Give themathematical expressionfor theampli-
tude responseof thefilter in thewavenumberdomain.
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LinearParameterEstimation

6.1 The linear problem

Whe parameterise the modelwith a setof ¨ parametersassembledinto a model
vector ©.ª ����� §q« �­¬ «�®�®�®'« �­¯+� ® (6.1)

Theparameterisation dependson thespecific problem: examples will follow. The
dataareput into a datavector of length °± ª ����² §q« ²p¬ «�®�®�®I« ²p³�� (6.2)

with corresponding errors, alsoplacedinto a vectorof length ° :´ ª ����µ §q« µI¬ «�®�®�®I« µI³�� (6.3)

Note thatall scientific measurementshave anerror attachedto them. Without the
error it is not a scientific measurement.

When the forward problem is linear the relationship betweendataand model
vectorsis linearandmaythereforebewritten in thematrix form± ��¶ ©¸· ´ (6.4)

whereA is a °º¹A¨ matrix of coefficients that areindependent of both dataand
model.Theelementsof A mustbefoundfrom theformulation of theforward prob-
lem: they depend on thephysics of theproblemandgeometryof theexperiment:
thetypeof measurementsratherthantheir accuracy. Equations (6.4)arecalledthe
equationsof condition; they maybewritten out in full as²s»�� ¯¼½¤¾ § � » ½ � ½ · µ�» (6.5)

In the languageof inverse theory, the � ¿?À row of A is called the data kernel; it

95
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Problem Data Model A

Gravity interpretation Á density Newton’s law
of gravity

Geomagnetic main field components geomagnetic potential theory
field modelling Â¥ÃeÄ�ÃÆÅ coefficients

Downwardcontinuation ÇLÈMÉËÊ ÇÌÈ?ÍGÊ potential theory

Deconvolution desiredoutput filter coefficients convolution

Seismometerresponse seismometeroutput impulseresponse convolution

Findingcoremotions secularvariation fluid velocity Maxwell’s
equations

Heatflow temperature heatsource heatconduction

Table6.1. Manyimportant geophysical inverseproblemsare linear. In some
cases linearity dependson thetypeof data measured. For example, in

geomagnetic mainfield modelling therelationshipbetweenthegeomagnetic
coefficients andthecomponentsof themagnetic vectoris linear but that with

declination, inclination, or total intensity is nonlinear. Someof theseproblemsare
discussedin detail later in thebook.

describeshow the �l¿?À datum depends on the model. Somereal examplesof geo-
physical linearinverseproblemsaregivenin Table6.1.

If °%�Î¨ the numberof equations is equal to the number of unknowns, A is
square, andprovided Ï�|�Ð&¶$Ñ��� themodelmaybefound by theusualmethods for
simplesimultaneousequationsor formally usingtheinverseof thematrix. Sucha
problem is saidto beequi-determined. If °ºÒ�¨ andthere aremoreindependent
equationsthanunknowns the problem is saidto be over-determined. If thereare
no errors the equations mustbe compatible for a solution to exist. For example,
theequations ���Ó� and �
�[�$Ô arecompatible; �[��� and �(��Õ arenot. In the
presence of errorsa rangeof solutionsarepossible. In Section6.2 we minimise
the errors to find an optimal solution. When ° Ö×¨ there are fewer linearly
independent equationsthanunknownstheproblemis saidto beunder-determined.
It is not possible to solve for all themodelparametersuniquely. Solution requires
inversion proper, asdescribedin Chapter7.

Thebasic ideasareillustratedby averysimpleinverseproblem. Givenmeasure-
mentsof the Earth’s mass( Ø ) andmomentof inertia ( Ù ), what canwe discover
aboutthedensity? Therearetwo data,°Ú��� :Ø � Û ®ÝÜ¡Þ Ôß¹���� ¬Nà+á�â (6.6)
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Fig. 6.1. Themodel usedto invert massandmomentof theEarthfor density. TheEarthis
assumedsphericallysymmetric;coreandmantlehave known radii andunknown uniform
densities. Ù��Gã ¬ � � ®ÝÜ¡Þ ÛË¹���� ¬Nà á�â (6.7)

where ã is Earth’s radius. Theerrors are äåÕ in thelastdecimalplace in eachcase.
Next weneedamodelfor thedensity. Weshallmake anumber of restrictiveas-

sumptions,noneof which arestrictly trueandsomeof which areclearly unrealis-
tic, but they serve to illustratethemethods. WeassumethattheEarthis spherically
symmetric,sothatdensity is a function of radiusalone(Figure6.1),thattheradius
is known exactly (6371 km) from other measurements,andthat theEarthhastwo
distinct regions,themantleandthecore,whoseradiusis alsoknown exactly (3485
km). For thepresent illustrationswe alsomake theunrealistic assumptionthat the
densities of mantleand core areconstants, independent of radius, and for some
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modelsthe two densitiesareequal, giving effectively a uniform Earth. Thereare
six different problems,given in Table6.2. Problems 1, 2, and4 areequidimen-

1 æ assuminguniform Earth ç>èêé æëèêé
2 ì�y�í�î assuminguniform Earth ç>èïé æðèïé
3 æ and ì�y�í¡î assuminguniform Earth ç>è£ñ æðèïé
4 æ and ì�y�í¡î assumingtwo-layerEarth ç�èòñ æðè£ñ
5 æ assumingtwo-layerEarth ç>èïé æëèòñ
6 ì assumingtwo-layer Earth ç>èïé æëèòñ

Table6.2. Differentproblemsto find theEarth’s density fromits massand
momentof inertia

sionalandwill be solved here, problem3 is under-determinedandwill besolved
in thenext section, andproblems5 and6 areunderdeterminedandwill besolved
in Chapter 7.

The forward problem is given by the simpleintegral relationships between the
massandmomentof inertia andthedensity asa function of radius:Ø � Ô¡�Ìó­ôõCö ��÷p�"÷ ¬ ²s÷ (6.8)Ùã ¬ � ø �Õ
ã ¬ óùôõ ö ��÷s�"÷ à ²p÷ (6.9)

For anEarthof constantdensity úö , (6.8)givesØû� Ô¡�Õ úö ã�ü���Û ®ÝÜ¡Þ Ô�¹£��� ¬NàPá�â (6.10)

which is easilysolvedto giveúö � ÕÔ¡�ýã ü Øû�>Û ® Û8�'Û]¹�����ü ápâ (6.11)

Theerroron Ø mapsto úö by thesameformula to giveúö ����Û ® Û8�'Ûþä!� ® ���¡Õp�P¹���� ü á�â¡ÿ ¦ ü (6.12)

This is thesolution to theequideterminedproblem 1.
Problem 2 needsthe formula for the momentof inertia of a uniform sphere,

derivedfrom (6.9): Ùã ¬ � ø ��'Û úö ãpü���� ® ÔsØ (6.13)

with solution úö � �'Û
Ùø �ýã�� �CÔ ® Û�Û ø ¹�����ü á�â (6.14)
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Theerror in Ù mapsto úö by thesameformulato giveúö · � Ô ® Û�Û ø ä!� ® ��� Þ �P¹�����ü á�â¡ÿ ¦ ü (6.15)

Clearlysomething is wronghere—the two independent estimatesof density differ
by about ��� ü kgm¦ ü , a hundred timesthe larger of the two errors! Obviously the
dataareincompatiblewith themodel. Themodelis too simple. Densityvariesas
a function of radius throughout themantleandcore. This illustratesthedifficulty
with most geophysical problems: dataerror is often unimportant in relation to
errorsarising from uncertaintiesabout theassumptionsbehind themodel.

We now make the modelmorecomplicatedby allowing different densitiesfor
coreandmantle,andusebothdata.This is problem4,alsoequi-determined.Equa-
tions(6.8)and(6.9)giveØ � Ô¡�Õ � ü ö�� · Ô¡�Õ ��ã ü ��� ü � ö�� (6.16)Ùã ¬ � ø ��'Û � �ã ¬ ö�� · ø ��'Û � ã�ü_� � �ã ¬�� ö�� (6.17)

Theseequationsarein theform of (6.4). Thedata vector is
± ª � ��Ø « Ù��Gã ¬ � ; the

modelvectoris

© ª ��� ö�� « ö�� � , andtheequationsof condition matrix is¶B� Ô¡�Õ � � ü ��ã ü ��� ü �¬� �	�ô�
 ¬�
� ã ü � �	�ô�
�� � (6.18)

Note thatA dependsonly on thetwo radii, not thedensitiesnor thedata.Solving
thesetwo simplesimultaneous equationsis straightforwardandgivesö�� ���'� ® Ô Ü ��¹���� ü ápâ¡ÿ ¦ ü (6.19)ö�� �CÔ ® �'Û
��¹���� ü ápâ¡ÿ ¦ ü (6.20)

Thecoreis denserthanthemantle, asweknowit mustbefor gravitational stability .
Thereis no incompatibili ty andthe modelpredicts the dataexactly. Thereis no
redundancy in thedataandwe cando no further teststo determinewhetherthis is
a realistic modelfor Earth’s density. Theerrorsareestimatedin Section6.4.

6.2 Least squaressolution of over-determinedproblems

In the over-determined case therearemoreequationsthanunknowns. The least
squares solution minimizesthesumof squaresof theerrors. From(6.5):µ'»���²¡»ý� ¯¼½�¾ § � » ½ � ½ (6.21)
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andthesumof squaresis� ¬ � ³¼ » ¾ § µ ¬» � ³¼» ¾ §��� ² » � ¯¼½¤¾ § � » ½ � ½��� ¬ (6.22)

Wechoosetheunknowns �I����� to minimize
�

by setting � � ¬ �������L���� ³¼» ¾ §�� ²s»ý� ¯¼½¤¾ § � » ½ � ½"!# �Æ� � » �s� ��� (6.23)

which mayberearrangedas¯¼½¤¾ § ³¼ » ¾ § � » � � » ½ � ½ � ³¼ » ¾ § � » �q² » (6.24)

In matrix notation this equation maybewritten¶ ª ¶%$ ��¶ ª'& (6.25)

Thesearecalled thenormalequations.
If °�Ò ¨ then ¶ ª ¶ is symmetric and positive semi-definite (all eigenvalues

arepostive or zero). If thereareno zeroeigenvalues then ¶ ª ¶ hasan inverseand
(6.25)maybesolvedfor

©
. Writing theleast squaressolution of (6.4)as© ����¶ ª ¶_� ¦¢§ ¶ ª ± (6.26)

we canregard the ¨4¹£° rectangular matrix ��¶ ª ¶_�Æ¦¢§¤¶ ª asa sort of inverseof
the ° ¹ù¨ rectangularmatrix A: it is the least squaresinverseof A (Appendix 4).
When ° � ¨ the matrix is square and the least squaressolution reducesto the
usualform

© ��¶ ¦¢§ ± .
Now apply the least squaresmethodto problem 3 in Table6.2, for a uniform

Earthwith two data.Thetwo forward modelling equationsareØ � Ô¡�Õ ã ü úö · µ)( (6.27)Ùã ¬ � ø ��'Û ã�ü�úö · µ+* (6.28)

where µ,( « µ,* arethe errorson Ø and Ù��Gã ¬ respectively. We wish to find úö such
that

� ¬ ��µ ¬ ( · µ ¬* is a minimum:� ¬ �.-sØ � Ô¡�Õ ã ü úö�/ ¬ · - Ùã ¬ � ø ��'Û ã ü úö�/ ¬ (6.29)
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Differentiatingwith respect to theunknown úö gives:� � ¬�Púö � ��� Ô¡�Õ ã ü -sØ � Ô¡�Õ ã ü úö�/� � ø ��'Û ãpü - Ùã ¬ � ø ��'Û ã�ü�úö / ��� (6.30)

which maybesimplified to giveúö �10 Ø · �
Ù��
Û
ã ¬32� à54ü ã ü � ¬56¬ � ��Û ® Õ ø Õ]¹£��� ü ápâ¡ÿ ¦ ü (6.31)

The � ¹�� equationsof condition matrix is¶ò�7- Ô¡�Õ ã ü « ø ��'Û ã ü / (6.32)

Thenormalequationsmatrix in (6.25)becomesthe �å¹�� matrix (or scalar):¶ ª ¶B� � Ü��Û - Ô¡�Õ ã ü / ¬ (6.33)

Theright handsidesof thenormal equationsmatrix become¶ ª ± � � Ô¡�ýã üÕ � - � « �Û / � ØÙ8�Gã ¬ �� � Ô¡�ýã üÕ � - Ø · �
ÙÛ
ã ¬ / (6.34)

Since ¶ ª ¶ is a scalar, matrix inversion is trivially divisionby a scalar, leaving© �10 Ø · �
Ù��
Û
ã ¬,2� à54ü ã ü � ¬56¬ � (6.35)

in agreementwith (6.31).
Sofar we have beenusing Ù��Gã ¬ asdata.Whathappensif we use Ù instead?For

theequi-determinedproblemsthisobviouslymakesnodifference;theonly effect is
to multiply oneof theequationsby ã ¬ andthesolution is unchanged. For theleast
squares solution there is a differencebecausea different quantity is minimised.
Multiply ing equation (6.28) by ã ¬ changes(6.29) to� ¬ � - Ø � Ô¡�Õ ã ü úö / ¬ · - ÙD� ø ��'Û ã � úö / ¬ (6.36)

Working throughto thesolution with this new definition of
�

givesúö � 0 Ø · �
Ùsã ¬ �
Û 2à54ü ã ü � � · à¬ � ã à � �CÔ ® Û�Û ø ¹�����ü ápâ¡ÿ ¦ ü (6.37)
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Verificationof this formulais left asanexercise.
Thesolution(6.37) is differentfrom (6.31)above. It is thesame,to theaccuracy

presented,as(6.14). Comparing (6.29) and(6.36)explainswhy: the contribution
of thesecond termin (6.36)hasbeenmultiplied by ã à in metres,or � ® ø Ü Û]¹���� ¬Æ¬ !
Thefirst termin (6.36), thecontribution from Ø , is negligible in comparisonto the
second contribution, that from Ù . Ø contributesonly to the final solution (6.37)
afterabout the �
��¿MÀ significantfigure! úö is determinedonly by Ù , aswas(6.14).

Scaling theequationsof condition makesa differenceto thesolution of thenor-
mal equations,andthescaling musttherefore bechosencarefully. In this example
we mixed different typesof dataof different dimensions. Dividing Ù by ã ¬ gives
a quantity with thedimensionsof mass.This is a good general guide: beforeper-
forminganinversionreducethedatato thesamedimension usingsomeappropriate
scalesof length, mass,time, etc. In the next section we shall seethe valueof di-
viding all databy their errorssothateachmeasurementcontributes equally to the
solutionof thenormalequations. Thisremovesany problemswith inhomogeneous
datasets.

In theformalism,convertingthedatafrom Ù to Ù��Gã ¬ involvesdividing bothsides
of equation (6.28) by ã ¬ . Theelementsof theequationsof condition matrix in row
2 aredivided by ã ¬ . Thesquareof the element in eachrow contributes to all the
elementsof thenormalequationsmatrix ¶ ª ¶ . Reducing thewholerow reducesits
contribution to thenormal equationsandreducesthe importanceof thatparticular
datumto thesolution.

6.3 Weighting the data

Estimatingtheerroron a measurementis a vital part of theexperimentalprocess.
For inversion, the “error” is any contribution to the datathat doesnot satisfy the
forward modelling equations. Many different sourcescancontribute to the error.
The mostobvious, andeasiest to dealwith, is instrumenterror. As an example,
in 1623 Jacquesl’Hermite travelled from SierraLeonevia CapeHorn observing
declination with two compasses, one calibrated in Amsterdamand the other in
Rotterdam. Thetwo instrumentsdriftedby �98
�'�;: onaverage.Thisvaluewastaken
by Hutcheson andGubbins (1990) to be representative of the error in declination
at seaduring the17thcentury.

Geophysics suffers particularly from errorsthat arenot directly related to the
measurement process.Theaccuracy of theonset time of a seismicphasemayde-
pendon thepulseshape or thepresenceof other arrivals in thesametime window,
as well as the ambientnoiselevel, which itself canvary dramatically with time
(Figure6.2. In this casewe might estimatetheerrors at 0.02sfor P, 0.05s for X,
and0.1sfor SPandS. In practice onewould develop a rough ideaof the relative
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Fig. 6.2. Seismogramrecorded in North Island,New Zealand, from a local earthquake
beneathCookStrait. Errorson arrival time picksdepend on thetypeof arrival andsignal
strength in relation to the background noise. Here the P wave will be most accurately
on the vertical (Z) component,the S wave on the Eastcomponent,andthe intermediate
phases(probablyconversionsfrom S to P at a refracting interface beneaththestation)on
thevertical. Error estimateson thepicksshouldreflectthis: S wavesareusuallygivena
largererrorthanP simplybecauseof their longerperiod.

errorsfor thesephasesover a numberof seismogramsandapply thesameerror to
each.

A measurement of thegeomagneticmainfield will beaffectedby themagnetisa-
tion of neighbouring crustal rocks. Neara seamountthecontribution from highly
magneticlavascanbeseveraldegrees; anaveragefigurefor typical rocks is nearer
onequarterof adegree.Thisis lessthanJacquesl’Hermite’s instrumentalerror, but
not by much,andit limits the additional valueof modern, moreaccurate,marine
datain determining themainfield.

Then thereare blunders: transcription errors suchas a wrong sign in the lat-
itude of a marinemeasurement,misreading the seismograph’s clock by a whole
minute,or wiring the seismometerup with the wrong polarity, thus changing the
signof eachcomponent.Theseblunderscanhave a disastrous effect on thewhole
inversion if they arenot removedfrom thedataset altogether.

Errorsarecorrectly treated asrandom variables. Their actualvalues remainin-
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0.731 -0.030
0.765 0.004
0.752 -0.005
0.797 0.036
0.772 0.011
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Table6.3. Computing themeanandvariancefroma setof 6 measurementsby
averaging.

determinate;we canonly find certain statistical propertiesof therandom variables
suchastheexpectedvalue,variances,andcovariancesof pairsof randomvariables
[Chapter2, (2.41) and(2.42)]. For independentrandomvariablesthecovarianceis
zero.Thecorrelation coefficient is a normalisedform of thecovariance:�
�IH «KJ �u� L �IH «KJ �M N �IH£� N � J � (6.38)

which is equalto unity whenthe two variablesareequalandtherefore perfectly
correlated,zerowhenthey areuncorrelated.

The expectation operator is precisely definedin the theory of statistics but for
our purposeswe shall either (a) estimateit by taking averagesof measurements,
in which casethe expected value is alsothe mean,or (b) imposeit a priori from
theory. In Chapter 2 we usedtheaverageover time. This kind of errorestimation
oftenreducesto little morethanguesswork, but it hasto bedone.

Thesquare root of thevarianceis calledthestandard deviationandis ameasure
of the“scatter” of thedataabout themean;for usit will betheerror. If thevariance
is to beestimatedby averaging a numberof data �,H »PO �=�0� « � «�®�®�®G« ÀQ� themean
is úH �hÀ ¦¢§SR H¥» andthestandarddeviation isT � UVVW �ÀÎ� �YX¼» ¾ § �IH¥»ý� úH�� ¬ (6.39)

Thedivisor �EÀ ���G� is used rather than À becausewe have usedup one“degree
of freedom” in estimating themean.If themeanis knowna priori then À should
beusedinstead. Thestandarddeviationof themeanis reducedby (approximately)
thesquare root of thenumber of data.Table6.3givesexamplesof computing the
meanandstandarddeviation of a setof measurements.

Table6.4 givesa calculation of the covariancematrix. The data areartificial:
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Fig.6.3. Firstdifferencesof annualmeansof geomagneticeastcomponentmeasuredatthe
Antarctic observatoryDumont D’Urville from 1960to 1980. Thesteepchangein slopeis
believedto becausedby suddenchangesin theEarth’s core, andis calleda geomagnetic
jerk. Measurement error is estimatedfrom thescatterabout thepairof straightlines.

Â Ä ÂZ< >Â Ä[< >Ä È?Â\< >Â�Ê�È?Ä[< >Ä Ê
0.0881 0.7545 -1.3609 -2.9869 4.065
1.0181 2.9059 -0.4309 -0.8355 0.360
1.9308 4.6156 0.4818 0.8742 0.421
2.7588 6.6895 1.3098 2.9481 3.861>Â9èïé,@ ]+];^IÍ >ÄêèQ_�@BA3]sé"] D[èïé+@ _Gñ,^ D(è`CE@a_)F,G b¥è£ñ�@a^IÍqñ

Table6.4. Estimating thecovarianceof databy averaging. Thesenumbers were
madeup fromtheformula J ���;H · � using randomnumbers for H . They

therefore correlateperfectly.

the numbers have beencalculatedfrom the formula J � �;H · � using random
numbersfor H to produceperfectly correlateddata. Thecovariancematrix iscedgf � � � ® Õ�� Ü � ®ÝÜ �¡�� ®ÝÜ �¡� h ® Õ�Û ø � (6.40)
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andthecorrelation coefficient is � ®ÝÜ �¡�i � ® Õ�� Ü ¹jh ® Õ�Û ø �Ó� ® ���
Anothergeophysical exampleof errorestimationis shownin Figure6.4. Perma-

nentmagnetic observatories like this onereport annual meansof thegeomagnetic
vector. A sudden change in the second time derivative was noted worldwide in
1969–70; it wascalleda geomagnetic jerk (Ducruix et al., 1980)It shows up well
whenplotting first differencesof the annual means,an estimate of the local sec-
ular variation. The accuracy of the individual differencescanbe estimated from
the scatter abouta smoothtime variation beforeandafter the jerk. The standard
deviation of theresidualafter thestraight line prediction hasbeensubtractedfrom
the datato give the estimateof the accuracy of eachannual mean.A typical ob-
servatory annual meanerror is 5nT/yr. Thecontribution from magnetisedcrustis
constant in time andwill beremovedby thedifferencing.

Themeanof thesumof 2 randomvariablesis thesumof themeans:
�lk H · J
m ��lk H m · �lk J�m . Thevarianceof thesumdependson thecovariance:N k H · Jnm � �ok �IH · J ��� �ok �IH · J � m � ¬ m� �ok �Æ�IH � �lk H m � · � J � �lk J
m �Æ� ¬ m� �ok �IH � �lk H m � ¬ · �8�IH � �lk H m ��� J � �lk J
m � · � J � �lk J�m � ¬ m� �ok �IH � �lk H m � ¬ m · � �lk �IH � �ok H m ��� J � �ok Jnm � m· �ok � J � �lk J�m � ¬ m (6.41)

So N k H · J
m � N k H m · � L k H «KJpm · N k J�m (6.42)

For independent randomvariablesthevariancesaddbecausethecovarianceis zero:N k �IH · J � m � N k H m · N k J�m (6.43)

Theseideasapply to anarbitrary numberof data.Let q bean Ø -length vector
whoseelements are the random variables H §q« H]¬ «�®�®�®'« Hr( , anddefinea second
vector s with zeromean s£�tq � �lk q m (6.44)

Thecovariancematrix becomes,in matrix notationL �usP�u� �ok svs ª m (6.45)

Another view of variance is through the likelihoodfunction. Consider a single
random variable � . The likelihood function w ���ý� depends on the probability of
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the variable taking on the value � . It is a maximumat ��x , when ²�w_�G²s���ë� .
Expanding in a Taylor seriesabout �ß��� x givesw����ý� �yw���� x � · ² ¬ w²p� ¬{zzzzz |,} ������� x � ¬

· ®�®�® (6.46)

Thevarianceof � may thenbe definedin termsof the valueof �­�ï�"x whenthe
likelihood function reachessomecritical value. Provided higher termsin (6.46)
arenegligible, thevariancewill beproportional to thesecond derivative. If � hasa
Gaussiandistribution,with probability ~ ���ý� proportional to |6}8~ k �L���ß��� x � ¬ m , and
thelikelihood function is definedas � � â ~ , then(6.46)hasno higher terms.

For a vecgtor s of many random variables the likelihoodfunction may be ex-
panded in a similar wayw��us_� � w��us x �· ¼ » ½ � ¬ w��� » � ½ zzzzzz s } ���Ë��� x ��»Æ���Ë�£� x � ½

· ®�®�® (6.47)

Thecovariancematrix canagainberelatedto thesecondderivativec » ½�� � ¬ w�
�&»�� ½ (6.48)

Furtherdetails arein (Tarantola, 1987).
It is unusual to beableto estimate covariancesdirectly for realdata; mostmea-

surements areassumedto be independent. Correlations enterwhen the dataare
transformedin someway. For example,it is commonto wantto rotate thehorizon-
tal componentsof a seismogramfrom theconventional north-south andeast-west
into radial (away from the source) andtransverse,or even into “ray” coordinates
with onecomponentparallel to thearriving ray path. This involvesmultiplying by
a rotation matrix, and the new componentsare linear combinations of the origi-
nals.This alwaysintroducesoff-diagonal elements into thecovariancematrix and
correlationsbetween thenew components.

Considera new datasetformedby linear transformation of s :� �Z��s (6.49)

whereG is any matrixwith compatibledimensions(it neednotbesquare)such that� haszeromeanwhen s has.Thecovariancematrix of � is found by substituting
for � from (6.49) to give � � � �%� �lk ��s=�P��sP� ª m (6.50)� �lk ��svs ª � ª m
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Thelastequality foll ows becausethecovariancematrix is symmetric. Theexpec-
tation operator doesnot act on the elementsof G becausethey are not random
variables. The covariancematrix therefore transformsaccording to the similarity
transformation(6.51).

Theweightedaverage is a special caseof linear transformation:� � (¼ » ¾ § ã » � » �t� ª s (6.52)

where � is a vectorof weights. Equation (6.51) applieswith diagonal G, thediag-
onalelements beingtheweights ã » . Thevarianceof � is thereforeN k � m �t� ª � � (6.53)

Another important caseis when �A��� , amatrix whosecolumnsaretheorthog-
onaleigenvectors of

� �us_� . Then � ª � �usP�u� �y� (6.54)

where� is thediagonalmatrix of eigenvaluesof

� �usP� (seeAppendix 4). Equation
(6.51) showsthat the transformeddataset � is independent (zero covariancesor
off-diagonalelements of thecovariancematrix) andits variancesaregivenby the
eigenvaluesof

� �usP� . The dataset � ¦��
 � is alsounivariant, the variancesareall
equalto one,becauseeachcomponentof � hasbeen dividedby its standarddevi-
ation. In general adatavector s maybetransformedto anindependent, univariant
datavectorby thetransformation �s£�y� ¦��
 � ª s (6.55)

In the last section we saw how important it is to scale the individual equations
of condition sothatnone dominate. Thebestprocedureis to transformthedatato
univariant,independent form before performingtheminimisation to obtain(6.25).
Supposetheerrors have zeromeanandcovariancematrix

�3�
. Thesumof squares

of thetransformedunivariant independent datais� ¬ � ´ ª �{� ¦ �
 � ¦ �
 � ª ´ � ´ ª � ¦¢§� ´ (6.56)

Setting ´ � ± �£¶ © gives� ¬ � � ± ��¶ © � ª � ¦¢§� � ± ��¶ © � (6.57)� ± ª � ¦¢§� ± �£� ± ª � ¦¢§� ¶ ©ð·ï© ª ¶ ª � ¦¢§� ¶ ©
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wherewe have transposed scalars andusedthesymmetryof

� ¦¢§� , for example© ª ¶ ª � ¦¢§� ± � ± ª � ¦¢§� ¶ ©
Differentiatingwith respect to theelements of

©
gives� � ¬� © �Ó��� ± ª � ¦¢§� ¶ · �
¶ ª � ¦¢§� ¶ © ��� (6.58)

which leaves ��¶ ª � ¦¢§� ¶=� © ��¶ ª � ¦¢§� ± (6.59)

This solution differs from (6.25) by the appearanceof

� ¦¢§� in the matrix of co-
efficientsandon the right handside. The effect of

� ¦¢§� is to scale the equations
properly; for independent datait divides eachrow anddatumby thevariances.

We endthis section on a technical matter, on how to calculate the final misfit.
Thesumof squaresof residualsis written in full as� ¬ ��� ± ��¶ © � ª � ¦¢§� � ± ��¶ © � (6.60)�

is properly called the root meansquare misfit or residual. For a successful
inverse the rms misfit should be about 1. A commonmeasure of successof the
modelin fitting the data,particularly in tomographic problems,is to comparethe

original misfit, � ± ª � ¦¢§� ± �G° with thefinal misfit, often asa percentagereduction
in residual.

For smallproblems
�

is calculatedby substitutingthemodelbackinto theequa-
tionsof condition, calculating � ± �A¶ © � directly, but this usually involvesstoring
or recalculatingthebig matrixA. An easier methodis available.Rearranging(6.60)
gives � ¬ � ± ª � ¦¢§� ± ·ï© ª ¶ ª � ¦¢§� ¶ © � © ª ¶ ª � ¦¢§� ± � ± ª � ¦¢§� ¶ © (6.61)

Thelasttwo termsareequal:they canbetransposedinto eachother. Furthermore,©
satisfiesthe normal equations, which in the most general caseare given by

(6.59).Thesecond termcanthereforebereplacedwith© ª ¶ ª � ¦¢§� ¶ © � © ª ¶ ª � ¦¢§� ± (6.62)

and(6.60)becomes � ¬ � ± ª � ¦¢§� ± � © ª ¶ ª � ¦¢§� ± (6.63)

Thefirst term is simply thesumof squaresof weighteddata, or original “misfit”;
the second is the scalar product of the model vector with the right hand side of
thenormalequations(6.59). Thescalar productsaretrivial to perform, and(6.63)
providesa far moreefficient methodof calculatingthermsmisfit than(6.61).
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6.4 Model CovarianceMatrix and the Err or Ellipsoid

Thesolution to (6.59)gives

©
asa linear combinationof thedata:it hasthesame

form as(6.49) with �[�Ó��¶ ª � ¦¢§� ¶_� ¦¢§ ¶ ª � ¦¢§�
Wecantherefore calculatethecovariancematrix of thesolution from (6.51):� � ��¶ ª � ¦¢§� ¶=� ¦¢§ ¶ ª � ¦¢§� ��� k ��¶ ª � ¦¢§� ¶_� ¦¢§ ¶ ª � ¦¢§� m ª (6.64)� ��¶ ª � ¦¢§� ¶=� ¦¢§ ��¶ ª � ¦¢§� ¶_����¶ ª � ¦¢§� ¶_� ¦¢§� ����¶ ª � ¦¢§� ¶_� ¦¢§ (6.65)

C describes how the measurement errors have beenmapped into the calculated
modelparameters.It canbeusedto assesstheuncertainty in thecomponentsof

©
.

Thecovariancematrix canbeusedto defineanerror ellipsoid, sometimescalleda
confidenceellipsoid. Consider the random variables � and � with covariancema-
trix

� |3� . We rotate theseinto independent variables � «K� with standard deviationsT�� « T�� calculatedfrom theeigenvalues of

� |3� . We mayusetheinequality� ¬T ¬� · � ¬T ¬����� ¬ (6.66)

to give a limit on the likely valuesof � and � , depending on the chosen value of
theconstant � . Theequality in (6.66) definesanellipse in the ��� plane with axes
alongtheeigenvectors of thecovariancematrix

� |3� (Figure 6.4). Thesemi-major
andsemi-minoraxesare ã � T��� � � §� (6.67)¡ � T��� � � ¬� (6.68)

where � §I« � ¬ arethe eigenvalues of the covariancematrix. � may be chosen to
make the ellipse the 95%confidencelevel if enough is knownabout thestatistics
of the error, or it may chosen lessrigorously. The theory carries over into many
dimensions. The geometrical form is a (hyper)ellipsoid becausethe eigenvalues
areall positive (Appendix 4).

Figure6.4 alsoshows how to estimateextremevaluesof � and � graphically.
Analytically, wewish to find themaximumvalueof � and � for apoint constrained
to be on the bounding ellipse. The methodworks in any number of dimensions.
The equation of the ellipsein vector form is s ª � ¦¢§� sv� � ¬ , where s�� ��� « �&�
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Fig. 6.4. Thegeneralerrorellipsein two dimensions,showing theaxesfor theextremain¢ and £ .
is the position vector. Extremevalues of � and � arefound using the methodof
Lagrangemultipliers (Appendix 6) andminimising thetwo quantities� � � | �us ª � ¦¢§� sA� � ¬ � (6.69)� � � � �us ª � ¦¢§� sA� � ¬ � (6.70)

where � | « � � areLagrangemultipliers. Differentiating eachexpression with respect
to � and � andsetting theresults to zerogives�
� | � ¦¢§� s � � �� � (6.71)�
� � � ¦¢§� s � � � � � (6.72)
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Thesolutionof thefirst pairof equationsgivesthedirectionof theaxis throughthe
maximumandminimum � valuesandthe second the corresponding axis through
themaximumandminimumof the � values. The Lagrangemultipliersarefound
from the constraint s ª �¤� sC� � ¬ . In practice we would drop the constants � | « � �from equations(6.71)–(6.72)andsolve for therequireddirections,thennormalise
themto bring them onto theellipse. Therequired extremevalues for � and � are
thenthecomponentsof this vector.
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Fig. 6.5. Error ellipsesof the mantleandcoredensityparametersobtained from the co-
variancematrix in equation(6.73). Contours arelogarithmic scale.

Weapplytheseideasto problem4 in Table6.2for thedensity of theEarth.This
is the simplestproblem that allows calculation of a non-trivial covariancematrix
because the others yield only a scalar uncertainty on úö . The data Ø and Ù��Gã ¬
are independent and their assigned errors are the same,äþ� ® ���¡Õ ¹ ��� ¬Nà kg. The
covariance matrix of the data

���
is therefore Ü ¹ ���
¦¢§P¥ timesthe �­¹ò� identity

matrix. Substituting (6.18)for A into (6.65)for themodelcovariancematrix gives� ����¶ ª � ¦¢§� ¶_� ¦¢§ � Ü ¹���� à)¬ ��¶ ª ¶_� ¦¢§ � � Õ
� Þ h ��Û��Eh��Û��Eh Ü�Ü � (6.73)

The eigenvaluesare 8.828, 3166. The corresponding normalised eigenvectors
are ��� ® �,h Ü � « � ®ÝÜ ø ÛEhp� and ��� ®ÝÜ ø ÛEh « � � ® �,h Ü ��� . The best-determined combination
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is therefore � ® �,h Ü � ö � · � ®ÝÜ ø ÛEh ö � , corresponding to the minor axis of the ellipse
in Figure6.5. Thebest-determinedcombinationis closeto ö	� , asonewould ex-
pect,and its error is 3 kgm¦ ü (the square root of the eigenvalue). The poorest-
determined combination is ö3� with an error of 56 kgm¦ ü . As before, theseerror
estimatesareabsurdly low becauseof theoverly simple2-layer Earthmodel.

6.5 “Robust methods”

However careful we arein weighting our data, somemistakeswill remain. These
present a huge problem for theleast squares methodbecausethesquaring process
increasestheir influence on the solution. A mistake leading to a datumthat is
effectively wrongby

· ��� standarddeviationswill havethesameeffectas100data
biassed by just

· � standarddeviation, or 25dataoutby

· � standarddeviations. In
practicesomething mustbedone to remove these“outliers”, or reducetheir effect
to aminimum.Methodsdesignedto beinsensitiveto outliersarecollectively called
robust methods.

Thesimplestsolution is to calculatetheresidual(datumminusmodelprediction)
andthrow away any datawith residualsexceeding somethreshold value, usually
3–5 standarddeviations. The methodof datarejection hasseveral advantages:it
usually works, is easyto implement, andrequires little thought. Thereis, in fact,
little alternative whenfaced with datathat lie very far from themodelprediction,
but bettermethodshavebeendevised for moresubtledifficulties.Theleast squares
methodis derivedby minimising a Gaussianlikelihoodfunction (page106)andis
only valid whenthelaw of errorsfor thedatafollows a Gaussiancurve. Problems
canbe identified by plotting residuals on a histogram; the histogramshould have
the approximate bell-shapeof a Gaussianfunction. All too often the histogram
shows too many residualsaway from themaincentral peak.

In theearly daysof seismologyHaroldJeffreysfound prominentoutliersin seis-
mic arrival time data. Theseareparticularly evident for second arrivals, suchas
S-waves,thathave to be identified andreadat a time whentheseismogramis al-
readydisturbed. This can increase the scatter in the readings by a factor of 10,
violating the Gaussian assumption. The histogram of residuals approximatesa
Gaussiancurve in the centre but falls off lessrapidly at the extremes. He there-
fore developedthemethodof uniform reduction, which is based on a law of errors
giving the probability ~������ of residual � as a linear combination of a Gaussian
anda linearfunction,with thelinear function beingsmallrelative to theGaussian.
This reproducesthe shapeof the distribution of seismictravel times. The max-
imum likelihoodsolution is developedrigorously in Jeffreys’ classic monograph
on theTheoryof Probability (p214ff), wherehealsocriticisesthetheoretical basis
for datarejection. Implementation of themethodinvolvessimpledownweighting
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of outliers. The methodof uniform reduction was adopted by the International
SeismologicalServicein locationof earthquakes,andis still usedtodayby its suc-
cessororganisationtheInternational Seismological Centre.Elsewherethemethod
hasbeenabandoned;I do not know if this is becausemodernseismologistshave
foundbetter methods,have forgottenabout it, or never knewaboutit.

Another approachis to change the law of errors from Gaussianto someother
probability distribution. Weshall considerdistributionsof theform~������u� � µ�¦ | ¦ |,} ¦ § (6.74)

with ~©¨>� . Thecase ~ ��� givestheusual Gaussiandistribution. Theotherimpor-
tantcaseis ~[�4� , theLaplaceor double-exponential distribution. Thederivation
of themaximumlikelihood solution givenon page106proceedsasbefore. Taking~$� � clearly downweights outliers relative to larger values of ~ . A single da-
tum with a residual of

· ��� standarddeviations now hasthe influence of only 10
datawith residualsof

· � standard deviations,rather than100asin leastsquares.
Outliersbecome progressively more important for solutions as ~ increases,until~oª¬« , whenonly themaximumresidual influencesthesolution.

Themodulusin (6.74) makestheLikelihoodfunctionnonlinear, andsomealgo-
rithmsfor finding thesolution arevery clumsy. Fortunately, avery simpleiterative
procedureseemsto work well in many geophysical examples. For univariate,un-
correlated,datathemaximumlikelihoodsolution involvesminimising thequantity��­ � ³¼ » ¾ § zzzzzz ² » � ¯¼½¤¾ § � » ½ � ½ zzzzzz

­
(6.75)�

is usually called the ®�¯ -norm of residuals. Differentiating with respect to the� ’s andsetting theresultto zeroin theusual way leads to theequations³¼ » ¾ § � � » �q²��÷ ¬ ¦ ­» � R ¯½�¾ § � ½ » � ½ �G���÷ ¬ ¦ ­» � ��� (6.76)

where ÷6» is theresidualof the � ¿MÀ datum÷�»ý��²¡»ý� ¯¼½�¾ § � » ½ � ½ (6.77)

Equations (6.76) may be put into matrix form by defining a weight matrix W
with elements �[» ½ � ° » ½± ÷'» ± ­ ¦ ¬ (6.78)
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to give ¶ ª¤² ¶ © ��¶ ªS² ± (6.79)

The matrix multiplying

©
on the left handside is square,positive definite, and

invertible. Note that the least squarescasehas~(��� andthis equation reducesto
thestandardleastsquaressolution for univariateuncorrelated data(6.25).

Comparing equation (6.79) with (6.59) showsthem to be the samewith data
weightedwith W ratherthan

� ¦¢§� . (6.79)cannot besolvedimmediately becauseW
dependson themodel

©
through(6.77). Thesolution canbeobtainediteratively.

Start from someinitial model

©´³
, perhapsby setting

²jµ �·¶ . Calculate some
initial residuals from (6.77) and the corresponding weight matrix

² § . Solve for
a new model

© § using(6.79) andcalculate the new residualsandweight matrix² ¬ , andstartagain.Iteration proceedsto convergence.This methodis called iter-
ativereweighted leastsquares(IRLS) becauseeachstepconsistsof a least squares
solution with weightsdeterminedfrom theresidualsat thepreviousstep.

The iterations are guaranteedto converge for ~¸¨¸� provided certainsimple
conditions aremet. Themostimportant of these ariseswhenoneof the residuals
happensto lie closeto zero, or is sosmall that it causes numerical problemsin the
calculation. This difficulty is easily resolvedby adding a smallpositive number¹
to theresidual, replacing (6.78)with� » ½ � ° » ½± ÷�» ± ¬ ¦ ­ · ¹ (6.80)

A seismological exampleof IRLS is givenby (Gersztenkorn et al., 1986), who
invertedthe1D acousticapproximation using theBornapproximation. A geomag-
netic example is given by (Walker andJackson,2000), who find a modelof the
Earth’s mainmagnetic field (seealsoChapter 12). Magnetisation of crustal rocks
presents a majorsourceof error in theform of smallscalefields,andthereis good
evidencethatthecrustal field hasa Laplacedistribution,asshown by theresiduals
in Figure6.6.An w § normappliedby IRLS givesafinal histogramof residualsthat
fits theidealLaplace distribution well, whereasconventional least squares(~­� � )
givesa ratherpoor fit to a Gaussian distribution, evenwith rejection of outliers.
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Fig. 6.6. Histogramsof residualsof geomagneticmeasurements from a model of the
large scalecorefield. (a) residualsfrom an º¼» -norm modelcomparedwith the double-
exponentialdistribution (solid line) (b) residualsfrom a conventional leastsquaresmodel
without datarejectioncomparedwith theGaussiandistribution (c) leastsquareswith data
rejection.

SUMMARY: RECIPE FOR LINEAR PARAMET ER
ESTIMATION

(i) Establish the form of the linear relationship betweenthe
dataandmodelparameters.Definethedatavectorandthe
modelvector, andthe elements of the equation of condi-
tion matrix A.

(ii) Assignan error estimateto every datum. The error esti-
mateis aninseparable partof themeasurement.

(iii) Plothistogramsof theerrorsto establish theirdistribution.
(iv) Form the error covariance matrix

� ¦¢§� . If the datavec-
tor comprisescombination of original, independent, mea-
surements, the error estimatesmust also be transformed
appropriately.

(v) Solve thenormalequations,either by transforming to in-
dependent, univariant, dataandusing (6.26) or by using
thedatacovariancematrix in (6.59).

(vi) Computetheresidualsfrom themodelpredictions.
(vii) Examinethe residuals individually (if possible) and ex-

aminetheir distributions. Ideally the weighted residuals
should beunity. Examineany excessively large residuals
for blunders. Remove outliers, or downweight them,and
compute a new setof modelparameters.

(viii) Computethemodelcovariancematrix.
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Exercises

6.1 Verify equation(6.37).
6.2 (a) Find theeigenvaluesandnormalisedeigenvectors of thematrix¶B� �½� Û � i Õ� � �i Õ � Õ �K¾�

(b) Verify theeigenvectors areorthogonalby taking scalar products.
(c) FormthematrixV from theeigenvectorsandshowit is orthogonal.
(d) Verify that � ª � � is diagonal with eigenvaluesalong thediagonal.
(e) Sketch the quadratic form s ª ¶¿s , indicating its principal axesof

symmetry.
6.3 Fit a straight line �A�0ã�� · ¡ through the 3 datapoints (-1,0.1); (0,1.0);

(1,1.9)by leastsquaresusingthefoll owing method:

(a) Write down thecoefficientsof theequationsof condition matrix A
(b) Evaluate thenormal equationsmatrix ¶ ª ¶
(c) Evaluate ¶ ª ±
(d) Write down the normal equations andsolve for the modelvector��ã « ¡ � . Verify that, in this case, the leastsquares solution is the

exactsolution.
(e) Changethe last point to �Æ� ® � « � ® ø � andrecalculate the best-fitting

straight line.
(f) Plot your points andstraight lines on graph paper.

6.4 A pairof randomvariables H «KJ aresampled threetimesto give thevalues
(1.2,3.7); (1.5,5.2);and(1.6,5.8).

(a) Estimatethemeansandstandarddeviationsof H and J
(b) Estimatetheelements of thecovariancematrix

� � L k H «KJ�m
(c) Estimate

N k H · J
m directly from the3 measurementsof H · J
(d) Comparethis estimate with the varianceobtained from

N k H m ·� L k H «KJpm · N k J�m
6.5 Theepicentreof anearthquake is locatedby a seismicarray. Thelocation

proceduregivesa covariancematrix of the epicentral coordinates �IH «KJ �
(referredto Cartesianaxeswith origin attheepicentre,so

�lk H m � �ok Jnm �� ): � � � � ��û� � (E6.1)

(Theunitsarekm¬ ).q �Ó��� « ��� is a position vector in the �À� plane.
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(a) Find theequation of theerrorellipsoidof theepicentrein termsof� and � .
(b) Sketchtheerror ellipsoid (by finding eigenvalues andeigenvectors

of C) andfind thedirection of maximumerrorandtheerror in that
direction.

6.6 Computer exercise

(a) Useoctave (Appendix 7) to verify your solutions to questions
2(a–c).

(b) Findtheinverseof thematrixin question1by constructing �{� ¦¢§ � ª ,
where � hasits usual meaning of thediagonal matrix of eigenval-
ues.Verify it is theinverseby multiplying with theoriginal matrix
to obtaintheidentity. Canyou prove that

(c) Checkyour solution to question 3.
(d) Usegnuplot (Appendix 7) to producea plot of thestraight line

obtainedfor question 3, including points for theoriginal data, and
compare it with your hand-drawn solution.

6.7 Computer exerciseDo a leastsquaresfit of aquadratic �¥��ãp� ¬ · ¡ � · �
to thefollowing data:�©Á � � � Õ Ô�oÁÎ� ® � � ® � � ® Þ h ®ÝÜ �'Û ® �
by thefollowing method:

(a) Formtheequationsof condition matrix A; 5 by 3 matrix.
(b) Formthenormal equationsmatrix ¶ ª ¶
(c) Formthevector ¶ ª �
(d) Obtaintheleastsquaressolution

© ����¶ ª ¶_� ¦¢§ ¶ ª �
(e) Plot thequadratic �¢���ý� asa continuous line andthedataon an ���

plot using gnuplot asdescribedbelow.

6.8 Computer exercise—Weighting data
Thepurposeof this practical is to learn how to treat data with widely

differentaccuracywithin thesameinversionandidentify baddata. Ideally
youshould haveanerror estimateoneverymeasurement,but mistakescan
often occur that canruin theinversion.

I generated databy the formula �>�×ã�� · ¡ , added Gaussian noise,
thenchanged3 of the � values. You have to identify the3 badvaluesand
remove them,thenobtain thebestestimatesof ã and

¡
. Thedataarein file

prac3.data.

(a) Find a least squaresstraight line fit to the data. Plot the dataand
your line together.
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(b) How many obviously baddatacanyou see?
(c) Remove them, but only if you are absolutely sure they are bad.

Find a new straight line fit andplot it against thedata.
(d) Canyou seeany moreobviousbaddata?If so,remove them.Now

weight thedata: in adding noise I usednormally-di stributednum-
berswith a standard deviation T � � « � « � « Ô repeatedin cycles.
Construct a diagonal weight matrix

� ¦¢§� from the third column of
xys, which containsthevariances.Assumethedataareindepen-
dent. Invert for a straight line again.Plot it againstthedata.

(e) Now can you seeany bad data? If not, construct the weighted
residual vector

� ¦¢§ÃÂ ¬� � ± �A¶ © � andlook for any residualssignifi-
cantly greater than1. Remove the lastbaddatumanddo onefinal
weightedinversion.

[I usedã ��� « ¡ �>Û .]
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TheUnderdeterminedProblem

7.1 The null space

Now consider the casewhentherearefewer linearly independent equations(6.4)
than unknowns. Even in the absenceof errors it is impossible to find a unique
solution. Thereexistsat leastonemodel

© õ , called a null vector, suchthat¶ © õ ��� (7.1)

Thisarisesif °ÎÖ ¨ or when °Ä¨ê¨ but °ï�D¨ or moreof theequationsarelinear
combinationsof therest,aswould happen for exampleif we repeatedly measured
the samething in order to reduce error on the mean. A solution

© § cannot be
unique because © � © § ·ÆÅ�© õ (7.2)

will alsobea solution, where

Å
is any scalar multiplier. Thespace spannedby all

null vectors is called thenull space; it hasdimension À1¨ê° ��¨ .
It is easy to understandthephysical meaning of thenull space. Matrix A contains

therule for calculatingthemeasurement from themodel;it embodiesthephysical
laws usedin the forward problem. A null vector is a model that produceszero
measurement. It producesnothing measurable,andwe cannot thereforeexpect to
understandanything about that particular model from the measurements. For a
linear problem theseunknown modelscanbe addedto any solution that fits the
datato produceanothersolution thatfits thedataequally well. Attempting to solve
thenormalequations(6.25)whenA hasanull spacewouldresult in failurebecause¶ ª ¶ © õ is alsozero. Thenormalequationsmatrix is singular andnon-invertible.

Problems5 and6 of Table6.2(page96) illustratetheideaof anull space. Equa-
tion (6.16)appliesfor problem5. Thereis oneequation for the two unknowns öÇ�
and ö � , definingthestraight line AB onagraph of ö � against ö � (Figure7.1). Any
vectorlike

©[È
, with its arrowtip on line AB, is anallowedsolution, onethatfits

thedatum exactly.

120
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Fig. 7.1. The model spacefor the problem of determination of densityfor a two-layer
Earthusingoneof æ or ì . Not drawn to scale.

Thenull spacefor problem5 is givenby theequation (6.16) with zeroreplacingØ : ��ü ö�� · ��ã�ü=�A��üG� ö�� ��� (7.3)

This is another line, CD in Figure 7.1, parallel to AB and passing through the
origin. Thegeneral solution in vector form is© � ÉÊÌË ·ÆÅ ÉÍ{Î (7.4)

a graphical representation of (7.2). Thesameanalysis applies to problem 6 using
only Ù . Equation (6.17) definesthe straight line PQ in Figure7.1, the null space
definesthe line RS,and

© � is a solution. The point of intersection of lines AB
andPQ satisfiesboth dataand

© à is the unique solution of problem 4. In this
particular examplewe have additional constraints: the densities mustbepositive.
Theinverseproblem, asposed,does not know about this positivity constraint and
allows solutions with negative density (lyi ng on the dashed parts of the lines AB
andPQin Figure7.1).

The ideas of modelspace andnull spacecarry over into many dimensionsand
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give a useful languagewith which to describe the full family of solutions. A sin-
gle measurement for this problem reducesthe dimension of the space of allowed
solutions from by 1. It may not produce a unique solution but nor is it a use-
lessmeasurement. Massandmomentof inertia wereusedto good practical ef-
fect by (Bullen, 1975) to eliminatea wholeclass of density modelsfor the Earth.
The modelswere based on seismicvelocities and the Adams-Wil liamsonequa-
tion, andmany produceddensitiesthatgave Ù­ÒC� ® ÔsØ ã ¬ , thevalue for a uniform
sphere. This entailed denser material overlying lighter material, which is gravita-
tionally unstableandtherefore physically impossible. Incorporating Ø and Ù into
thedatasetresolvedthelarger ambiguities.

7.2 The Minimum Norm Solution

Satisfying though it is to describe the full solution to the inverseproblem,sooner
or laterwe needto plot a modelthat fits the data.This requiresselection, a com-
mitmentbasedon tasteandprejudice asmuchasanything else. A useful choiceis
theshortestsolution, mathematically definedastheonewith least length or norm,± © ±

. Any modelin thenull spacecanbeadded to this solution without changing
thefit to the data,

�
. It is thereforenot anessential part of the modelandcanbe

omitted. The minimum norm solution is thereforethe oneorthogonal to the null
space.In Figure7.1 this meansmodels ÉÊÌË , theperpendicular from theorigin to
linesAB, for problem5 and ÉÊÐÏ , theperpendicular to line CD, for problem6. They
aretheshortestvectorsjoining theorigin to theselines.

Theminimumnormsolution containsno unnecessary information, which is the
philosophy justifying its popularity. Minimising

© ª ©
subject to the constraint¶ © � ± [equation(6.4)without errors] givesthesolution [seeAppendix 4, equa-

tion (4.43)] © ��¶���¶ ¶ ª � ¦¢§ ± (7.5)

Comparethis with the least squares solution (6.26). The square matrix ¶ ¶ ª is°×¹!° whereasthe normal equations matrix ¶ ª ¶ is ¨ ¹!¨ . Only the square
matrix with lower dimension hasan inverse: (6.26) works when ° Ò ¨ , (7.5)
works when ¨ Ò�° . Eachequation may be thought of asdefining a generalised
inverse of therectangular matrix A:¶ ¦ X � ��¶ ª ¶_� ¦¢§ ¶ ª (7.6)¶ ¦ ( � ¶ ��¶ ¶ ª � ¦¢§ (7.7)¶ ¦ X ¶ � ¶ ¶ ¦ ( �=¶ (7.8)¶ ¦ X and ¶ ¦ ( canbecalledtheleft andright inverses of ¶ respectively.

Broadening the definition of the norm can make selection of a solution more
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flexible. For example, to find thesolution fitting thedatathatis alsoclosest to some
preconceivedmodel

© ¯ , we canminimisethenorm
± © � © ¯ ± . Minimising the

squareof a derivative canbeusefulin producing a smoothsolution. Thesolution
normis generalisedto theform © ª ² ©

(7.9)

whereW canbeany symmetric, positivedefinitematrix of weights. W is theiden-
tity for theusual norm

© ª ©
; themoregeneral form allowssomemodelparam-

etersto beweightedmoreheavily thanothers (for example,we might believe, on
thebasisof informationother thanthe databeinginverted, that they aresmaller),
in addition to allowing for correlations betweenparameters.W mustbe positive
definite or certain combinationsof parameterscould be amplified without limit.± © ± Ö � definesanellipsoidin ¨ -dimensional modelspace;thesolution is there-
foreconfinedto aclosed volumeby placing aanupper bound onits norm.Thedata
constraints(6.4) describe a planein modelspace becausethey area setof linear
equations,Theminimumnormsolution thenlies at thepoint nearesttheorigin on
theintersection of thedata planeandellipsoid.

7.3 Ranking and winnowing

Eigenvector expansionsgive an alternative way of solving the normal equations
(6.25)whenA hasnull vectors. The normalequations matrix ¶ ª ¶ is square and
symmetric;its eigenvectors spanmodelspaceandaremutually orthogonal. The
eigenvectors maybe usedasa basis, andany modelmaybe expanded asa linear
combination of them.

Multi plying (6.4)by ¶ ª gives¶ ª ¶ © ��¶ ª � ± � ´ � (7.10)

Let the orthonormaleigenvectors andcorresponding eigenvaluesof ¶ ª ¶ be Ñ�Ò »ÔÓ
and � Ò »ÕÓ : ¶ ª ¶%Ñ Ò »ÔÓ � � Ò »ÔÓ Ñ Ò »ÔÓ (7.11)

where � runs from � to ¨ . Expanding

©
and the right handside of (7.10) in

eigenvectors © � » ¾ ¯¼» ¾ § � Ò »ÕÓ Ñ Ò »ÕÓ (7.12)

andsubstituting into (7.10)gives� Ò »ÔÓ � Ñ�Ò »ÕÓ ª ¶ ª � ± � ´ �� Ò »ÔÓ (7.13)



124 TheUnderdeterminedProblem

In the absence of error, a zeroeigenvalue � Ò »ÔÓ � � leadsto �s�G� in oneterm of
the right handside, which is indeterminate. Settingthe coefficient � Ò »ÔÓ to zero
removesthis indeterminatetermandgivesa solution to thenormalequations that
is orthogonal to the null space. It is therefore the shortestpossible solution, the
minimumnormsolution, thesameaswasobtainedfrom (7.5).

Considerproblem5, inverting Ø for two densities.Thenormalequationsmatrix
is ��¹¥� . Oneeigenvector obviouslycorrespondsto zeroeigenvalue; it points in the
direction of line CD in Figure7.1.Theothereigenvector mustbeorthogonal to the
first, parallel to line OM in Figure7.1,theminimumnormsolution.

Whenan eigenvalueis small but non-zero the factor �I� � Ò »ÕÓ tendsto producea
large but determinatecontribution on the right handsideof (7.12). With perfect,
effor-freedatathatareconsistentwith themodelthenumerator in (7.13)will also
be small andthe ratio producesno difficulty, but error hasno respect for consis-
tency andcangeneratea large contribution. Thusalthough

± ± ±SÖ ± ´ ± , theremay
becases where Ñ Ò »ÔÓ ª ¶ ª ±j× Ñ Ò »ÔÓ ª ¶ ª ´ (7.14)

Thesolution is thendominatedby theerror, which is amplifiedby thesmallnessof
theeigenvalue.

Thenull eigenvectors representmodels thatcontributenothing to satisfying the
data. Theremaining eigenvalues canbe ranked in order of their size(they areall
positive). The eigenvector corresponding to the smallest(non-zero)eigenvalueis
a modelcontributing least to satisfying the data;that corresponding to the largest
eigenvaluecontributes most. In thepresenceof errors someof thesesmalleigen-
valueswill be indistinguishable from zeroandtheir eigenvectorsshould therefore
betreatedaspartof thenull space.

Theeigenvaluesarethereforeseparatedinto threesets: those thataregenuinely
zerobecauseof thenatureof themeasurements,those thataresosmallasto con-
tribute very little to the solution by way of reducing

�
, and thosethat make an

important contribution. The generalised matrix inverseomits eigenvectors with
eigenvaluesthat areidentically zero; it is derived in Appendix 4, equation (4.36).
It may be extendedby omitting alsothoseeigenvectors with eigenvaluesthat fall
below somethreshold that depends on the size of the errors. This removes that
partof themodelmostproneto error. It is saidto stabilise thesolution. Choiceof
threshold is nearlyalways subjective; it is madeeasier if thespectrum of eigenval-
ueshasa clear breakbetween large andsmall.

Ordering theeigenvaluesby sizeis calledranking; removing thesmalleigenval-
uesis calledwinnowing. An advantageof thisprocedureis to reducethedimension
of modelspacedown to the minimum required by the existing databefore doing
further processing.
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7.4 Damping and the Trade-off Curve

A third methodof stabilising an underdeterminedproblem is to replace the rigid
minimumnormcriterion with a moreflexible criterion thatminimises a combina-
tion of error

�
andsolution norm ÀØ �uÙ�� � � · Ù ¬ À (7.15)Ù is calleda trade-off parameter; it determinesthe relative importanceof

�
andÀ and is squared only to emphasise that it remainspositive. Minimising
Ø

is
a compromisebetween minimising

�
, fitting the databetter, or minimising À ,

giving a “simple” model, depending on the choice of Ù . If Ù �×� the solution
reduces to (6.26), theconventionalsolution of thenormalequations.When ÙÌ�Ú«
thedataareignoredcompletely andthenormis minimised, with theresult

© ���
in theabsenceof furtherconstraints. A plot of

�
versus À for differentvaluesof

errorE

norm N

Emin

desired norm

θ=infinity

θ=0

desired error

"knee"

Fig.7.2. Thetrade-off curve Û�ÈÝÜqÊ givesthemisfit Þ against themodel norm ß , ameasure
of themodel’s complexity. Eachpoint on the curve representsa solution,allowing us to
balancethecompromisebetweenfitting thedatawell andobtainingasimplemodel.



126 TheUnderdeterminedProblemÙ is calledthe trade-off curve, which hasthe shape idealisedin Figure7.2.
Ø �uÙ8�

is monotonic andasymptotesto theminimumvalueof
�

(which maybezerofor
an underdeterminedproblem) at oneendandthe minimum valueallowedfor the
modelnorm À at theother.

The minimization may beperformedby differentiation alongthesamelines as
the derivation of the normal equations (6.59). Weighting the data with its covari-
ancematrix

�À�
gives ��¶ ª � ¦¢§� ¶ · Ù ¬ ² � © ��¶ ª � ¦¢§� ± (7.16)

This equation differs from (6.59)only by theaddition of the weight matrix

²
on

theleft hand side.This method of stabilising theinversion is called damping.
In the important special case

² �·¶ the differenceamounts to adding a con-
stantto eachdiagonal element of the normal equations matrix. The eigenvalues
of ��¶ ª ¶ · Ù ¬ ¶ � are � Ò »ÕÓ · Ù ¬ . Dampingwith a unit weight matrix hasthe effect
of increasingall eigenvalues by a constantvalue. If � Ò »ÔÓ Ö Ù ¬ themodelremains
relatively unchanged, but if � Ò »ÔÓ � Ù ¬ thecontribution to theeigenvector expansion
(7.12)is reduced. Contributions from noisy modelvectors is therefore reducedby
choosing a valueof Ù ¬ that is appropriatefor thenoise level in thedata.Theeffect
is similar to winnowing,but thesharp cut-off is replacedby a gradual reduction in
amplitude of thenoisier eigenvectors.

Choosing a suitable value of Ù is to someextent ad hoc, although there are
someoptimal criteria. Thereare3 differentphilosophieswith essentially thesame
algebra:

Mapping Herewe just wanta nicemodelfor interpretation purposes;weadjust
thedamping parameteruntil wegetthedesiredeffect.

Data fitting If weknow theaccuracy of thedatawell weadjust Ù until themisfit
to theweighteddatais unity

CompromiseIf we have no confidencein theeither, thekneeof thecurve (Fig-
ure7.2) is a compromise.

Problem 5, to find thedensitiesof coreandmantlefrom theEarth’smass,canbe
usedto illustratetheeffect of dampingonaverysimpleproblem. Wefirst simplify
(6.17)to thestandardform ²¥��¶ © by defining² � Õ�ØÔ¡�ýã ü O �ß� - �ã / ü ��� ® �,h�ÕEh ø (7.17)

which gives ² ��� ö�� · �Æ� ���ý� ö�� (7.18)
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giving ¶ò����� « ���A��� and¶ ª ¶£� � � ® �¡�Eh Þ
Ü � � ® �'ÕEh ø�ø h� ® �'ÕEh ø�ø h � ® h Ü�Ü ÔsÕ Þ �
We cannow construct a trade-off curve by solving theequation ��¶ ª ¶ · Ù ¬ ¶ � © �¶ ª ² repeatedly for different valuesof the trade-off parameter Ù . When Ù is very
small, ��� ¦ ü , werecover thesolution � ö,� « ö�� �u���Æ�'�GÔsÕ ® � « h�Õ�Û8� ® �p� kgm¦ ü , which is
thesameastheminimumnorm solution to theaccuracy given. This is expectedbe-
causeevenweakdampingcanremovetheeffect of thezeroeigenvalueof ¶ ª ¶ that
correspondsto thenull space. Increasing Ù gradually reducesthenormwhile im-
pairing thefit to thedata. In thecasethetrade-off curveis astraight line; thereis no
kneeto indicateanoptimalchoice of damping constant. This is a consequenceof
thesimplicity of this particular problem: theeigenvectorcorresponding to thenull
spacehasno effect after a small amountof damping, leaving a one-dimensional
problem. Dampinga 1D problemsimply increasesthe misfit in proportion to the
reduction in thenormof themodel, until eventually themodelis zeroandthemisfit
equalto theoriginal datum.

All solutions alongthe trade-off curve, including the minimum norm solution,
have öE� Ò ö�� . This follows directly from (7.18), in which the coefficient of öP�
greatly exceeds that multiplying ö � r. Minimising the sum of squares of ö � andö�� while satisfying (7.18) leads to larger valuesof öP� : the penalty paid in the
minimisation is smallerthanmaking ö�� large. öE� Ò ö�� is physically implausible
becauseaplanet with anexterior denserthanits interior is gravitationally unstable.
A moreplausiblesolution is discussedin thenext section.

7.5 Parameter covariance matrix

Thesolution of (7.16)is formally © �=à ± (7.19)

wherethematrix H is ¨ ¹ù° :àA�Ó��¶ ª � ¦¢§� ¶ · Ù ¬ ² � ¦¢§ ¶ ª � ¦¢§� (7.20)

Themodelis thereforea linear combination of thedata. Dataerrors mapinto the
modelparameterestimatesaccording to equation (6.51)with H replacingG and

�K�
replacing C. The covarianceof mapped errorsis given by the rather complicated
expressionà ��� à ª ����¶ ª � ¦¢§� ¶ · Ù ¬ ² � ¦¢§ ¶ ª � ¦¢§� ¶���¶ ª � ¦¢§� ¶ · Ù ¬ ² � ¦¢§ (7.21)
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but this is not thewholestory. Equation (7.21) givesonly thatpartof themodeler-
ror mappedfrom thedataerrors. It takesnoaccountof theuncertainty in themodel
arising from indeterminacy of the original equations. Theproblem is highlighted
by thesimpleextremecasewhenthedatacontributenothing to thesolution. Then
effectively ¶ò��� and(7.21)giveszero. In other words,whenthereareno datathe
modelestimateis exact! Furthermore, even whenthe datado definesomemodel
parameters well, (7.21) givessmall errorsfor other, lesswell-determinedparam-
eters. Equation (7.21) must always give this: eachmodel parameter is a linear
combination of the data,and if that combination yields zero then the error must
alsomapto zero.

A realistic estimateof modelerrorshould contain our a priori information, the
knowledge that is independent of

±
and is embodied in the weight matrix W.

Franklin (1970) developed a methodhe calledstochastic inversion, in which the
model parametersthemselves are random variables with given prior covariance
matrix

� � . Identifying this with theinverseweight matrix:� ¦¢§� �yÙ ¬ ² (7.22)

andmaximisinga likelihoodfunction basedon thecombinationwB���j�Ôáå� © ª ¶ ª � ¦¢§� ¶ ©¸·!© ª � ¦¢§� © � (7.23)

givesthesameformula (7.16) for

©
but with Ù ¬ ² replacedby

� ¦¢§� . Themaximum
likelihood solution

© x is obtained by maximising w with respect to

©
, where��w_��� © �Î� . Expanding the likelihoodfunction about this solution in a Taylor

seriesgives the elements of the covariance matrix of the model as proportional
to the second derivativesof w , since this controls thedecreasein likelihood away
from

© x [seeSection6.3, equation (6.48)]. Applying this to (7.23) gives the
modelcovariancematrix � ����¶ ª � ¦¢§� ¶ · � ¦¢§� � ¦¢§ (7.24)

a muchsimpler form than(7.21).
In theundampedcasewe minimisedthequadratic form

© ª ��¶ ª � ¦¢§� ¶_� © with
resulting modelcovariance ��¶ ª � ¦¢§� ¶_�Æ¦¢§ . In thedampedcasewe minimise©.ª ��¶ ª � ¦¢§� ¶ · � ¦¢§� � ©
with resulting modelcovariancematrix C givenby (7.24). Whenthedatacontain
noinformation,

���
is verylargeandC reducesto

� � , theprior covarianceestimate,
as it should. Equation (7.24) should always be used, not the more complicated
expression in (7.21).A rigoroustreatment of thecovariancematrixrequiresBayes’
theorem. SeeBOX & TIAO or BARD.

Yet another perspective on damping wasfound by Jackson (1979), who showed
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thatadding new artificial datain termsof directestimatesof themodelparameters
themselves,with associatedweights,givesexactly thesameequationsasdamping.
The new “data” have the form � § �ëã §q« �­¬A�ëãp¬ « � ü � ã ü «�®�®�® , with matrix
form �$�â¶ © , whereI is the identity matrix. The dataaregiven weight matrix
�äãæåô . Thesea priori dataaugmentthe equationsof condition matrix andchange
theA-matrix to thepartitionedformçéèëê ç ìîí
The normal equations matrix

çÀï�ð¤ñ ãæå ç
is replacedby

çSï�ð�ñ ãæå ç[ò\ð ãæåó , which
hasthe sameform asthe damped normalequations(7.16) with weight matrix W
replaced by

ð ãæåó . The right handsidesof the normalequationsarealsochanged.
Jackson’s method effectively constrainsthesolution for themodelparameterto be
closeto thegivenmodelvector ô andwithin theboundsallowedby thecovariance
matrix

ð ó .
Returning to problem5, we now usesomeprior information to producea core

density larger thanthemantledensity. We couldgo further anduseprior informa-
tion thatthecoreis madeof liquid iron, whichlaboratory experimentshowsto have
a density of about õ3ö�÷ kgm

ã�ø
.It is possible to build inequality constraints into an

inversion but it is tricky andawkwardto compute,mainly becausetheinequality is
nonlinear. A simplerapproachis to redefine thenormto beminimised. Replacingù úûù

with ü ýÿþ� ò � ý�þ� , where
��� õ is chosen to produce the desired result. The

larger
�

, thesmaller theratio ý ��� ý � . Theweight matrix W hastheform� è ê õ öö �
í

A little experimentation showsthat
� è õ	� gives a minimum norm solution of
 ý ��� ý ��
 è 
 õ	������� ��� ö���� 
 . Dampingwith � è ö��Bö�� givesa solution


 ý ��� ý ��
 è
������ ��� ��õ	��� 
 , which is aplausibleapproximation to theEarth’s density. Themisfit
is õ������! ©õ3ö þ ÷ kg, muchlarger thantheerrorestimateon theEarth’smass.This is,
of course,becauseof theinadequacy of thesimplemodel.

A device relatedto damping is the penalty method. We often need to apply
somehardconstraints to themodel,for exampleto fix thedepth of anearthquake
becauseit is known to lie on a certain fault, freeze the magnetic field to the core
fluid (anintegral constraint), or fix thedensity of aparticular rock unit. Thesecon-
straintsarenormally imposed by themethodof Lagrangemultipliers(Appendix 6).
A moreconvenientnumerical approachis to usedampingbut make the damping
constant solargethatthemodelparameter(e.g.theearthquakedepth) or constraint
(combinationof modelparameters)is reduced effectively to zero. For example,in
earthquake location the normalequationsmatrix is �  � . Supposethe depthis
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component number 4 of themodelvector. If ateachiteration weaddabig number,
say õ3ö�" timesany othermatrix element, to thediagonal elementof the �$#&% row of
thenormalequationsmatrix, thatequation effectively becomes õ3ö$"(' è ö because
theoriginal elements of

çÀï'ç
and

ç�ï )
areso muchsmallerthan õ3ö " they canbe

ignored. Thusat eachiteration we have ' è ö andthedepthnever changesfrom
its original value.

The penalty method(seealsoAppendix 6) is very easyto implement andhas
the advantageover Lagrangemultipliers that you do not have to derive any new
formulae, just adda big number to the right diagonal element. Thereis only one
problem: deciding on an appropriate value of the dampingconstant or penalty
parameter. It obviouslydependson theproblem andtheunitsused to measure the
modelparameter, andmustbe found by trial anderror. If the penalty parameter
is too large the matrix becomesunbalanced andnumerical errorsresultwhenthe
normalequationsaresolved; theeffects thatensuefrom numerical errorareoften
very peculiar andmisleading.

Dampingcanalsobeusedto greateffect to constrain a general modelthat is al-
readyknown. Thefollowing methodwasdevisedby Christoffersson andHusebye
(1979), who wantedto imposesomeconstraintson an inversion of seismictravel
timesusingtheknown geology. Specifically, they wantedto equate all theseismic
velocitieswithin eachof a few tectonic blocks within the studyarea.They called
it their “geological modelling” option. Their formalism is rather general andcan
be used to incorporate constraints into the normalequationsafter they have been
formed.Sincein mostinverseproblemswith *,+.- the time-consuming partof
thecomputation is in doing themultiplication to form

çEï�ç
, ratherthanin finding

A or solving the normalequations/ , the methodallows a large number of differ-
ent ideasto be testedwith a singlecomputation. In their example,a tomographic
inversion of NORSAR seismicarraydata,they first parameterisethe seismicve-
locity beneath the arrayandfind thenormalequations. Their constraintsarethen
to equalise all the velocities in individual tectonic zones, effectively reducing the
numberof modelparameters andtesting the ideathat seismicvelocity canbede-
ducedfrom thegeology.

Theoriginal modelvector
ú

is reducedto a smallervector 0 through thecon-
straints equation ú è 1 0 (7.25)

For example, to equalise 2 of the original modelparametersandzeroa third, the2
Actually forming the normal equations in this way is not recommended computational practice becauseit
squaresthecondition numberof thematrix; theapproved methodis to solvetheequationsof condition directly
by rotational methods. The Christoffersson& Husebyemethodcanbe adapted to work equally well with
eithernumerical method.
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equationswould be: 34445 6 å6 þ6 ø6 ÷
79888:
è 34445 õ öõ öö öö õ

79888:
ê<; å; þ

í
(7.26)

ChristofferssonandHusebye(1979) thenshow thatthe(unweighted)normalequa-
tionsbecome 1 ï 
 ç ï ç 
 1 0 è 1 ï ç ï )

(7.27)

which may be solved for the reduced model vector 0 . The weighted, reduced
normalequationscaneasilybederivedin thesameway.

7.6 The ResolutionMatrix

Resolution is the most important concept distinguishing inverse theory from pa-
rameterestimation. The dampedsolution satisfies equation (7.16) whereas the
undamped (“true”) solution mustsatisfy(6.59). Denoting the undampedsolution
in this caseby

ú>=
, combining (6.59) and(7.16),andreplacing � þ � givesú è ? ú�=

(7.28)
? è 
 ç ï ð ãæå@ ç©ò�ð ãæå@ 
 ç ï ð ãæå@ ç 
 (7.29)

whereR is a -A B- square,non-symmetric,array calledtheresolutionmatrix. Note
that the result is not symmetricbecausetheproduct of two symmetricmatricesis
only symmetricif they commute.

Theresolutionmatrixrelatestheestimateto thetruemodel; notethat it cannot be
inverted (otherwisewe would beableto find the true modelandall our problems
would be over!). Resolution is perfect when

?¸è ì
and there is no difference

betweenthetruemodelandtheestimate. This happenswhen � è ö .
Considerequation(7.28) for onemodelparameter. Written out in full it gives6DC è EFGIH åKJ C G 
uúL= 
 G (7.30)

Theestimate of eachcomponent 6MC is therefore a weightedaverage of the entire
true model. The N #&% row of R givesthe weightsfor the N #O% modelparameter 6PC .
Ideally we want J CQC è õ andall other weightszero,which is thecasewhen

?�è ì
.

The N #&% row of the resolution matrix is the averaging function for the N #O% model
parameter. Eachmodelparameterhasa different averaging function given by the
corresponding row of theresolution matrix.
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Non-zerooff-diagonal elements of theresolution matrix indicatea trade-off be-
tweenthe modelparameters:non-zero J C G indicatesfailure to separatethe effect
of the N #O% and R #O% modelparameters.NotethatR doesnot depend directly on data
errors(except in so far as

ð @ ensuresthat they arecorrectly weighted relative to
eachother, and in the choice of trade-off parameter � ), but it doesdependon A
through thedatakernels.onwherethedataweremeasuredratherthanonhow well
they weremeasured. In a seismicexperiment,for example,theelementsof R will
depend explicitly on thegeographical positionsof theseismometersbut not on the
noiselevel in theseismograms.Resolution is generally determinedby the typeof
datacollected,not by its accuracy. It is thereforeanimportant consideration when
designing anexperiment.

The traceof the resolution matrix (sum of its diagonal elements = sum of its
eigenvalues) is often taken to represent the umberof degreesof freedomin the
model.Ideally it is - whentheresolution is unity; otherwise it is lessthan - . The
numberof degreesof freedomis alsothought of asthenumberof parameters that
canbe resolved by the dataset. If the diagonalelements of the resolution matrix
elementswereentirely onesor zeroes the tracewould correspond exactly to the
numberof parameters,but in general each parameter is only partially resolved.

There is an efficient way to compute the resolution matrix in the usual case
when

ð ãæå� is diagonal. First notefrom (7.29)and(7.24) that theresolution matrix
is simply thecovariancematrix timesthenormal equationsmatrix:

? ètð�ç ï ð ãæå@ ç (7.31)

If

ð ãæå� is diagonal a muchfaster method to evaluateR is to rewrite (7.29) in the
form

? è 
 ç ï ð ãæå@ ç�ò�ð ãæå� 
 ãæå 
 ç ï ð ãæå@ ç©ò�ð ãæå�TS ð ãæå� 
 (7.32)
è ì

S ð�ð ãæå�
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The final matrix multiplication of a symmetric matrix with a diagonal matrix is

very fast.

SUMMA RY: RECIPE FOR THE UNDERDETERMINED
INVERSE PROBLEM

The following proceduresare in addition to thoselisted for pa-
rameter estimation in thebox on page 116.

(i) Establish the extent of the null space, andpreferably its
dimension. This may be possible from the nature of the
original problem,suchas U è - S * whenthereareno
complications,but this is usually not possible in practice.

(ii) Examinethe eigenvaluesof the normalequations matrix
A. If thereis a clearnull spacesomeeigenvalues of the
spectrum will be numerically zero. Unfortunately, for
largeproblems,thereis usually a largesetof smalleigen-
values thatmustbestabilised,andmany of thesearealso
numerically zero.

(iii) If thereis an obvious breakin the spectrum of eigenval-
ues,with a clearly distinct setof zeroes, thenwinnow by
removing them. Otherwise it is usually easierto leave
themin andrely onsimpledampingto removetheir effect
on thesolution.

(iv) Decideon thenatureof thedamping. Useonly thephys-
ical properties of the problem, not information derived
from inadequacy of the dataat hand. Ideally construct
ð ãæå� from prior information.

(v) If necessaryintroducea dampingconstant. Make sureall
model parametersare of equal dimension and scale, or
choosedifferentdamping constantsaccordingly.

(vi) Invert for themodelparameters using (7.16).
(vii) Computethenormfor eachvalueof thedampingconstant

andplot a trade-off curve to establish consistency of the
prior information with the error estimates and model it-
self.

(viii) Computetheresolution matrix andits trace.
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Exercises

7.1 Find theeigenvalues andnormalisedeigenvectorsof thematrix1 è 345 õ ö õö õ öõ ö õ 7 8:
Whatis thenull space?Plot it on a diagram.

7.2 Find thenull spaceof thematrix345 õ õ õõ õ õõ õ õ 7 8:
7.3 Find,using theeigenvectorexpansion,thegeneralsolution of theequation

ç V èXW
, where

Wpè 
 � � � � � 
 ï andA is thematrix in thepreviousquestion.
Obtainthe minimum norm solution. Why do (7.6) and(7.7) not work in
this case?

7.4 By rewriting theequationsof thepreviousquestion as

 õ � õ � õ 
 V è � , find

theminimumnormsolution using (7.7)andcomparewith theanswerof the
previousquestion. Verify your generalised inversesatisfiestheappropriate
form of (7.8).

7.5 You make 3 measurementsof a systemthatdependson 3 variables Y �9Z[�9\
with thefollowing results:��öEö�Y ò ��Z S � \ è ��ö��� Y ò ��Z S � \ è �S ��Y S � Z ò \ è S �
Find,by inspection or otherwise,thecombinationof parametersyou have
not determined. Usingoctave, or otherwise, to rank theeigenvalues. Ob-
tain thecombinationof parameterscorresponding to thesmallest non-zero
eigenvalue. Roughly how accuratemustyour measurements be to deter-
mine this combination of parameters?(Discussthe error asa fraction of
themeasuredvalue, not theabsolute valueof theerror). Which measure-
mentneedsto beveryprecise?Obtainthesolutionwhenthis eigenvalueis
winnowedout.

7.6 Now supposetheequationsin thepreviousquestion arethenormal equa-
tions for a linear inverse problem. V is themodeland

)
is thedatavector.

Eachmeasurementis assignedanerrorof 0.1.

Solve for themodelby simpledamping.
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(a) Useoctave to computethesolution, modelnorm,andRMSmis-
fit for a rangeof dampingparameters.

(b) Plot thetrade-off curve.
(c) Choosean appropriate value of the dampingparameterandcom-

parethe corresponding solution with thoseof the previous ques-
tion.

(d) Calculate the parameter covariance matrix for this value of the
damping parameter.

(e) Calculate the resolution matrix for the samesolution. How well
resolvedareeachof theunknowns?

7.7 Fit a cubic to the foll owing databy ordinary leastsquaresparameter esti-
mation:


 Y �9Z[
 è 
 ö � � 
9� 
 ö���� � ö 
9� 
 õ � S ö���� 
I� 
 � � õ���� 
9� 
 � � ö 
 . Errorsareall
0.5. Calculate the RMS misfit andmodelnorm. Do the data justify this
cubic fit, or coulda smoother curve do anadequatejob?

You have a rough theory thatpredicts theplot should bea straight line.
Damp the solution to make it smoother with a damping matrix that pe-
nalisesthe higher powersof Y the most. Usea diagonal damping matrix
with elements


 ö � ö ����� õ	� 
 (WHY?). Plot a trade-off curve. Find thevalue
of the damping constant that gives unit misfit to the weighted data, and
compare thecorresponding solution to theordinary least squaressolution.

7.8 Computer exercise—the geocentric axial dipole The purpose of this
practical is to learn how a false assumption (a dipole field) leadsto er-
rors in theresults(geomagnetic polesdependonthesiteaswell asondata
error).

It also shows you how to combine data in a linear inverseproblem by
either (a) extending theA matrixanddata vector or (b) adding thenormal
equations matricestogether.

(a) The Earth’s magnetic field is represented mathematically (in the
IGRFfor example)asasphericalharmonic seriesfor themagnetic
potential. IGRF is calculated from an inversion of tens of thou-
sands of magnetic observations for several hundred geomagnetic
coefficients, the multipliers in the spherical harmonic expansion.
Themagnetic field is approximately thatof a barmagnet, a dipole
field, which is specifiedby the first 3 geomagnetic coefficients,]_^å � ] åå � ' åå . The geomagnetic pole is the placewherethe axis of
thebest-fitting (in a least squaressense)dipolecutstheEarth’ssur-
face; it movesslowly with time. Theprogrampolefind calcu-
latesthegeomagneticpolefrom thefirst 3 geomagneticcoefficients]_^` � ] `` � ' `` .
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Plot thegeomagneticpolesfor epochs1647, 1715,1845, 1925,and
1980onyourmap.Usethedatagivenin thetablebelow. Thisgives
you someideaof the secular variation of the geomagnetic pole in
historical times.

Dipole coefficients

1647 1715 1777 1845 1925 1980] ^` -35238 -34187 -33221 -32205 -30920 -29993] `` -3374 -3187 -3330 -2706 -2326 -1956' `` 2264 3479 5140 5852 5798 5603

(b) Our knowledgeof the geomagnetic field in the geological past
comesfrom paleomagnetic measurementson lavasandsediments
of knownage.Threecomponentsof magnetic field a �9bc�Id (North,
East,Down)canbeinvertedto give ] ^` � ] `` � ' `` asanequi-determined
problemandthencetheposition of thepaleomagnetic pole. Several
samples from eachrock unit, eachpresumably having somewhat
differentages,areaveragedto eliminatethesecularvariation. Pale-
omagnetistshavenoted thefar-sidedeffect, thatthepaleomagnetic
pole usually lies on the far side of the geographical pole Merrill
andMcElhinny (1983). Wearegoing to examine this effect.

Thegeomagnetic coefficientsin thefile paleo.mod werederived
from paleomagnetic measurementson rocks with ages 0–2.5Ma,
young enough for plate motion effects to be neglected (Gubbins
andKelly, 1993). Thefirst 3 coefficientsare


 S ��öEöEöEö ��� õ	� � S � ��õ 
 .
Find theposition of thepole.

(c) Theprogram Afind asksfor a latitudeandlongitudeandreturns
the valuesof a �9bc�Id usingthe field modelpaleo.mod andde-
terminesthecoefficientsof theequationsof condition for thedeter-
mination of geomagneticcoefficients ] ^` � ] `` � ' `` using theequations
givenbelow. TheA matrix is written to thefile Amatrix.out—
copy it to another file before running the programa second time
becausethe file is overwritten. Try it for Leeds: latitude 52e N,
2e W (

è S ��e )
Find the position of the geomagnetic pole from simulated paleo-
magnetic datafrom a single siteusing octave. (For this equide-
termined problemA is squareandyousimplyhave to invert A, you
do not need the least squaressolution. To avoid retyping, opena
textedit windowcontaining thefile Amatrix.out andcopy
numbers acrosswith themouse. Finally run polefind to get the
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pole position. Again you can copydata with the mouse.) Check
with this result:fhg�ikj ò ��� e � fml�npoqj S � esr a è ��ö ��� � �tb è ����ö�� �td è ��� ö�� �] ^` è S � ��� ��� � ] `` è � � õEõ r ' `` è S ��� � � rcu l�vxw è ��õ���� e	y � õ	���_�Ôõ e(z
The pole is “f ar-sided” becauseits longitudediffers from that of
thesiteby morethan90e .

(d) Now find poles for the following volcanicsites, which may have
suitable recent lavas.You needto runmatlan in a separate com-
mandwindow from theother programssoyou do not losethema-
trices.

REMEMBERTO ENTERNEGATIVE VALUESFORSAND W!{ TheAzores: 35e N,20e W{ Cameroon: 5e N,10e E{ Bali: 8e S,115e E{ TheGalapagos:0e N,90e W{ Hawaii: 21e N,158e W{ Tahiti: 18e S,150e W
Plot the results on your map. Is there a far-sidedeffect? Paleo-
magnetists find small non-dipole fields at Hawaii; do your results
confirmthis?

Notethatthesesitesareall quitenice placesto visit.

(e) Do a least squaresfit of all 6 sitesto a singlepoleusing thefull 18
by 3 A-matrix and18-lengthdatavector.

MAKE SURE YOU KEEP THE NORMAL EQUATIONS MA-
TRIX

çvï'ç
AND THE RIGHT HAND SIDES

ç¼ï )
.

(f) Repeatthecalculationsfor thefollowing sites,plottingbothsingle-
siteandleastsquarespoles.{ Novosibirsk, Siberia:55e N,83e E{ PortRadium,Arctic Canada:67e N,117e W{ Princess Elizabeth Land,Antarctica: 73e S,72e E{ 2000km south of EasterIsland, SEPacific: 50e S,110e W
Is therea far-sided effect? Could the geographical distribution of
paleomagnetic sitesbebiased in favour of far-sidedness?

Notethattheseplacesarenot soniceto visit.
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(g) Now combinethedatasetsby adding thenormalequationsmatrices
andtheright handsidestogetherandperform agrand inversionfor
all 10 sites (30 data).How closeis your resultto themodelvalue
obtainedin part(2)?

Equations
The degree1 termsof the usualmainfield representation (e.g. of the IGRF)

representthe 3 componentsof a dipole. The magnetic potentialat the point|O}�~���~����
is� |�}�~���~������ �����}�� |x���������� ����� ������Q� � �9�s� ����� ������Q� � ���Q� ���

Differentiating andsetting
} � � gives:¡ �¢�¤£��¥ �¥ � � �¦� ��p���Q� �c��� ����9��� � �9��� ����� ����9��� � ���Q� �§ � £� ���¨� � ¥ �¥ � � � ��p���Q� � ���Q� ����� ������Q� � �9�s� �© �¢� ¥ �¥ } � �cª�|x� �� �9�s� �c�D� �� ���Q� � ����� �«��� �� ���Q� � ���Q� �_�
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NonlinearInverseProblems

8.1 Methods available for nonlinear problems

So far we have restricted ourselves to problemswherethe relationship between
the dataand the model is linear. The vastmajority of forward problems arenot
linear: theseare lumpedtogether and described as “nonlinear”, an accurate but
not very useful classificationbecausethere is no general methodfor solving non-
linear inverse problems. Methods for inverting nonlinear forward problemsare
divided hereinto threebroad classes:tricks thatwork for individualproblems;for-
ward modelling, or bruteforcesolution of theforwardproblemfor many candidate
modelparameters;andlinearisation, or approximating thenonlinearforward prob-
lem with a linear equation andthe useof linear methods. This is a goodtime to
remindourselvesof thedifferencebetween finding a modelthatexplains thedata
andsolving theinverseproblem,or findingthewholesetof modelsthatcanexplain
thedata.Finding themodelis anexercise in numerical analysis,avastsubject well
treatedelsewhere, for example in the excellent NumericalRecipes(Presset al.,
1992). Solving the inverseproblemmeansfinding all possible modelsthat fit the
data,a muchharder task.

Little canbesaidin general about special “tricks” thatwork for justoneproblem,
saveto mention thatthecommonestdevice is to noticethatanapparently nonlinear
problem is really adisguisedlinearproblem.A recentexample is determinationof
thegeomagneticfield from purely directional data(Khokhlov et al., 2001).

An all-out attackusingforwardmodelling starts with anefficient algorithm for
solving thenonlinearforwardproblem,effectively predicting thedatafrom a cho-
sensetof modelparameters.This allowsusto compute themisfit (for examplethe
sumof squaresof errors) in order to assess thequality of fit andsuitability of the
chosen model. We thenchooseanothersetof modelparametersanddetermineits
quality of fit to thedata,repeating theprocedureuntil wedeemasufficient number

139
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of modelshasbeensearched.Thisapproachmaynot beelegant but it givesagreat
dealof information.

Forward modelling might seemsimple given a large computer, but the work-
loadcanrapidly becomeimpractically large without a goodstrategy for choosing
suitable models. Even a modelwith a single parameterneeds an infinite number
of forward calculations to definethe full solution of the inverseproblem. Except
in a tiny minority of cases wherethe forward problem hasan analytical solution,
it is only possible to examine a finite number of models. Two decisionsmustbe
made: how finely should the model spacebe sampled, andwherein that model
spaceshould we concentrate?

The strategy depends on the problem at hand but there are two distinct ap-
proaches. A grid search is a systematic exploration of modelspacewith a given
increment in modelparameters,starting from somecentre andworking out until
a sufficient volumeof the space hasbeensearched,perhapswhen the misfit ex-
ceedssomechosenvalue or the model is deemedunphysical for other reasons.
An exampleof a grid search is given in the beamforming application in Chap-
ter 11, wherea seismogram is stepped successively forwards and backwards in
timeuntil it matchesanotherseismogram.MonteCarlo methodsusesomerandom
component of selection. Thechoice canbeguidedby prior informationabout the
likelihoodof a particular modelfitting thedata,sothesearchcanbeconcentrated
in certain parts of model space yet still retain somerandom elementof choice.
Thesemethods werepioneeredfor seismicinversionsfor earthstructure. If a prior
probability distribution canbeattached to a particular choice of modeltheproce-
durecanbe put on a firm statistical footing. This approachis discussedfurther
by Tarantola (1987). A numberof modernalgorithmsemploy moresophisticated
strategies for searching model space. Most notable is the suite of genetic algo-
rithms[SAMBRIDGE], in which candidatemodelsareselectedaccording to a set
of rules relating themto successful modelscomputed previously, the rules being
akin to genetic inheritance.

Linearisation is still probably the most-used methodfor solving nonlinearin-
verseproblems.We first choose a likely starting model,computethe residuals to
the data, then seeka small change in the model that reduces the residuals. The
new modelcanbe usedto form the basis of another small improvement, andthe
procedure repeateduntil a model is found that fits the data. This completesone
partof theinversionprocess,finding a model.A simpleexampleof this procedure
is Newton-Raphsoniteration for a root of a nonlinearalgebraic equation.

Finding the model in this way should strictly be called quasi-linearisation be-
causewe arrive at the solution to the nonlinear problem without incurring any
errorscausedby the linearisation process. Solving the inverseproblem, however,
involvesmapping outall thepossiblemodelsolutions, doesdepend onthelinearis-
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ing approximation; it requiresthaterrors on thedataaresmall in somesense. Pro-
vided theerrorson thedataaresufficiently small, the linearerroranalysis for our
final, best-fitting modelwill apply to thenonlinearproblem. We canthenemploy
the theory developedin Chapters6 and7 to produceestimates of covarianceand
resolution. If theerrors aretoo large for thelinearapproximation to bevalid there
is rather little we cando. A correct approachis to consider a higher approxima-
tion, adding quadratic termsto thelinearapproximation for example,as(Sabatier,
1979)hasdone. We thenneedalsoto consider higher statistical momentsthanthe
covariance, and the whole procedurebecomesunwieldy. It is better to return to
forwardmodelling.

Thereremainsanother possibility that completely different modelssatisfy the
data. Thesewill be surrounded by their own subspacesof acceptable models.
Thesemodelsubspacesmayor maynot overlap. Notethattheconditions required
for convergence of the quasi-linear iterations arecompletely different from those
required for thevalidity of the linearisederror analysis. Onedependsonly on the
starting model and the nature of the forward problem, the other depends on the
errorsin the data. If the errors aretoo large, in the sensethat the linearising ap-
proximation ceasesto be valid, the modelcovariancematrix formula (7.24) fails
andhigher ordermomentsareneeded to describethetrueerror.

8.2 EarthquakeLocation: an Example of Nonlinear Parameter Estimation

Earthquake locationinvolvesfinding theorigin time,depth, latitudeandlongitude
of an assumed point source of seismicwaves, the hypocentre. It is an example
of parameter estimation (Chapter 6) with four parameters.Arrival timesof P and
S waves are measured from stations with a broad geographical distribution and
inverted for the hypocentre parameters. The forward problem involves calculat-
ing travel timesof thewaves, which requires a known velocity structureor setof
travel timetables. Theproblemis nonlinearbecausethetravel timesdonotdepend
linearly on theendpointsof theray, thehypocentrecoordinates.

We begin with an approximatelocation andorigin time. We cantracethe ray
from thissourceto thereceiver, using theseismicvelocity asafunction of position,
computethetravel times,andaddtheorigin timeto givethepredictedarrival times.
Alternatively, given a setof travel time tables, we canlook up the travel time for
theappropriatedepthanddistance.Subtracting thecomputedarrival timefrom the
observedtime givestheresidual wewish to reduceby improving thelocation.

We now calculatethechangein arrival time caused by a smallchangein origin
timeandhypocentre locationusingtheray geometry illustratedin Figure8.1a.We
require the take-off angleof the ray, N , which may be computed from the tangent
to theraypathat thehypocentreor, in theusual casewhentheseismic velocity de-
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pendsonly on depth, from thetravel time tables usingstandardmethods described
in, for example,BULLEN AND BOLT.
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Fig. 8.1. Ray geometry showing how to compute the partial derivatives for hypocentre
improvement. (a) hypocentral coordinates(b) ray shortening with changes in depth(c)
ray shortening with changes in epicentrallocation(d) plan view for resolving epicentral
movement along ® and ¯ directions.

Changing the origin time °�± by ²(°³± simply changesthe arrival time by ²(°�± .
This part of the problem is linear: the change in arrival time is linearly related
to the origin time. Changing the depth ' by a small amount ²�' shortensthe ray
pathby ²�'B´ l�µ N , from the triangle in Figure8.1a,which shortensthe travel time
by ²�'B´ l�µ N �s¶s· , where¶s· is theseismicvelocity at thehypocentre. Thelinearised
change in arrival time corresponding to unit changein hypocentredepth is there-
fore S ´ l�µ N �s¶�· . Changing theepicentre


 Y �9Z[
 , whereaxes Y �9Z maybetaken, for
example,north andeastwith origin at the epicentre,by smallamount


 ²sY � ² Zp
 è² V shortensthe ray pathby
ù ² V ù µ9¸�n N andthe arrival time by

ù ² V ù µ9¸�n N �s¶ · (Fig-
ure 8.1a). The ray path lies in the planeof the source and the receiver, making
an angle d with the Y axis (Figure 8.1b). d is the azimuthof the receiver from
the source, which may be computed from the geometry. The reduction in arrival
time caused by a smallchange ²sY in epicentreis then

µ�¸�n N�´ l�µ d ²sY �s¶ · andfor ² Z
is
µ9¸�n N µ9¸On d ² Z��s¶s· . Thechange in arrival time corresponding to unit change in Y

and Z arethen S µ9¸�n N¹´ l�µ dº�s¶�· and S µ9¸�n N µ9¸On d��s¶�· respectively.
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We have effectively calculated the partial derivatives of the travel time with
respect to each of the4 hypocentralcoordinates.In thenext section wewrite down
a general form for the forward problem andcompute thesepartial derivativesby
differentiation. For earthquake location the general form of the travel times is a
complicated integral andit is easierto work out thepartial derivativesgraphically
aswe have done: the linear approximation amounts to assuming the ray pathis a
straight line in thevicinity of thehypocentre.

The partial derivativesarefunctions of the ray pathandaretherefore different
for eachdatum.Thepredictedchange in arrival time at station 1 is then²	° ` è ²(° ± S ´ l�µ N `¶�· ²�' S µ�¸�n N ` ´ l�µ d `¶�· ²�Y S µ9¸�n N ` µ9¸�n d `¶�· ² Z (8.1)

We now form the standardequation for a linear inverseproblem (6.4) by placing
thearrival timeresidualsinto adatavector ² ) , thesmallchangesto thehypocentre
into a modelvector ² ú è 
 ²	°�± � ²�' � ²sY � ² Z[
 , andthe partial derivatives into the
equationsof condition matrix A: ² ) ètç ² ú ò » (8.2)

The ¼ #O% row of this matrix is then½k¾�¿ èÁÀ õ � S ´ l�µ N ¾¶�· � S µ9¸�n N ¾ ´ l�µ d ¾¶�· � S µ9¸On N ¾ µ9¸On d ¾¶s· Â (8.3)

Subscript ¼ correspondsto aparticularstationandtypeof arrival (Por Sfor exam-
ple). It labels the ray path, which is different for eachstation and, in general, for
eachwave type.A is amatrix of partial derivatives; it is rectangular of size *Ã � ,
where * is thenumberof data.Thefirst columnof A consistsentirely of ones.

Thestandard least squaressolution is found asdescribedfor linearproblemsin
Chapter6. Theresulting smallchangesto thehypocentreareaddedto theoriginal
estimateto give the new estimate, which in turn canform the starting point for a
second iteration. Thepartial derivativesmustberecomputedbecausetheray path
haschanged; N �Id , and ¶�· will all be different. The process is deemedto have
convergedwhenthehypocentreestimateceasesto change significantly. Deciding
on what “significantly” meansmayprove problematic:a logical choice would be
whenthe change in residuals falls significantly below their estimated error. The
last stepin the processmay beused to derive the covariance matrix for the small
change ² ú . If thedataerrorslie within the linear range the linearisedcovariance
matrix givesanaccurateerrorestimate for thefinal hypocentre.

It oftenhappensthatequations(8.2)areill-conditioned,prohibiting a numerical
solution. For example, thedatamaynot constrain thedepth, or thereis a trade-off
betweendepth andorigin time, usually becauseof an insufficient density of sta-
tions closeto the earthquake. The iteration procedurefails to converge. In these
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casesdampingtechniques similar to thosedescribedin Chapter 7 maybe usedto
stabilise the solution. We mustbe careful to distinguish this type of step-length
damping, which is usedto make the iterative procedureconverge, from damping
usedto stabilisetheinversion. Thetwo formsof dampingserve fundamentally dif-
ferentpurposes,despite sharing the samemathematical formulation. Step-length
dampingis essentially a numerical device to aid convergence;it mayhavenothing
to do with dataor modelerror.

8.3 Quasi-linearisati on and Itera tion for the General Problem

Write thegeneral relationship between dataandmodelas) èXÄ 
uú 
 ò » (8.4)

where

Ä
denotes a nonlinear function or formula. For the example of earth-

quake location,

Ä
representsthe whole process of ray tracing or table look-up

to determine the travel time followed by addition to the origin time to give an
arrival time at eachstation. We initi ate the iteration from somestarting modelú ^ andseeka small improvement ² ú ^ by linearisedinversionof the residuals² ) ^ è ) S Ä 
uú ^ 
 : ² ) ^ èyç ^ ² ú ^ ò » (8.5)

The matrix

ç ^ mustbe derived from the nonlinear formula

Ä 
uú 
 for eachit-
eration; subscript zero denotes the first iteration. The elements of

ç
are partial

derivativesof thedatawith respect to themodel,andmaybewritten formally as
 ç ^ 
 C G è Å�Æ CÅ 6 G¦ÇÇÇÇÇ ú H úÉÈ (8.6)

In theearthquake location exampleit waseasierto derive theelements of

ç
from

first principlesusingthe geometry of the ray path. It is usually morestraightfor-
wardto write down theforwardproblemandcarry out thenecessarydifferentiation
of

Ä
. For theearthquake location problem

Ä
is a pathintegral andwewould have

to differentiate with respect to theendpoint, thelower limit of theintegral.
The linearisedequationsof condition (8.2) aresolved for ² ú ^ , using (6.25)or

(6.59)in thesameway asfor thelinear inverse problem. Theimprovedsolution isú ` è ú ^ ò ² ú ^ (8.7)

If
ú ` does not provide a good enough solution the whole procedure is repeated,

starting with
ú ` insteadof

ú ^ . Thegeneralequationsfor the Ê #&% iteration are² úÉË è 
 ç ï Ë ð¦Ì `@ ç Ë 
 Ì ` ç ï Ë ðÍÌ `@ÏÎ ) S Ä 
uúÉË 
ÑÐ (8.8)úÉË�Ò ` è úLË ò ² úXË
(8.9)
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In general the iteration procedure is repeateduntil
ù ú Ë�Ò ` S ú Ë ù is lessthan

someprescribedvalue,whenfurtheriterationsfail to producesignificantchangein
themodel.An alternativeconvergencecriterion is to require

ù Ä 
uúqËIÒ ` 
 S Ä 
uúLË 
 ù
to be lessthansomeprescribed value. This is the improvementin fit to the data
achievedby the Ê #O% iteration. It is betterthanusing convergenceof themodelfor
two reasons. First, we have a clearideaof how small this numbershould befrom
our estimatesof theerrorsin thedata.Secondly, thereis litt le point in continuing
to iterate whenthere is no further improvement in fit to the dataeven though the
modelis still changing: further changeshave no useful effect.

8.4 Damping, Step-LengthDamping, and Covarianceand Resolution
Matrices

Having found thebest-fitting model,thecovarianceandresolution matricescanbe
found in the sameway as for linear inversion usingequations (7.24) and(7.29).
Essentially we perform a linear inversionabout thefinal model

ú
anddiscard the

model change ² ú Ó ö , and calculate the uncertainties on ² ú . The procedure
will only bevalid providedtheallowedspace of modelsdefinedby thecovariance
matrix lies within the linear regime,in other wordsthe linear approximation (8.2)
is accurate in predicting changesto the datafor changesto the modelwithin its
uncertainty.

In a linear problem damping determinesthemodelthatminimises thecombina-
tion of error andmodelnorm:° è » ï ð Ì `@ » ò � þ ú ï � ú (8.10)

[cf equation (7.15)–(7.16)]. If we simply applythelinear formulae to eachnonlin-
eariteration wewoulddampnot themodelitself,

ú
, but thesmallchangeimposed

at eachiteration, ² ú (step-lengthdamping). To solve the inverse problemposed
by minimising (8.10)we mustuse(8.5) for » and

ú ^ ò ² ú ^ for
ú

. The basic
differencewith the linear problemis illustrated by the simplecase of unweighted
dataandunweightedmodelparameters. We minimise° è » ï » ò � þ ú ï ú (8.11)è ÔFC H ` 
 ²�Õ C S

EFGÖH ` ½ C G ² 6 G 
 þ ò � þ ÔF C H ` 
 6 ^ C ò ² 6 ^ C 
 þ (8.12)

by differentiating ° with respect to theunknowns ² ú to giveÅ °Å ² 6 ¾
è � F C 
 ²sÕ C S F G ½ C G ² 6 G 
 
 S ½ C ¾ 
 ò � þ 
 6 ^ ¾ ò ² 6 ¾ 
 è ö (8.13)



146 NonlinearInverseProblems

In matrix form this equation rearranges toS 
 ç ï ² ) S ç ï ç ² ú 
 ò � þ 
uú ^ ò ² ú 
 è ö (8.14)

andtherefore ² ú satisfies
 ç ï ç©ò � þ ì 
 ² ú èyç ï ² ) S � þ ú ^ (8.15)

andthesolution for themodelafterthis iteration isú ` è ú ^ ò ² úè ú ^ ò 
 ç ï çjò � þ ì 
 Ì ` 
 ç ï ² ) S � þ ú ^ 
 (8.16)

The last term on the right hand sideis new; it mustbe includedin orderto damp
thefinal modelratherthaneachlinear step.Minimising (8.10)gives² ú è 
 ç ï ð Ì `@ ç©ò � þ � 
 Ì ` 
 ç ï ð Ì `@ ² ) S � þ � ú ^ 
 (8.17)

Comparingwith the solution for the linear problem (7.16) shows the additional
term S � þ � ú ^ . If a model covariancematrix is used � þ � should be replaced
by

ð Ì `� in theseequations. The covarianceandresolution matrices needno extra
termsin the nonlinearcasebecausethey assumea one-step linear inversion from
thefinal model:equations(7.24)and(7.29)stand.

8.5 The Err or Surface

A useful geometrical analogueis theerror surface, theerror plotted asa function
of themodelparameters:× 
uú 
 è Î ) S Ä 
uú Ð ï Î ) S Ä 
uú 
ÑÐ (8.18)

The geometrical shapeof the error surfacetells us the nature of the minima we
seek,and can explain the behaviour of the iterative approach to the best-fitting
model.

Theerror “surface”for aone-parameter modelis a line. For a linearproblemthe
errorsurfaceis a parabola (Figure8.2a).Thebest-fitting modelis at theminimum
of theparabola, 6qØ . Thedataerrors setanallowedmisfit, at level

½
in thefigure,

which defines therangeof allowedmodels,6 Ì to 6 Ò .
For a nonlinearproblem the error surfacecanhave any shape, but we hopethe

problem is reasonably well posed so that the error surface hassomewell-defined
minima and the error increasesstrongly when the modelparameters take on ex-
tremevalues. Many possibilit ies exist. The most convenient is when the error
surfacehasa single minimumwith a quadratic-like shape,andthedataerrors con-
fine theallowedsolutions to beclose to thebottom of theminimum. Underthese
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Fig. 8.2. Possible1-dimensionalerrorsurfaces.(a)quadratic,a linearproblem (b) 2 local
minima (c) many local minima (d) a relatively flat surfacewith onewell-definedlocal
minimum

conditions the linearisation described in the last section is valid; this is the sce-
nariowe hopefor in mostnonlinearexamples. If thedataaregood enough,these
conditionshold.

A more serious problem arises when thereis more than one minimum to the
error curve, as in Figure8.2b. The iterative procedurecould endup in either of
theseminima; in particular we could have arrived in the shallower one without
knowing about theexistenceof thedeeper minimumto the left. The“best fitting”
modelis only a local bestfit; the global bestfit is the solution to the left. There
arethree possible outcomesto theerror analysis,depending on thedataerrors. If
the errorsaresmall, at the level C in Figure8.2b,andwe happento have found
the global minimum, thenwe have the right solution andan accurateestimateof
theuncertainties. If the iterative procedurelands usin theshallowerminimumwe
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would concludefrom the error analysis that the modelwasinconsistent with the
databecausethemisfit is greater than Ù .

Supposewe have noisier data,level B in Figure 8.2b. Thenboth minima are
consistentwith thedataandweshould accept all modelslying within eitherpoten-
tial well. The linearisederroranalysis in eachpotential well will bebasedon the
parabolaeending in *�Ú and

× Ú , which give reasonableapproximationsto thetruth.
With evennoisier dataat level

½
, thewholewell will defineacceptablemodelso-

lutions. An error analysisbased on oneof the two local minimawill bea serious
underestimatebecausethey will follow oneof thetwo parabolaelabelled *ÛÚ or

× Ú .
Figure 8.2c gives another possibility : multiple minima of equaldepth. This

situation arises frequentlywhentrying to matchoscillatory time series—two seis-
mogramsfrom thesamesource for example.Eachseismogramconsistsof a num-
ber of oscillations with the samefrequency or similar shapebut different phase.
An idealisation of this problem is given by the two functions

� ` 
ÝÜ 
 è ´ l�µpÞ Ü and� þ 
ÝÜ 
 è ´ l�µ 
 Þ Ü ò ¹ 
 . Wewishto find thetimedifference ¹ by minimising theerror× 
 ¹ 
 èàß Î � ` 
ÝÜ 
 S � þ 
ÝÜ ò ¹ 
ÑÐ þ Õ Ü (8.19)

wheretheintegral is taken over thelengthof availabletime series, probably many
periods ��á � Þ . The error hasa minimum (zero in this case)at ¹ è ö andother
subsidiary minima when ¹ is a multiple of the period ��á � Þ . Thesesubsidiary
minimaoccurwhenthewrongpeakin onerecordis lined upwith oneof thepeaks
in thefirst record. It is calledcycle skipping andgivesriseto errorsurfacesof the
form shown in Figure8.2c.

Finally, a very flat errorsurfacewill meantheiterative procedurewill converge
very slowly. Figure8.2dshows an example; in this case the inverseproblem has
a satisfactorysolution provided we canfind the smallestminimum. If the whole
errorsurfaceis ratherflat andthereis nodistinctminimum,thedataerrorswill map
into largeerrors in themodelparameter. In thiscaseweshould probablyspendour
time makingnew measurementsrather thantrying to invert theoneswe have!

The geometrical analogy stands up well in higher dimensions when we have
more model parameters. To find the model we needto find a hollow in the er-
ror surface, andonce there we approximateit with a multidimensional quadratic
surface and use the dataerrors to determine the depth and acceptablespace of
models. Many iterative procedureshave beendevisedto solve nonlinearprob-
lems;theonedescribedhereis frequently usedbut is not alwaysthebest. Modern
subspacemethods,suchastheconjugate-gradient algorithm aremoreefficient for
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large problems. Again, this is the realmof numerical analysis rather thaninverse

theory.

SUMMARY: RECIPE FOR THE NONLINEA R INVERSE
PROBLEM

The following procedures are in addition to those listed for pa-
rameterestimation in the box on page116 andunderdetermined
inversion on page 133.

(i) Is thereananalytic solution? Is it a disguisedlinear solu-
tion?

(ii) Probably not. Decideonwhetherto useaquasi-linearised
iteration or forwardmodelling. This dependson whether
you think you have a good estimateof the final answer,
in which casequasi-linearisation is best, andon thediffi-
culty of solving theforwardproblema very large number
of times.You maydecide to useahybrid method (seeex-
amplein 11.1), andstartwith forwardmodelling to obtain
a starting modelof quasi-linearisation.

(iii ) If you decide on forward modelling, you needa strategy
for choosingsample models. This depends critically on
thespecificproblem.New methods, suchasgenetic algo-
rithms,maybeappropriate.

(iv) Linearise the problem by carrying out the necessarydif-
ferentiation to obtainthematrix of partial derivatives.

(v) Employ step-lengthdamping if asingleiteration produces
anunacceptable changeto themodel.Thechangeshould
typically besmallerthantheoriginal modelparameters.

(vi) Dampingfor thefinal iteration determinestheerror anal-
ysis.

(vii ) Determine the size of the model parameter error ellip-
soid in relation to the sizeof the linear regime. If mod-
elswithin thespaceof allowedsolutionsaretoo far from
the minimumnormsolution for the linear approximation
to predict thedataaccurately theerroranalysis is useless
andyou mustrevert to forward modelling.
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Exercises

8.1 Investigatetheeffectof thestartingguessonthesimpleproblemof finding
therootsof aquartic by Newton-Raphsoniteration. Firstplot thequadratic� 
 Y 
 è ��Y ÷ S õ	��Y ø ò õ	��Y þ
and identify the approximate locationsof the 4 real roots (solutions of� 
 Y 
 è ö . Next solve for therootsandstationarypoints analytically.

Now solve for the roots using Newton-Raphson iteration using start-
ing valuesranging from -1 to 4. [You may find the FORTRAN program
newtfind.f on the web site useful]. Draw up a tablewith 3 columns,
onecontaining thestarting value,onethe root found(if any), andonethe
number of iterations taken to reach 4 significant figures. Pay particular
attention to thebehaviour with starting points nearthestationaryvalues.

Explore waysto improve on theconvergenceof thedifficult cases. Try
step-length damping by reducing thechangein Y at eachiteration. If this
doesnotwork well, try reducingthechangesfor thefirst few iterationsand
thenproceedwithout damping.

8.2 How would you determine theparameterâ whenfitting data
)

with errors» to a modelwith parameter â giventherelationshipÕ 
 Y C 
 è w�ã u âKY C ò>ä C
8.3 Solve thefollowing nonlinearinverseproblemusingtheformalism in Sec-

tion 8.3. )æå è â þ Y þC ò âKY C ò õ ò¢ä C
where â is the(one-dimensional)model, » theerrorvector, and V andthe
datavectorsaregivenbyY 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0Õ 1.01 1.22 1.57 2.01 2.39 2.97 3.71 4.33 5.20 6.00 7.02

8.4 For the previousquestion, find thecovarianceof â . Plot theerror surface
around your solution. Doesthe covarianceestimate lie within the linear
regime?

8.5 Thefirst stepin any inverseproblemis to solve theforward problem. For
LINEAR inverseproblemsthis involvesfinding theform of theequations) èyç ú

. Find therow of theequationsof condition matrixA correspond-
ing to eachof thefoll owing datafor thegiveninverseproblem.

(a) Thegeomagnetic field is representedby a modelvectorconsisting
of theGaussor geomagneticcoefficients:ú ï è 
 ] ^` � ] `` � ' `` � ] ^þ � ] `þ � ' `þ � ] þþ � ����� 
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Thegeomagneticpotential is givenbyç 
Ñè � � ��éh
 è â F ê�ë �
À â è Â

ê Ò ` 
 ] �ê ´ l�µ 6 é ò ' � ê µ9¸�n 6 é - �ê 
 ´ l�µ � 

andthecartesiancomponentsbya è S õè Å çÅ �b è õè µ9¸On �

Å çÅ é
d è S Å çÅ è

Show that a datum d 
Ñè è â � � C ��é C 
 (vertical component of mag-
neticfield at theEarth’s surface)hasA-matrix row:½ C G è 
Ñì ò õ 
 - �ê 
 � C 
 ´ l�µ 6 é C
for a ] �ê modelparameter and½ C G è 
Ñì ò õ 
 - �ê 
 � C 
 µ9¸�n 6 é C
for an ' � ê modelparameter. Heresubscript R 
Ñì � 6 
 is asinglelabel
for themodelparameters.

(b) Repeatfor theothertwo cartesian components, a and b .

8.6 NONLINEAR inverseproblemscanbesolvedby linearisinganditeration.
In thiscasetherowsof theA matrix arepartial derivativesof thedatawith
respectto themodelparameters.

(a) In thegeomagnetic problemabove,total field dataarenonlinear:Æ è ü a©þ ò b þ ò d þ
Obtainthepartial derivativeswith respect to ] �ê for somestarting
model

ú ^ by usingthechain rule:Å[ÆÅ ] �ê è a ^Æ ^
Å aÅ ] �ê ò b ^Æ ^

Å bÅ ] �ê ò d ^Æ ^
Å dÅ ] �ê

andsubstituting from question (1) for the a �9b��Id derivatives.

(b) Repeatfor declination: * è i9g�n Ì ` 
 bB� a 
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8.7 You form a beamof - digitizedseismograms Z C 
ÝÜ 
 r N è õ � � � ����� � - by
delay andsum: í 
ÝÜ �9îº
 èïÔFC H ` Z C 
ÝÜ Sñð C 

where î is a - -length vector of time delays. Thebeamis madeto fit (in a
least squaressense) to a signal ò 
ÝÜ 
 . Thenumber of datais thenumber of
digitized time points in theseismograms.Find theelements of onerow of
thepartial derivatives(A) matrix. SeeSection11.1.

8.8 Computer exercise—earthquake location
The purposeof this practical is to solve a nonlinear inverse problem

by iteration. We assumean initial guessat the location and linearise the
equations,solve themin theusualwayto find a better location, thenstart
again. Iteration stops whenthe location no longer changes. This is not
guaranteed to work or to find theright answer!

In October/November1992JürgenNeubergandDaveFrancis, our field
seismologist, tookPhDstudentsTim PointerandRichardLuckett to Strom-
boli to measurevolcanictremorwith ournew broadbandinstruments.They
obtainedthefirst-ever array measurementsof long periodvolcanictremor.
Theperiods(4-10s) aretoo long to bedetectedonconventional seismome-
ters.

First look at an exampleof the datawith pitsa. Load event 163352
with
Files/Traces ó RetrieveFiles ó ISAM.
Thesetraces are the east-westcomponenetsof the seismogramsat the 9
stations shownon the map and have been bandpassfiltered 0.1–0.7Hz.
Measure the relative arrival timesto the nearest few milliseconds by the
foll owing method:

(a) ZOOMin to determinethetrace with theearliest large dip
(b) using this traceasreference,perform thecross-correlationwith ev-

eryother trace(whenit asksfor apairof traces,enter thereference
tracesecond)

(c) useZOOM againto pick thetimeof thepeakof thecross-correlation.
This is thearrival time relative to thatof your referencestation (it
should bebetween 0 and1000msif thereferencetrace wasreally
theearliest arrival)

Now locatethe sourceof the tremor. The arraywassited to study the
nature of the tremor, andis not ideal for location (seemap). Thelocation
programs locate assumesa vertical line source (e.g. magmaconduit)
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so thereareonly 3 modelparameters(origin time, Y and Z ). Arrival time
datafor thelargestpeakis in thefile arrtime. Thereare6 events,oneto
a line. Thefirst numberis atimeassociatedwith thestart of therecord, the
remaining numbersarearrival timesin milliseconds. Thelastone‘111111’
is a synthetic example. The top row givesthe station numbers,asshown
on themap.

To locateanevent:

- Loadoneline of datainto a file (example: locate.in), the line
just above the data line must be like in arrtime: ’##’. If you
wantto create your own syntheticexampleusetime find.

- Types locate. It asksfor an initial guess to the location; use
-1500 for the origin time andcommonsensefor Y and Z . If your
initi al guessis too faraway from thefinal location themethodmay
notconverge.Iterateuntil thesolutionceasesto change. Thecondi-
tion matrixA of thelinearisedproblemis in thefile locate.out.

(a) Plot the locationson your map. How far do they move during the
iteration process?

(b) Useoctave to find thecovariancematrices,their eigenvaluesand
eigenvectors for 2 or 3 of theevents. Themodelparametersarein
the orderorigin time, Y �9Z . Identify the combination of modelpa-
rameters thatarebestdetermined: thesearegivenby theeigenvec-
tor corresponding to the smallesteigenvalue. Likewise the largest
eigenvalue givesthecombination of modelparametersthatarede-
termined theworst. You should find theorigin time to be thebest
determinedparameter.

(c) The covariancesdepend on the event location relative to the re-
ceivers. Examinethe covariances, eigenvalues, and eigenvectors
of 2 or 3 eventsandtry to understand themin termsof the event
position relative to thearray.
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ContinuousInverseTheory

9.1 A linear continuousinverse problem

The object of this chapter is to explain how to invert a finite numberof datafor
propertiesof a modelthat is a continuous function of anindependentvariable,and
how thecontinuoustheory relatesto discreteinversion.

Considerinverseproblemsof theformÕ C èàßõôó÷ö C 
 Y 
 6 
 Y 
 ÕKY (9.1)

where
)

is theusual * -length columnmatrixof datavalues Õ C r N è õ � � � ������* and6 
 Y 
 is a suitably well-behavedfunction of theindependent variable Y describing
themodel. The function ö C is called the data kernel for the N #O% datum. Equation
(9.1) constitutes the forward problem; it providesthe theory for computing the
datumfrom themodel.Theinverseprobleminvolvesfinding 6 from

)
; it is linear

becausetherelationship (9.1) is linear.
The illustrative examplewill be, as in Chapters 6 and7, the determination of

theEarth’s density from measurementsof its massandmomentof inertia. Wenow
assumethedensity canberepresented asapiecewisecontinuousfunction of radius.
Theforwardproblem is thesamepair of equations(6.8)and(6.9):ø è � á ß ó^ ý 
Ñè 
 è þ Õ è (9.2)Êâ þ è ��á��â þ ß ó^ ý 
Ñè 
 è ÷ Õ è (9.3)

Thedataarescaledfor algebraicconvenienceto theformÕ ` è ø� áùâÿþ r ö ` 
Ñè 
 è Y þ (9.4)Õ þ è ��Ê��áùâ ÷ r ö þ 
Ñè 
 è Y ÷ (9.5)
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Fig. 9.1. Datakernels for massandmoment of inertiaproblem, from (9.4)–(9.5). ú�û ~ ú�ü
are the averaging functions designedto determine the density at half the Earth’s radius
usingDirichlet andquadraticspreadfunctionsrespectively.

where Y è è � â .
The datakernel defineshow the measurementsamplesthe data; if ö 
 Y 
 è ö

for somevalueof Y (9.1) shows that thedatumcontains no information aboutthe
valueof 6 at thatpoint. In thisparticularexamplethedatatell usnothing about the
density at the Earth’s very centrebecauseboth ö ` and ö þ vanish there. Plotting
the datakernels for a particular inverseproblemtells us which measurementsare
bestfor determining oneparticular aspect of a model. Figure9.1 showsthat bothø

and Ê samplethedensities in theouter regions of theEarthmorethanthosein
thedeep interior, but Ê samples theouter regions morestrongly than

ø
.

9.2 The Dirichlet Condition

Eachdatum samples someaverage, weighted with the datakernel, of the model.
Wecandetermineother averagepropertiesof themodelby taking linearcombina-
tionsof thedata. From(9.1)ÔF C H `[ý C Õ C

èàßõôó ÔFC H `æý C ö C 
 Y 
 6 
 Y 
 Õ¹Y (9.6)
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The þ ý C�ÿ arecalled the multipliers andthe combination of datakernels the aver-
aging function

½ 
 Y 
 : ½ 
 Y 
 èïÔFC H ` ý C ö C 
 Y 
 (9.7)

Thelinearcombinationof datanow givesanaverageof themodelweighted by the
averaging function

½ 
 Y 
 .
The multipliersmustbe chosenso that the averaging function yields somede-

siredproperty of themodel. Ideally wewould liketo knowthemodelateverypointY . That is clearly impossible asit would require aninfinite numberof data,but we
proceed to seehow well we cando with a finite numberof data. The averaging
function mustbesharply peakedat the chosenvalueof Y , which we call Y ^ . The
Diracdeltafunction doesexactly whatwewantbecauseof its substitution property
(Appendix 2): ßõôó ² 
 Y S Y ^ 
 6 
 Y 
 Õ¹Y è 6 
 Y ^ 
 (9.8)

To this end, we choosemultipliersaccording to the Dirichlet condition andmin-
imisethemeansquareddifferencebetween theaveraging function

½
andthedelta

function: � èàß ôó Î ½�� 
 Y � Y ^ 
 S ² 
 Y S Y ^ 
ÑÐ þ Õ¹Y (9.9)

[Thealert readerwill notice this breaksoneof therulesof theDirac delta function
(Appendix 2), thatit should alwaysmultiply another function andnever adistribu-
tion, but nevermind,theproblem disappearsimmediately.] Theaveraging function
in (9.8) hasbeenwritten explicitly asdepending on Y ^ , the desired centre of the
average; subscript Õ indicateswe areusing theDirichlet condition.

Differentiating with respect to eachunknown multplier in turn andsetting the
resultto zeroto obtain theminimumgivesÅ �Å ý G

èàß ôó � � ÔF C H `æý C ö C 
 Y 
 S ² 
 Y S Y ^ 
�� ö G 
 Y 
 Õ¹Y è ö (9.10)

Rearranging givesasetof * simplesimultaneousequationsfor theunknown mul-
tipliers: ÔFC H `

ß ôó ö C 
 Y 
 ö G 
 Y 
 ÕKY ý C è ö G 
 Y ^ 
 (9.11)

The matrix whoseelementsare the integrals on the left handside is sometimes
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calleda Grammatrix ö C G èàß ôó ö C 
 Y 
 ö G 
 Y 
 ÕKY (9.12)

K is symmetricandpositive definite,ensuring (9.11)alwayshasa solution for the
multipliers. After solving for themultipliers, thesum� ÔC H ` ý C Õ C givestherequired
estimateof 6 
 Y ^ 
 and(9.7)givestheaveraging function.

Returning to the exampleof finding density from massandmomentof inertia,
we seekan estimateof density at half the Earth’s radius andput Y ^ è ö���� into
equations(9.11). TheGrammatrix elements arefound by substituting from (9.4)
and(9.5) for ö ` and ö þ into the integralson the left handsideof (9.11). These
integrals areof simplepowersof Y . Equation(9.11)becomesê `� `"`" `�

í ê ý `ý þ
í èëê `÷ ``
	 í (9.13)

which is readily solvedto give ý `
è õ3ö���� � õ (9.14)ý þ è S õ	�_� ����� (9.15)

Thedensity estimate is then�ý 
 â � � 
 è õâ À ý ` ø� áùâÿþ ò ý þ ��Ê��áùâ ÷ Â è � � ���
� o�� Ì ø (9.16)

andtheaveragingfunction is½�� 
 Y � Y ^ 
 è â 
 õ3ö���� � õ�Y þ S õ	�_� ����� Y ÷ 
 (9.17)½��
is plotted in Figure9.1. It hasa maximumin somewherenear the right placeY è ö���� but is verybroad, indicating poor resolution for determining thedensity at

precisely themid point. This is only to beexpectedwith just 2 data. Theestimate
itself is lower than the bestestimate of the density at this depth (1033 kgm

Ì ø â
from PREM) becausethe averagingfunction is biassed towards the outer half of
theEarth.Thesolution for thedensity averagedwith theknownfunction

½�� 
 Y � Y ^ 

is verypreciseandagreeswith PREMalmost exactlybecausePREM alsofits these
two data.

9.3 Spread,Err or, and the Trade-off Curve

The resolution of a continuous inversionmay be determinedfrom the “width” of
theaveragingfunction. It is oftenconvenient to defineresolution by a single num-
ber, suchasthewidth of theaveraging function at half themaximumheight. The
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averaging function
½��

in Figure9.1 hasa resolution of about half the Earth’s ra-
dius,asmightbeexpectedfrom just two data. If, asis thecasein many geophysical
inverseproblems,resolution is moreimportantthanerrorreduction, weshould de-
sign the inversionto optimise resolution. This requires a suitable mathematical
definition of resolution, which the Dirichlet condition (9.10) fails to provide be-
causeit is impossible to evaluate theintegral in (9.9).

Backus andGilbert (1968) proposeda number of definitionsof the spread, ò ,
eachwith the dimensions of length and involving the product of the averaging
function with a spread function with minimum at the estimation point Y ^ . An
exampleis ò þ è ß ôó 
 Y S Y ^ 
 þ ½ þ 
 Y � Y ^ 
 ÕKY (9.18)

Thefunction

 Y S Y ^ 
 þ hasaminimumat Y è Y ^ , sowhenweminimise ò þ to find½

themultiplierswill adjust soasto make
½

largenearY è Y ^ andpenalisevalues
of
½

elsewhere. A normalisation condition is neededfor
½

to prevent minimisation
of ò þ leading to thetrivial solution

½ è ö . Theobvious choice is theareabeneath½
: Ù èàßõôó ½ 
 Y � Y ^ 
 Õ¹Y S õ è ö (9.19)

The averaging function corresponding to spread ò and estimation point Y ^ is
found by minimising the integral on the right hand side of (9.18) subject to the
constraint (9.19). This is accomplished conveniently by the methodof Lagrange
multipliers,minimising thequantityò þ ò�� Ù è ß ôó 
 Y S Y ^ 
 þ ½ þ 
 Y � Y ^ 
 ÕKY ò�� Î ß�ôó ½ 
 Y � Y ^ 
 Õ¹Y S õ Ð
where

�
is theLagrangemultiplier. Substituting (9.7) into (9.18)anddifferentiat-

ing with respect to themultiplier ý�� givesa netsetof linear equations:ÔFGIH `
ß ôó 
 Y S Y ^ 
 þ ö C 
 Y 
 ö G 
 Y 
 ÕKY ý G è S

�
�
ß ôó ö C 
 Y 
 ÕKY (9.20)

Theconstraint (9.19)becomesÔF C H `[ý C
ß ôó ö C 
 Y 
 Õ¹Y è õ (9.21)

This equation is needed to solve for the Lagrange multiplier

�
. The full set of

equationsis mosteasily solvedby dividing (9.20)by

� � � , solving for the � ý C �
�
,

thenfinding

�
usingthenormalisation condition (9.21).

Theexampleof massandmomentof inertia will illustratethemethod. Integrals
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of the datakernels enter all equations; theseinvolve simple powers of Y . The
elementsof thematrix involve integralsof higher powersof Y . For example,ö `�` èàß `^ 
 Y S Y ^ 
 þ Y ÷ Õ¹Y è õ� S Y ^�

ò Y þ^� (9.22)

For Y ^ è ö���� theGrammatrix is� è ê ö��Bö�����õ � ö�����õ	���ö��Bö���õ	��� ö��Bö õ	��� � í (9.23)

The multipliers now become ý
è 
 �_� � ����� � S � ��� ����
 and the corresponding den-

sity estimate
�ý 
 ö���� 
 è � ��� � kg m

Ì ø
. Thenew averaging function,

½�� 
 Y � ö���� 
 , is
plotted in Figure9.1.

Comparing with the results from the Dirichlet condition (9.15), (9.17) shows
quiteclose agreementin themultipliers and,in Figure9.1,theaveragingfunction.
The density estimateis also similar, the differencearising because this estimate
applies to a different average. Again, the average would agree with the PREM
value. The spread itself is large: ò è õ������ � , or more thanan Earth radius. We
should not readtoo muchinto this, ò is a rather pessimistic estimateof “width” .

For noisy datawe constructa trade-off curve by minimising a combination of
spreadanderror. Thesumof squaresof theerrors is, from (9.1)× èïÔFC H ` � Õ C S

ßõôóñö C 
 Y 
 6 
 Y 
 ÕKY � þ (9.24)

andthetrade-off curve is constructed by choosingmultiplierssoasto minimisethe
combination ° 
 � 
 è � ´ l�µ � ò × µ�¸�n �
with ö�� ��� á � � . As before, � is thetrade-off parameter, andthischoicegivesthe
full rangeof the trade-off curve from � è ö , whereonly the spread is minimised
andweoptimiseresolution attheexpenseof fitting thedata, to � è á � � , whenonly
the error is minimisedandno account is taken of resolution. The trade-off curve
is a monotonic function of � , showing thatrelaxing thefit will always improve the
resolution, andrelaxing theresolution will alwaysimprove thefit.

9.4 Designingthe Averaging Function

The technique used in Section9.2 to apply the Dirichlet condition canbe gener-
alisedto obtain anapproximation to any averaging function. We might, for exam-
ple, wish to determinethe average property throughout a layer, such asthe mean
density of the Earth’s core, in which casewe should usean averaging function
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equalto onein the core andzerooutside it. Supposethe desired averaging func-
tion is

½ ^ 
 Y 
 . As before, we take a linear combination of the data to producean
averaging function given by (9.7). This time we choosethe multipliers þ ý C ÿ to
minimise × èàß ôó Î ½ 
 Y 
 S ½ ^ 
 Y 
ÑÐ þ Õ¹Y
Differentiating with respect to eachof the ý C in turn gives equationssimilar to
(9.11)which reducesto thesetof linearequationsÔFC H `

ß ôó ö C 
 Y 
 ö G 
 Y 
 ÕKY ý C è ß ôó ö G 
 Y 
 ½ ^ 
 Y 
 ÕKY (9.25)

Theonly differencewith equation (9.11)is theright handside.
Consideragaintheexampleof findingdensity from massandmomentof inertia.

Supposewe now wish to estimate the massof the cores(outer+inner),
ø � . The

desired averaging function is proportional to Y þ for Y è Y � è ��� � â , where � is
thecoreradius and â theEarth’s radius,andzerooutside. Theright handsidesof
equation (9.25) become ß��! 

^ Y ÷ ÕKY è Y ��� (9.26)ß �! 
^ Y 	 ÕKY è Y "�� (9.27)

Thecoremassis then,usingequations(9.4)and(9.5),ø � è � áùâ ø ß `^ ½�" 
 Y 
 6 
 Y 
 Õ¹Y è � áùâ ø ý ` Õ ` ò ý þ Õ þ è ý ` ø
ò
ý þ Ê��âÿþ (9.28)

Setting Y � è ö���� � � ö andsolving thematrix equation gives ý `
è ö�� � ����õ � ý þ èS ö���� � ö�� . Theaveraging function is plottedin Figure9.2alongsidetheideal aver-

agingfunction.
½ � 
 Y 
 is too small andpeaksat too large a radius. The estimate

of the coremassis, from (9.28), �_�Bö����D Æõ3ö þ ÷ kg, which compareswell with the
establishedvalueof õ�� � �t õ3ö þ ÷ kg. Theresult is thereforequitegood for themass,
althoughtheaveragingfunction is verypoor becauseweonly havetwo datakernels
to combine to form anaveraging function with a discontinuity.

9.5 Minimum Norm Solution

A minimumnorm solutionindexnorm!minimummaybeobtained for thecontinu-
ous inverseproblem (9.1) as it wasfor the discreteunderdetermined problem in
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Chapter7. Thenormof themodelisù 6 ù è � ß ôó 6 þ 
 Y 
 ÕKY �
%& (9.29)

We first show that theminimumnorm solution is a linear combinationof thedata
kernels , thendetermine themodelfrom thecoefficients multiplying thedataker-
nels. Minimising the norm subject to satisfying the datais achieved by applying
(9.1)asasetof constraintsusingthemethodof Lagrangemultipliers. Weminimise× þ èàßõôó 6 þ 
 Y 
 Õ¹Y ò ÔF C H ` �

� C � Õ C S ßõôóñö C 
 Y 
 6 
 Y 
 Õ¹Y � (9.30)

wherethe þ � C ÿ areLagrangemultipliersto bedeterminedfrom thedataconstraints
(9.1) (the factor 2 is includedfor later convenience). We make a small,arbitrary,
change in themodelto changeit to 6 
 Y 
 ò ² 6 
 Y 
 andsetthechangein

×
to zero:

² × èàßõôó Î � 6 
 Y 
 ò ÔFC H ` �
� C ö C 
 Y 
ÑÐ ² 6 
 Y 
 Õ¹Y è ö (9.31)
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Theresultholds for any ² 6 
 Y 
 andthereforetheintegrandmustbezero:6 
 Y 
 è ÔFC H `
� C ö C 
 Y 
 (9.32)

Thisprovestheminimumnormsolution is a linear combinationof thedatakernelsö C 
 Y 
 .
It remainsto determinetheLagrangemultipliersby substituting(9.32)backinto

(9.1) to give Õ C è ÔFGÖH `
ßõôó ö C 
 Y 
 ö G 
 Y 
 Õ¹Y � G (9.33)

This is a matrix equation for the þ � G ÿ . We introducevectors
)

and ' . The La-
grange multipliersarethen ' è � Ì ` )

(9.34)

andtheminimumnormsolution6 
 Y 
 è ÔF C H `
ÔFGÖH ` 
 �

Ì ` 
 C G Õ G ö C 
 Y 
 (9.35)

The minimum norm solution defines its own set of averaging functions. The
estimateof 6 at a point Y ^ is, from (9.35)and(9.34),6 
 Y ^ 
 è ÔFC H ` 
 �

Ì ` 
 C G Õ G ö C 
 Y ^ 
è ß ôó F C ë G 
 � Ì ` 
 C G ö C 
 Y ^ 
 ö G 
 Y 
 6 
 Y 
 Õ¹Y (9.36)

Theaveraging function is therefore½ 
 Y � Y ^ 
 è F C G 
 �
Ì ` 
 C G ö C 
 Y ^ 
 ö G 
 Y 
 (9.37)

Thenormitself is obtainedfrom (9.35):ù 6 ù þ è ß ôó 6 þ 
 Y 
 ÕKY è ß ôó ÔFC H `
� C ö C 
 Y 
 ÔFGÖH `

� G ö G 
 Y 
 (9.38)

In matrix notation, with (9.34),this becomesù 6 ù þ è ' ï � ' è ) ï � Ì ` )
(9.39)

Applicationto themassandmomentof inertia problemis left asanexercisefor
thereader.
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9.6 Discretising the Continuous InverseProblem

The great majority of geophysical inverse problems arecontinuous: they involve
a modeldescribedby piecewisecontinousfunctions. It is therefore surprising that
the great majority of practitioners solve these inherently continousproblems by
discretising them first, representing the model by a finite number of parameters
beforeapplying the methodsof discreteinversetheoryor even parameterestima-
tion. Therearetwo mainreasonsfor this. First, thematricesinvolvedin continous
inversion, like K in (9.34), areof order * , thenumberof data.This is usually very
large, making numerical inversion of K impractical, although modern numerical
techniquescanprovide goodapproximatesolutionsfor very large linear systems.
Discretising with a small numberof parametersreducesthe computational effort
considerably. Secondly, theelements of K mustbeevaluatedby integration. Only
in rareinstancescanthese integrals be doneanalytically, andoften the matrix el-
ementsthemselvesmustbecomputednumerically. Changing the inverseproblem
slightly, such aschanging the norm,often involvesa great dealof new work and
programmingeffort, whereasthe equivalentchange for a discretised problem can
usually beaccomplished very simply.

To illustratea straightforward discretisation, we approximatethe model 6 
 Y 

by its valueat a discretesetof equally-spacedpoints Y ` � Y þ � �����IY E , with Y ` è â
and Y E è)( , andtheintegral in


�� �Ôõ 
 by thetrapeziumrule to giveÕ C è õ� Î ö C 
 â 
 6 
 â 
 ò ö C 
 ( 
 6 
 ( 
ÑÐ ò E Ì `FGIH þ ö C 
 Y G 
 6 
 Y G 
 
 Y G S Y G Ì ` 
 ò¢ä C (9.40)

Thisequationmaynow beexpressedin thestandardform (6.5)andwecanproceed
by themethodsof discrete inversionoutlinedin Chapters 5 and6. Thepurposeof
thediscretisation is simply to provide anaccuratenumerical representation of the
continuousproblem. It thereforehasnothing to do with the inversion: it is anex-
ercisein numerical analysis. - mustbe sufficiently large to provide an accurate
respresentation of all the possible solutionsto the inverseproblem,not just some
of the better-behaved ones. For this reasonit is important to establish the gen-
eralpropertiesof the inverseproblem,particularly thoseof existenceandunique-
ness,before discretising. Badbehaviourof theunderlying mathematical problem
is rarely obvious in the discretised problem becausethe inversion tends to find
smooth,well-behaved solutions that fit the data. Two examplesof this aregiven
in Chapter12 on geomagnetism. Both problems are inherently non-unique. In
one(finding thegeomagneticfield from directional measurements)thediscretised
problem retains a unique solution until - Ó ��ö , whencommonexperiencewould
suggest that perfectly adequatesolutions would be obtained for - Ó õ3ö ; in the
other(finding fluid motion in thecorefrom secular variation) thenon-uniqueness
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anddamping allows you to find any result you want! Thesearenot pathological
cases,in my opinion they arequite theopposite:rareexamples thataresufficiently
simplefor therealdifficultiesto beunderstood.

Thetaskof discretisationis oneof numerical analysis,andshould beapproached
assuch. I will not therefore attemptto dealwith thesubject here, save to indicate
theconsiderations thatdeterminethechoice of discretisation. Point-wisediscreti-
sation, asdescribedin above, is thesimplest. It candeal with mostproblems,with
integrals performedby thetrapeziumruleandderivativesby finite differences. An-
othermethodis to expand in orthogonalfunctions.Legendrepolynomialsareused
for polynomial expansions (seeAppendix 5); spherical harmonics for spherical
problems;andsometimesBessel functionsfor cylindrical problems.

Finite element andsplineapproximationsarecomputationally efficient: thecrit-
ical decision here is local versus global representation. Polynomials, spherical
harmonics,Besselfunctions andthe like areglobal approximations: the valueof
theapproximation atonepointdependsonits valueateveryother point. Is this rea-
sonable for theproblemat hand?For themaingeomagneticfield onecould argue
for aglobal representationbecauseit originates in thecoreandwemeasureit at the
Earth’s surfacewhereit is sensitive to contributionsfrom all over thecoresurface.
A local representation maybemoreappropriate for a seismicproblem,whererays
sampleonly a small partof the region around its path. Local representationsalso
have theadvantageof leading to sparse matrices, simplifying thecomputations.

Orthogonality is desirable in the representation. I give a common,generic rep-
resentation here. We expand the model in a set of orthonormal functions (Ap-
pendix 5) é C 
 Y 
 r N è õ � � � ����� � - satisfying theconditionsß ôó é C 
 Y 
�é G 
 Y 
 ÕKY è ² C G (9.41)

6 
 Y 
 è EF C H ` 6DC é C 
 Y 
 (9.42)

Equation(9.1)becomesÕ C èàß ôó ö C 
 Y 
 EF C H ` 6 G é G 
 Y 
 Õ¹Y ò>ä C (9.43)

Thishasthestandardform of adiscreteinverseproblem(6.5) if wedefineamodel
vectorwhosecomponentsarethecoefficients 6�C andequationof condition matrix
A to have elements ½ C G èàßõôó ö C 
 Y 
�é G 
 Y 
 Õ¹Y (9.44)
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For orthonormal functionstheright hand sideof (9.44) is simply the R #O% coefficient
of theexpansionof thedatakernel ö C 
 Y 
 in theorthonormalbasis.

Otherexamplesof discretisation areto befound in theapplicationsin Part III of
the book, andin further reading. Note that discretisation simply reducesintegral
anddifferential expressions to algebraic forms; it canbe usedon nonlinearprob-
lemsaswell as linear ones, the only differencebeing that the resulting algebraic
equationsarethemselvesnonlinear.

9.7 Parameter Estimation: the Methods of Backusand Parker

In this section I giveabrief overview of thegeneralmethodof linearinferenceand
parameter estimationdevelopedby Backus(Backus, 970a,b,c)with modifications
by Parker (1977). Conventional parameter estimation relieson theassumptionthat
errorsstementirely from thedata.In mostgeophysicalproblemslarge errors arise
from modelinadequacy: thediscretisation is not goodenough to representthereal
Earth. Franklin (1970) developeda formal approach to this problem by treating
the modelasa realisationof a stochasticprocess. This is not a very satisfactory
approach,mainly becausetheEarthpropertiesarenot randomly varying, but also
becauseit involvessomeharshassumptionsabout the statistical properties of the
process. Ratherthan starting out by simplifying the model with a set of finite
parameters,Backussought to estimatetheparametersfrom thecontinousmodel.

Webegin,asusual,with thedataconstraints(9.1),but now addthe - parameters
thatarelinearly related to themodel:; �

èàß ôó 6 
 Y 
 - � 
 Y 
 ÕKY (9.45)

where - � 
 Y 
 is a kernel definingthe parameter. For example, if 6 is density, we
couldmake

; ` themeandensity of thecore,in which case- � would be Y þ inside
thecoreandzerooutside. Bounding thenorm of themodel:ß ôó 6 þ 
 Y 
 Õ¹Y*� ø þ (9.46)

constrainsall acceptablesolutionsto lie within anellipsoid in function space(Ap-
pendix 5). The ellipsoidal form is important becauseit is a boundedfunction: it
guaranteesa finite volumeof solutions. The dataconstraints (9.1) are linear and
defineaplanein thefunction space; theintersectionof thisplanewith theellipsoid
definesthe allowed solutions to the inverse problem. It is another ellipsoid. The
parametersandtheirerrorscanthenbeestimatedfrom themodel. If theplanefails
to intersecttheellipsoid thedataareinconsistentwith themodel;thereis no solu-
tion. This section contains a brief outlineof themethod andcomparesthe results
with theminimumnormsolution found in Chapter5.
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Firstwedefinesomenotation. MatricesP andH haveelementsthatareintegrals
of thekernel functions - � 
 Y 
 and ö C 
 Y 
 :- C G è ß ôó - C 
 Y 
 - G 
 Y 
 Õ¹Y (9.47)+ C G è ßõôó - C 
 Y 
 ö G 
 Y 
 Õ¹Y (9.48)

P andK [equation (9.12)] aresquare,positive definite, invertible matrices; H is
rectangular -Ã <* . , is a - -length vectorof functions - � 
 Y 
 r N

è õ � � � ����� � - ,
and - is a * -length vectorof functions ö C 
 Y 
 . The setof functions .- C 
 Y 
 r N èõ � � � ����� � - thatform thecomponentsof thevector ., definedby., è0/ Ì ` , (9.49)

arecalledthedual basis becausethey satisfy theorthogonality relationß ôó .- C 
 Y 
 - G 
 Y 
 ÕKY è ² C G (9.50)

which is easily verifiedby multiplying (9.49)by eachfunction - C 
 Y 
 andintegrat-
ing. Notealsothat ßõôó .- C 
 Y 
 .- G 
 Y 
 Õ¹Y è 
 / Ì ` 
 C G (9.51)

In this notation theminimumnormsolution (9.35) becomes6 
 Y 
 è - ï 
 Y 
 � Ì ` ) (9.52)

Substituting 6 
 Y 
 from (9.52)into (9.45) givesthesolution for theparametervec-
tor 0 0 è01 � Ì ` )

(9.53)

Theexpansion 632 
 Y 
 è EFC H ` ; C .- C 
 Y 

è 0 ï ., 
 Y 
 (9.54)

givesthatpartof themodelrepresentedby theparameters.It is easyto verify that
(9.54)satisfies(9.45) usingtheorthogonality relation (9.50)ß ôó - � 
 Y 
 632 
 Y 
 Õ¹Y èàß ôó EFC H ` ; C .- C 
 Y 
 - � 
 Y 
 Õ¹Y

è ; � (9.55)

Result (9.53) may be compared with the discretisedsolution derived in Chap-
ter 5, in which 6 
 Y 
 is replaced by 6�2 
 Y 
 at the outset. In the present notation
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(9.1)becomes ) è01 ï 0 (9.56)

so

1�ï
is theequationsof condition matrix, andtheunweightedleastsquaressolu-

tion is 0 è 
 141 ï 
 Ì ` 1 ) (9.57)

This is differentfrom (9.53).
Parker(1977) reportsdisappointing resultsfor minimumnormsolutionsbecause

the a priori bound
ø

that determinesthe sizeof the error ellipsoid canrarely be
madesufficiently small. Furthermore, he finds it unreasonable to minimise the
parameterisedpartof the model,which is presumablythepart we think we know
best.Insteadheseparatestheparameterised part from theundetermined part 6 ¿ ,6 
 Y 
 è 632 
 Y 
 ò 6 ¿ 
 Y 
 (9.58)

andminimisesthenorm
ù 6 ¿ ù .

Proceding asbefore we apply dataconstraints (9.1) by themethodof Lagrange
multipliers andminimise× è ß ôó Î 6 
 Y 
 S 6 2 
 Y 
ÑÐ þ ÕKY ò �5' ï Î ) S ßõôó - 
 Y 
 6 
 Y 
 ÕKY Ð (9.59)

where ' is a vector whosecomponentsareLagrangemultipliers. We now change6 by ² 6 and 0 by ²Ö0 , thensetthechange in

×
to zero:ß ôó þ Î 6 ¿ 
 Y 
 Î ² 6 
 Y 
 S ² 632 
 Y 
ÑÐ S ' ï - 
 Y 
 ² 6 
 Y 
 ÿ Õ¹Y è ö (9.60)

The term in ² 662 è ²Ö0 ï ., vanishesbecausethe .- areorthogonal to 6 ¿ . To
show this multiply (9.58)by , 
 Y 
 , integrate,anduse(9.50) to giveß ôó 6 ¿ 
 Y 
 , 
 Y 
 Õ¹Y è ö (9.61)

Premultiplyby thematrix

/ Ì `
anduse(9.49) to give therequiredresult:ß ôó 6 ¿ 
 Y 
 ., 
 Y 
 Õ¹Y è ö (9.62)

The remaining termsin the integrandareall proportional to ² 6 , andsince the
integral mustvanish for all ² 6 theintegrand mustvanish, leaving6 ¿ 
 Y 
 è ' ï - 
 Y 
 (9.63)6 
 Y 
 è 0 ï / Ì ` , 
 Y 
 ò ' ï - 
 Y 
 (9.64)
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Thesolution is a linear combination of bothdatakernelsandparameterkernels. It
remainsto find thecoefficients ' � 0 usingthedataconstraints.

Substituting (9.60)into (9.1)andusing thedefinitions(9.47) and(9.48)gives) è 0 ï / Ì ` 1jò ' ï � (9.65)

In manipulating these equations it is useful to recall that matrices K and P are
square, symmetrical, and invertible. Furthermore

171�ï
is squareandsymmetric

andwill be invertibleprovided -98X* . It foll ows that

1 � 1 ï
will be invertible if-�8 * . Rewrite (9.65)in termsof ' :' è � Ì ` ) S � Ì ` 1 ï /hÌ ` 0 (9.66)

Substituting (9.63)into (9.61) givesß ôó 6 ¿ 
 Y 
 - C 
 Y 
 ÕKY è ÔFGÖH `
� G ß ôó ö G 
 Y 
 - C 
 Y 
 ÕKY è ö (9.67)

or in matrix notation ' ï 1 ï è01 ' è ö (9.68)' may thereforebe eliminated by premultiply ing by

1
. Premultiplying (9.66)by

H andrearranginggives
1 � Ì ` ) è:1 � Ì ` 1 ï / Ì ` 0 (9.69)

Inverting thesquarematricesontheright hand sidein succession givesthesolution0 è0/ 
 1 � Ì ` 1 ï 
 Ì ` 1 � Ì ` ) (9.70)

This solution is againdifferent from the traditional parameter estimation (9.57).
Parker (1977) findsthetwo arerathersimilar in his applications.

Now turn once againto thedetermination of themeandensity of theEarthfrom
massandmomentof inertia. In the dimensionlessform given in Section9.1 the
meandensity is �ý èàß `^ ý 
 Y 
 Õ¹Y (9.71)

sothereis just onefunction - ` 
 Y 
 è õ , thedual function .- ` 
 Y 
 is alsoequal to 1,
andsois thematrix P. K is thesameasbeforeandH is obtainedby integratingtheö ’s to give 1`èÁÀ õ� � õ� Â (9.72)

Equations (9.53), (9.70), and (9.57) give the meandensities 4750, 6638, and
5262kgm

Ì ø
respectively for theBackus,Parker, andLeastSquaresestimates.The
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Backusestimateis minimum norm and so must be the smallest; Parker’s is the
largestbecauseit minimisesonly theunrepresentedpart of themodel; andtheleast
squares solution is biassedtowardsconstant density, or massdivided by volume,
which is 5515.

Theerrorboundson theseestimatesarethemainconcern. Thesearediscussed
by Parker (1977) for problem4, thedeterminationof themeandensitiesof mantle
andcorefrom massandmomentof inertia.
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SUMMARY: RECIPE FOR THE CONTINU OUSINVERSE
PROBLEM

The foll owing proceduresare in addition to thoselisted for pa-
rameter estimation in the box on page 116, and the underdeter-
minedandnonlinearproblemson pages 133and149.

(i) Establish as much as possible about the mathematical
problem, particularly uniqueness and existenceof solu-
tions.

(ii) If no uniquenessproof is available, it maybe possible to
establish thenull space(for anexampleseeSection12.8).

(iii) Next decide on whetherto usethe full apparatusof con-
tinuousinversionor to parameterisetheproblemandtreat
it asanunderdetermined,discrete inverseproblem.

(iv) Most people choose to discretiseand follow the proce-
duresoutlinedin thepreviouschapters.

(v) Whatever you choose,a parameterisation is neededto ef-
fect a numerical solution. Thechoiceof parameterisation
is determinedlargely by thegeometry of theproblemand
whethera local or global representationis appropriate.

(vi) Decideon choiceof spread function or averaging func-
tion. This depends on what you wish to achieve by the
inversion.

(vii) Form theGrammatrix andsolve for themultipliers using
(9.7).

(viii) Use the multipliers to find the averaging function and
modelestimate.

(ix) Plot a trade-off curve to establish the required rangeof
solutions.

Exercises

9.1 The meandensity obtained by least squaresin this Chapter(5262) is dif-
ferent from thatobtainedin Chapter6 (5383). Why?

9.2 Find an estimateof the derivative ] 
 Y 
 of the function
� 
 Y 
 (i.e. ] 
 Y 
 èÕ � � Õ¹Y ), where

� 
 Y 
 is definedin the range[0,1], using the following
method. Notethat] 
 Y 
 è ß;�

^ � 
 Y Ú 
 Õ¹Y Ú èàß `^ ö 
 Y � Y Ú 
 � 
 Y Ú 
 Õ¹Y Ú
where ö 
 Y � Y�Ú 
 is 1 when Y�Ú<�àY and0 otherwise. Usethis form andthe
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Dirichlet condition, describedin Section9.2,to estimate ] 
 ö������ 
 using the
databelow. Plot the averaging function. Compareyour answerwith the
exact solution (the dataarebasedon

� 
 Y 
 è µ9¸�n áùY anderrorsmay be
neglected).® � =?> =@=5> £ =?> ª =5>BA =?> C =5>EDF=5>BG =5>IH =?> J =5>BK £ > =L | ® �h� =?> =@=5>BAM=NKO=?>BDMJMJ@=5>BJM=NKO=?> KPD £ £ >B=@=5>BKND £ =5>BJM=NKO=?>BDMJMJF=5>BAM=NKO=?> =

9.3 Repeat the estimation of the previous question using the spread criterion
describedin Section9.3. Calculatethespreadanderrorandplot thetrade-
off curve.

9.4 Estimatethe average of the function
� 
 Y 
 betweenY è ö������ and Y èö�����ö in question 9.2 by designing the averaging function asdescribed in

Section 9.4. Compareyour answerto theexactvalue.
9.5 Obtaintheminimumnormsolution for ] 
 ö������ 
 usingthemethod described

in Section9.5. Plot the corresponding averaging function and compare
your results to thesolution for theDirichlet condition obtainedin question
9.2andspread criterion in question 9.3.

9.6 Solve for ] 
 Y 
 by first discretising ] 
 Y 
 asa polynomial:] 
 Y 
 è â ò�( Y ò �ÖY þ
and performing a standard discrete parameter estimation for the coeffi-
cients â � ( � � .

9.7 Repeat thepreviousestimateusingthefirst 3 Legendrepolynomials: - ^ 
 Y 
 èõ � - ` 
 Y 
 è Y � - þ 
 Y 
 è ö���� 
 ��Y þ S õ 
 . TheLegendre polynomialsareor-
thogonal over the interval [-1,1] rather than [0,1], so first transform the
independent variable to the appropriate rangeby replacing Y with Y ` è� 
 Y S ö���� 
 . You should getthesameanswerasin thepreviousquestion.

Whatanswerwould you expect if discretising with sinesandcosines?
9.8 Obtain two further estimates of the averageof

� 
 Y 
 betweenY è ö������
and0.5usingtheparameterestimationmethods of BackusandParker de-
scribedin Section9.7. Comparewith thesolution to question9.4.
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FourierAnalysisasaninverseproblem

10.1 The Discrete Fourier Transform and Filter ing

TheDFT of a time sequence þ(â � rRQ
è ö � õ � � � ����� � U S õ ÿ wasdefinedin (2.17)

together with its inversein (2.18):½ ¾ è õUTS
Ì `F� H ^ â �

ä Ì þVU C ¾ �!W S (10.1)

â �
è

S
Ì `F¾ H ^ ½ ¾

ä þVU C � ¾ W S (10.2)

Thesetwo equationscanbewritten in matrix form by definingvectors ô �YX , whose
components are the time sequenceandDFT samplesrespectively, andmatrix D,
whoseelementsaregivenby * ¾ �

è ä Ì þVU C ¾ �!W SU (10.3)

Equations (10.1)–(10.2)arethenwritten in vector form asX è Z ô (10.4)ô è U Z 2 X (10.5)

where
2

denotestheHermitianconjugateor complex conjugateof thetranspose4:Z 2 è 
 Z ï 
�[
Since(10.5)mayalsobewrittenas ô è0Z Ì ` ô andtheresult is truefor all equally-
spacedtime samples ô andcorresponding frequency samples X , it follows that D
is invertible with inverse

Z Ì ` è U Z 2 (10.6)

Equation (10.5)constitutes an inverseproblemfor the DFT coefficients X , the

175
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model,given the time sequence ô , the data. Thereareno errors and the inverse
problem is equidetermined becausethe numberof modelparametersandnumber
of dataarebothequal to U . Sofarthisexercisein rephrasingtheproblemof finding
theDFT asaninverseproblemis not very interestingbecauseall we needto do to
solve (10.5) is invert the squarematrix U Z 2 , andwe do not even have to do that
numerically becausewe have its analytical form. The inverseproblem becomes
moreinterestingwhenweconsider theeffectsof errorsin thetimesequenceandtry
to estimateasmallernumberof frequency terms.Thenumberof frequency samples
is lessthanthe numberof time samplesandthe inverse problem posedby (10.5)
is overdetermined, andwe canusethe leastsquaressolution to reducetheerror in
eachfrequency estimate. This is a standardexercise in parameterestimation (with
theslight complicationthatthemodelparametersarecomplex numbersrather than
realones)thatcanbesolvedby themethods givenin Chapter 6.

The inverse problem becomeseven more interesting when we try to estimate
more than U spectral elements. Now the number of model parameters exceeds
thenumber of dataandthe inverseproblem is underdetermined. Thematrix U Z 2
is rectangular and hasno conventional inverse. The methods of inversetheory
allow us to constructa numberof generalised inversesto this matrix, for example
the one giving the minimum norm solution (7.5). There is a null space in the
frequency domainthat turnsout to berelated to theproblem of aliasing. Consider
the caseof just oneadditional spectral estimate,

½ S . Periodic repetition tells us
that

½ S
è S ½ ^ , and therefore the first row of the matrix U Z 2 is equal to the

last row. Theone-dimensionalnull space is therefore givenby all vectors parallel
to X ^ è 
 õ � ö � ö � ����� � S õ 
 . The minimum norm solution would therefore return
spectral estimate

½ S
è ½ ^ , thesameaswe would getfrom periodic repetition.

Continuousinversetheory providesa mechanism for estimating theFourier In-
tegral Transform (FIT) from discrete samplesof the time function. We have to
assumethetimesignal is band-limited, sotheIFT is zerofor

ù Þ ù �]\
. Appendix 2

equation (2.2)providesthenecessaryinverse formula� 
ÝÜ � 

è ß�^^ Æ 
 Þ 
 ä C`_ =ba Õ Þ (10.7)

The samples
� 
ÝÜ � 
 rcQ

è õ � � � ����� � * constitute the data,

Æ 
 Þ 
 is the model,andw�ã u N Þ Ü � are the data kernels. Solution proceedsby the methodsof continuous
inverse theoryoutlinedin Chapter 9 [andseeParker (1977)]. Thisapproachis very
flexible andopensup a numberof interesting possibilities: for example,the time
samplesneednotbeequally spaced.Theuseof inversemethodsin Fourieranalysis
hasbeen exploredby (Oldenburg, 1976).

The convolution, or filtering, processcanalsobe castin matrix form andcon-
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sidered asaninverseproblem. Adding noiseto equation(2.7)gives� 2 è 2F� H ^ â �
( 2 Ì �

ò¢ä 2 (10.8)

Writing out theconvolution processin full shows it to bematrix multiplication:
 âed ( 
 ^ è â ^ ( ^
 âed ( 
 ` è â ` ( ^ ò â ^ ( `
 âed ( 
 þ è â þ ( ^ ò â ` ( ` ò â ^ ( þ����� è �����	�����	�����(�����
 âed ( 
 S
Ì þ è ����� ò â�f Ì ` ( S Ì þ

ò â�f Ì þ ( S Ì `
 âed ( 
 S
Ì ` è �����	����� ò â f Ì ` ( S Ì ` (10.9)

Thematrix form is obtainedby definingvectors g and ô containing thesequences� and â , anda rectangular matrix B whoseelements areí 2 �
è)( 2 Ì � (10.10)

B hasthe special form, called Toeplitz, with all elements on the samediagonal
equal: çéè 34445

( ^ ( Ì ` ( Ì þ �����( ` ( ^ ( Ì ` �����( þ ( ` ( ^ ���������� ����� ����� �����
7 888: (10.11)

Equation(10.8)thenbecomesthestandardformula for a linear inverse problemg è0h ô ò » (10.12)

which maybesolvedby themethods describedin Chapters 6 and7. If â is a filter,
inversemethodscanbeused to design thefilter. Theexampleof theWienerfilter is
givenin thenext section, but inversemethodscould beusedto design other types,
suchasbandpassfilters.

10.2 Wiener Filters

In Section4.3 we found threedifferent methods to undothe convolution process
definedby (10.8). A fourth, very common,methodis to design a filter that does
the bestpossible job in the least squares sense. Suchfilters have beennamed
after the mathematician NobertWiener. Suppose we have a sequence â of lengthö and seekthe filter

�
with a given length U which, when convolved with â ,

producessomething close to a desired output sequence Õ . It will not usually be
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possible to obtain exactly thedesiredoutput becauseof theproblemsencountered
in Section4.3: sequenceâ maynotbeminimumdelay, its amplitudespectrummay
have zeroes,or the recursion formula maybe unstable. The least squares method
guaranteesminimumerror for a filter of givenlength.

Let

ä
bethe


 U ò ö S õ 
 -length sequenceof differencesbetweentheconvolution� d�â andthedesiredoutput Õ :ä
�
è Õ � S S

Ì `F¾ H ^ � ¾ â � Ì ¾ Q è ö � õ � ����� � U ò ö S õ (10.13)

Equation (10.13)mayberearrangedinto thestandardform (6.4):) èyç�ijò » (10.14)

provided we identify the desired output sequencewith the data, the filter coeffi-
cientswith themodel, andmatrix A with theequationsof condition matrix:½ � ¾

è â � Ì ¾ (10.15)

Standardmethodsof inverse theory therefore apply.
With no dataweighting or damping thesolution for

i
is

i`è 
 ç ï ç 
 Ì ` ç ï ) (10.16)

[c.f. equation (6.26)]. Theelements of thenormalequationsmatrix are:
 ç ï ç 
 C G è F � ½ � C ½ � Gè F � â � Ì C â � Ì Gè 
 ��U S õ 
�é C Ì G (10.17)

where é is the autocorrelation of â defined in Section4.2, equation (4.10).

ç ï ç
is a square, ö  ö Toeplitz matrix with the autocorrelation valuesof â on each
diagonal, apart from a constantmultiplier


 ��U S õ 
 . It is symmetric becausethe
autocorrelation is symmetric:ç ï çéè 34445 é ^ é ` é þ �����é ` é ^ é ` �����é þ é ` é ^ ����������Á�����Á�����,�����

7 888: (10.18)

Theremaining termson theright handsideof (10.16)are
 ç ï ) 
 C è F � â � Ì C Õ �è 
 ��U ò ö S õ 
 � C (10.19)
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where� is thecrosscorrelationof â and Õ asdefinedin (4.9). Levinson’salgorithm
(Presset al., 1992) canbe usedto invert Toeplitz matricesof order U in approx-
imately U timesfewer operations thanthe usual matrix inversion methods. The
solution to (10.16)is therefore far quicker thanthegeneral linear inverseproblem.

Applying constantdamping to theinversiongivesthesolutioni`è 
 ç ï ç�ò�� ì 
 Ì ` ç ) (10.20)

The normal equations matrix

ç ï ç
is madeup of elements of the autocorrelation

of â (10.18); the principal diagonal elements areall equal to é ^ (apart from the
constant factor ��U S õ ) anddampingamounts to increasingthezero-lag autocor-
relation coefficient. We may think of the modifiedautocorrelation asthe original
plusa spike of height

�
at theorigin. TheFouriertransformof theautocorrelation

is thepower spectrum. TheFourier transform of a spike at theorigin is a constant
at all frequencies. In the frequency domaindamping thereforeamounts to adding
a constant to every Fouriercomponent.This is exactly whatwasdonein thewater
level methoddescribed in Section 4.3 in order to fill in holesin the spectrum ofâ andstabilise the deconvolution. Dampingis therefore equivalent to the water
level method. Adding a constant to thediagonalof thenormalequationsmatrix is
sometimescalledprewhitening becauseit hastheeffect of flattening thespectrum.

Clearly thereis acloseconnectionbetweenthewaterlevel methodandthedamp-
ing of inversetheory. TheFourierconvolution theoremapplies only to cyclic con-
volution, but provided the necessaryzeroes are added to make the convolution
theorem exact (seeSection2.3) it is possible to show complete equivalenceof the
two proceduresasfollows. Take theFouriertransformof (10.20) andapplying the
convolution theoremgives Æ 
 Þ 
 è * 
 Þ 
 ½ [ 
 Þ 
Î ½ 
 Þ 
 ½ [ 
 Þ 
 ò�� Ð (10.21)

If

� è ö the
½ [ s cancel leaving division in the frequency domain: if

�kjè ö
we preserve phase information through the

½ [ in the numerator anddivide by a
prewhitened power spectrum with its holesfilled as in the water level method.
Zeroesarerarely added to turn thecyclic convolution into a discreteconvolution,
andtheWiener filter is usually chosento beshorter thanthe record length: either
canmake a dramatic differenceto the results for short time sequences. Wiener
deconvolution mustberegardedassuperior in general to division in thefrequency
domainbecauseit is based moresoundly on thetheory of leastsquares.

More general damping canbe basedon the estimated noisein the sequence â .
This alsohasits counterpart in filter theory, whereanestimatednoisespectrumis
usedto flattenthespectrum. Theestimated noiseautocorrelation definesthemodel
covariance

ð Ì `� (RobinsonandTreitel,1980).
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10.3 Multitaper Spectral Analysis

No moderndiscussion of spectal analysis would be complete without mention of
multitapermethods,devised originally by Thomson(1982). Wediscussedspectral
leakagein Section3.3. Spectralleakageoccurswhenaharmonicsignal is recorded
for a finite length of time andenergyspreads to neighbouring frequencies. A sim-
ple cut-off spreads the energyinto side lobesthat have central frequencieswell
away from thetruefrequency. Theproblem canbealleviatedby tapering thedata,
multiplying theoriginal time sequenceby a function of time thatdecreasesto zero
at both ends. The original time sequencemay be viewed asan infinite sequence
multiplied by aboxcartaperwith verticalcut-offs. Spectralleakageoccursinto the
side-lobesof the DFT of the boxcar (Figure2.3). Taperswith smoother cut-offs,
suchasthecosine or Gaussiantapers, have smalleror no sidelobesandtherefore
lessspectral leakage. They alsohave broader central peaks, so the resolution of
thecentral frequency is impairedrelative to theboxcar. Thetrade-off betweenres-
olution andleakageisunavoidable; the only way to reducespectral leakagewhile
retaining resolution is to extend the lengthof the time sequenceby makingmore
measurements.

The traditional useof tapersis unsatisfactory in two respects. First, the choice
of shape (cosine, Blackman-Harris, etc.) is somewhat ad hoc / Secondly, taper-
ing effectively throws away perfectly good dataat the endsof the sequenceby
multiplying it by lessthanunity. For a stationarytime sequencethis leads to loss
of information. For nonstationary series, an earthquake seismogramfor example
wherethesignal hasa distinct starttime, we couldextendthestartandendof the
timesequenceto cover theheadandtail of thetaper, but thisaddsnoiseto theDFT
without adding any signal andwill therefore impair thespectral estimates.

Bothproblemscanberemovedby designingoptimal tapers. For theshapeprob-
lem this requires a definition of “optimal” in termsof the side lobesof the taper.
While this givesa certain intellectual satisfaction in quantifying exactly what we
meanby “optimal” spectral leakage,many practitioners will seethe exerciseas
simplyreplacingtaperchoicewith anequally adhocoptimisationformulaandwill
prefertheflexibility of simply choosinga taper shapeaccording to theproblem at
hand.

Thelossof data problem is morefundamentalandcanbelargely eliminatedby
themultiple tapermethoddescribedbelow. First recall theDFT formulae(10.1)–
(10.2). Subscript Q measures time and ¼ measures frequency. Thephysical quan-
tities of time andfrequency aredeterminedby the sampling rate l Ü , which gives
thetotal length of record ° è Uml Ü , thesampling frequency l�n è õ � ° , andthe2

althoughSection 3.3 doesnot do full justice to the properties andreasonsfor choice of particular cases in
particular applications, for a fuller discussionseefor example (Harris,1978).
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maximumfrequency õ � l Ü . Physicalquantities havebeeneliminatedfrom (10.1)–
(10.2).Consider first thesimpleproblemof measurementof a noise-freesequence
composed of a single complex frequency, measured by subscript

ø
, of complex

amplitude o Y �
è o ä þVU Cbp �!W S (10.22)

We wish to estimate the amplitude o without first knowing the frequency. We
multiply by anarbitrary taper function q � to form thenew seriesZ :Z �

è q � Y � (10.23)

andtake theDFT: b ¾ è õUTS
Ì `F� H ^ q � o

ä þVU Cbp �!W S ä Ì þVU C ¾ �rW S (10.24)

We seekthe optimal taper q � that maximisesthe energy in the frequency bandø S - to
ø ò - , where ��- definesthewidth of thebandandthereforeour de-

signspectral resolution. We mustnormalisethetaper coefficients,otherwisethere
would beno upper limit to theenergy in thespectral band, andthis is mosteasily
doneby maximising the energy inside the spectral banddivided by the energyin
theentire band, or �îè � p Ò E¾ H p Ì E ù b ¾ ù þ� S

Ì `¾ H ^ ù b ¾ ù þ (10.25)�
is always lessthanunity and is called the bandwidth retention factor by Park

et al. (1987); õ � � the spectral leakage. We choose
ø

and - before determining
theunknowns q � implicit in (10.25).

Substituting from (10.1)for the b ¾ , thenumerator in (10.25) expands top Ò EF¾ H p Ì E ù o ù þU�þ�S Ì `F� H ^ q [ �
ä Ì þVU Ctsbp Ì ¾vu �!W S S

Ì `F ê H ^ q ê
ä þVU Ctsbp Ì ¾vu ê W Sè ù o ù þU�þ�S Ì `F� H ^ S

Ì `F ê H ^ q [� q ê
EF¾ H Ì E

ä þVU C ¾ s � Ì ê u W S (10.26)

The sum over ¼ is a geometric progression already donein Section2.2 for the
DFT of the boxcar taper, it sumsto the ratio of sines. We now convert to matrix
formulation by defining a vector w of tapervaluesandmatrix T with elements° � êyx µ9¸�n Î á 
 Q S ì 
 
 ��- ò õ 
�� U Ðµ9¸�n Î á 
 Q S ì 
_� U Ð (10.27)

Thenumerator of (10.25) is then, in matrixform,simplythequadraticform z o�z{M|ÖUm{!w~}V��w .
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Fig. 10.1. The first 4 optimal tapersfound by solving (10.29). Note that tapers1 and3
aresymmetrical, 2 and4 antisymmetrical. Taper1 hasleastspectralleakagebut doesnot
usetheextremesof thetimeseries;higher tapersmakeuseof thebeginningandendof the
record. Thecorresponding eigenvalues(bandwidth retentionfactors)are(1) 1.00000(2)
0.99976(3) 0.99237(4) 0.89584.

The denominator in (10.25) could be evaluatedthe sameway, but it is much
quicker to useParseval’s theorem (Section2.3.8)andreplace the sumin the fre-
quency domain with thesumin thetime domain�������v��� z � � z {���� {� { ������� ��� z � � z {���� {� {�� } � (10.28)

Themaximisation problem thenreducesto finding themaximumof� � � }�� �� } � (10.29)

The matrix T is Hermitian, so the variational principle (Appendix 4) gives the
stationaryvaluesof

�
astherealeigenvalues� ��� �P� � � � �N����� �N� (10.30)

Theoptimaltapers aretherefore theeigenvectors of therelatively simplematrix
T. Thevectors � � �N� aremutually orthogonalbecausethey aretheeigenvectorsof a
Hermitianmatrix (Appendix 4). Thereis justone“optimal” taper, thatcorrespond-
ing to maximumeigenvalue

�
. All the eigenvaluesarereal andpositive andmay



10.3 Multitaper Spectral Analysis 183

be ordered according to size:
� �~� � � � � { ���!�!� . All taperscorresponding to

thelargereigenvalueswill proveuseful. Thefirst 5 tapersareshownin Figure10.1
andthecorresponding eigenvaluesarein thecaption. Clearlythelargesteigenvalue
correspondsto thesimplesttaper function,but theremaining tapers correspondto
only slightly smallereigenvaluesandthereforeonly slightly morespectral leakage.

The taper shapes are instructive. The zero-order taper, � � � � , is similar to the
tapersconsidered earlier in Section 3.3. It is symmetrical about the centre, peaks
there,andtapers to zeroat the ends.Thereis a symmetryaboutthe higher-order
tapers: thosewith even � aresymmetrical about the centre, while thosewith odd� areantisymmetric. The taper with � � � hasenergy concentrated in the early
part of the time sequence,and thosewith higher � areconcentrated earlier still .
The spectral estimatebasedon � � � � will depend mainly on the central part of
the time sequence,asis thecasewith conventional tapers, but estimatesbasedon
higher order tapers will depend moreon energyat the beginning andendof the
sequence. This suggestscombining theeffects of several tapers to obtain aneven
betterspectral estimate,the multitaper approach, but first we must consider the
effectsof errorsin thetime samples.

In thepresenceof noise, (10.22) is modifiedto¡ � � �£¢ {V¤N¥b¦ �!§ ��¨ ¢ � (10.31)

whereasusual © is the error vector. The usualtrade-off betweenresolution and
errordemandsthatfiner resolution in frequency bepaidfor by decreasedaccuracy
of theestimate’samplitude.Thissuggestsweshould design thetaper to optimisea
combination of thespectral leakageandestimate variance.Mutiplying (10.31)by
thetaper � � gives � � ¡ � �«ª � ¨ � � ¢ � (10.32)

Consider the caseof uncorrelated, or white, noise (this does not lose generality
sincewe canalways transform the datato be uncorrelated andunivariant, asde-
scribed in Section6.3. Thenoiseenergy in thetapered datais then proportional to¬ ������ ��� z � � z { .

We previously maximised the ratio of signal energy in the desired frequency
bandto energy in theentiresignal in orderto maximisebandwidth retention. This
is obviously equivalent to minimising the inverseratio, the total energyfor fixed
energy in the chosenband. We now wish to alsominimisethe ratio of the entire
noiseenergyto thesignal energy in theband, thesamequantity. For uncorrelated
errorsthe above proceduretherefore minimises the noise in the band. The tapers
areunchanged. Correlatednoiseleads to differenttapers; aslightly differentquan-
tity mustbeminimised.

Now supposewewishto estimatetheamplitudeof thesignal, � . Thisis obtained
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from theDFT of thetapered data ª � . Rearrangingequation(10.32) andtaking the
transform gives � � � �£­ � � ¦ ¨ � � (10.33)

where
� � is theDFT of thetaperednoise � � ¢ � andwehaveusedtheshift theorem

(Section2.3.2to obtainthe DFT of ®r¯�°�±v²´³¶µ¸·º¹ � � � as ­ � � ¦ . � may thenbe
obtainedasa leastsquaresfit to theseequations.

It is now clear thatusingjust onetaperto find � fails to useall the information
in the data. The other tapers,although not having quite asgoodspectral leakage
propertiesastheoptimal taper, usedatafrom theendsof therecord (Figure10.1)
that wereeliminatedby the first taper. We can write down similar equations to
(10.33)for several high-ordertapers with good leakageproperties:� � �N�� � �£­ � �P�� � ¦ ¨ � � �N��¼» � �«½�¾¿�v¾ ± ¾ �!�!� (10.34)

This is a larger setof equationsto solve for thesame� , theamplitude.We expect
thesolution to bemoreaccuratethan theestimatefor just theoptimaltaper because
it usesmoreof thetime series.

Finally notethat thenoisein (10.34) is correlatedbecausetheoriginal uncorre-
latednoisehasbeenmultiplied by a number of differenttapers.We therefore need
to usetheleast squaressolution (6.59) thattakesthecovariancematrixof theerrors
into account. Thecovariancematrix of thetapered noisespectrais proportional toÀÂÁ´Ã!Ä ¥EÅ � �������v��� ­ � �N�� ­ � �N�� (10.35)

Multi tapermethodshave beenusedfor morethansimply makingspectral esti-
mates.An excellentaccount is in Percival andWalden(1998). In geophysicsthey
have been usedto estimateamplitudesof decaying free oscillations (Park et al.,
1987); attenuation (Masters et al., 1996); wavelet estimation on a seismic section
(Walden,1991); spectral analysis of high frequency (Park et al., 1987); andmul-
tidimensional (Hanssen, 1997)spectral estimation;coherences of magnetotelluric
timeseries(Constableetal.,1997); spectraof climatic timeseries(Lall andMann,
1995); and of stratigraphic successions (Pardoiguzquiza et al., 1994); the retro-
gradeannual wobble(King andAgnew, 1991); andtheacoustic signal of thunder
from seismicrecords (Kappus and III, 1991). Software is available from Gabi
Laske’s website(Appendix 7).
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SeismicTravel TimesandTomography

11.1 Beamforming

Arraysof seismometersareusedfor two principalpurposes:to increasethesignal-
noiseratio by stacking many records together, andto measure thedirection of the
incoming wavefront. Relative arrival times need to be known accurately. Until
the recent advent of long-wave radio, and then satellite timing, this could only
be achieved by telemeteringevery station to a central recorder and clock. The
term network wasusedfor a group of stationswith independent timing in order
to distinguish it from an array with central timing. Timing on a network was
usually too poor to allow most of the array techniques to work. Many seismic
arraysweresetup to detect nuclear explosions, for exampleNORSARin Norway
andYellowknife in Canada,andthesehavebeenusedto do muchgoodseismology
unrelatedto monitoring nuclear tests.Marineseismic surveys useextensive arrays
of geophones towed behind ships to record airgun sources. Sincethe late 1980’s
it hasbeenpossible to deploy portableseismometers,eachwith their own clock,
in temporary arraysto study particular areas, a great stepforward in the useof
seismology in earthquakeandtectonic studies.Nowadayswetalk of aglobal array
of seismometers,anddo arrayprocessing on theEarth’s spherical surface.

Stacking requires alignment of the onset of the sameseismicphase, or wave,
at every instrumenton thearray. Oncetheright arrival hasbeenidentified andthe
right timedelay introduced,summingall thetracesincreasesthesignal to (random)
noiseratio by a factor of order thesquareroot of thenumberof traces. It is often
usedto identify signals that areotherwise buried in the noise. The simplest way
to identify the onset time is to readthe records by hand, but this is a very time
consuming practice andimpractical for largearrays. If the incoming wavefront is
planar, asimpleformula givestherelativearrival timesasfunctionsof theposition
of eachstation. Thenormalto thewavefront, or assumedraypath, is definedby two
angles, theazimuth anddip. Thedip is usually replacedby theslowness, theinverse

185
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of thespeed with which thewavefront travels acrosshorizontal ground. Azimuth
andslownessmaybeestimatedby least squaresinversionusingtherelative arrival
timesasdata. They yield the direction anddistancefrom the array to the source,
assuming the source to be on the Earth’s surface. The largest sources of error
arecaused by indistinct picks anddelays introducedby local anomaliesbeneath
the arrays. Residuals to the plane wavefront arrival timescanbe inverted to map
the structure beneath the array using methods such as that of Aki et al. (1977),
discussedin Section11.2below.

Very largearraysdemandanautomatic way to determinethetimedelays.There
aretwo approaches:cross-correlatethetracesandpick themaximum,asdescribed
in section 4.2[seealso(vanDecarandCrosson, 1990)], or invert for thetimedelays
that maximisethe energy in the stack. The second approachis describedhereas
anexampleof aninverseproblem thatcontainsseveral of thefeaturesdiscussedin
Part II; it is describedin full in ¡.95maogub.¿.

Supposewehave
�

seismictracesÆ ª ¥ À�ÇYÄ » ³ �0�v¾ ± ¾ �!�!� ¾ �ÉÈ , where
Ç
is thetime.

Weproducea beam, ª¿Ê , by delay-and-sum:ª5Ê À�ÇËÄ � �Ì ¥ � � � ¥ ª ¥ À�Ç ¨ÎÍ ¥ Ä (11.1)

where � ¥ is a weight and
Í ¥ the time delayfor the ³ÐÏÒÑ traceis that trace. We use

a weightedsumrather thana simpleaddition becausesometracesmaybenoisier
thanothers andwe wish to reduce the effect on the beam. We now fit the beam
to a chosen referencetrace ª � À�ÇËÄ by least squares. Theoriginal seismictracesare
discretisedin time. Theequationsof condition arethereforeª � À�Ç � Ä � �Ì ¥ � � � ¥ ª ¥ À�Ç � ¨ÎÍ ¥ Ä ¨ ¢ � (11.2)

where · runsover the entire recording time. We choosea time window running
from time

Ç � through time
Ç ¦ and minimise the sum of squares of differences

betweenthereferencetraceandthebeamwithin this window,ÓeÔ � ¦Ì� � �rÕ ª � À�Ç � Ä£Ö ª Ê À�Ç � ÄØ× Ô ¾ (11.3)

by adjusting the unknown weightsand delays that appear in ªÙÊ . The optimum
delaysareestimatesof therelativearrival times.

Equation (11.2)definestheinverseproblemwewish to solve. The“data” in this
problem are,rather strangely, discretisedvalues of the referencetrace, which we
defineproperly later. For thetime being we assumewe know this trace andthat it
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hasuniform errors. This definesthedataarrayÚ � �)ª � À�Ç � Ä (11.4)

We normalise eachtraceto unit maximum; this doesnothing to the solution as
we aregoing to asigneach tracean unknownweight. The unknowndelays and
weightsarearranging into arrays Û and � ; themodelvector may thenbewritten
in theform Ü � À Û�Ý � ÄÙÞ .

Theinverseproblem(11.2) is linear in � but nonlinearin Û ; wesolveby lineari-
sationasdescribed in Section8.3. The partial derivativesmatrix for the weights
comprises simply thetraces themselves:ß�à� Å ��á ª5Ê À�Ç � Äá � Å �«ª Å À�Ç � ¨âÍ Å Ä (11.5)

The partial derivatives matrix for the time delays is obtained by differentiating
(11.2)andinvolvesthetime derivativesof thetraces, denoted ãª À�ÇËÄ :ß�ä� Å � � Å ãª À�Ç � ¨âÍ Å Ä (11.6)

Thefull equationsof condition matrix maybewritten in partitionedform aså � À å ä Ý å à Ä (11.7)

We needa starting model, which for this problem must be chosen with care
because of the danger of cycle skipping (page 148), wherea tracemay skip an
entirecycle andgive a time delay that is in error by onefull period. The starting
modelfor the delays is computed from a first approximation usinga plane wave-
front followedby a grid search of time samples,shifting eachtracebackandforth
by several time samples,until thebeam energy reaches a maximum.Thestarting
modelfor theweightsis simply a setof ones.

Model damping is essential becausetherearetwo distinct classesof modelpa-
rameterswith differentdimensions.Denotethedampingconstantsfor theweights
by thecomponentsof thevector æ à andfor thedelaysby æ ä . When æ à is largeand
dominates æ ä the weights areconstrainedto stayat unity (the “penalty method”,
page129); when æ à dominatesthe delaysareconstrained to stayat the starting
values. Theoveral level of theratio of æ à to æ ä mustbefound by trial anderror.

Finally we return to the choice of referencetrace. )e could chooseoneof the
traces, perhaps the one that looks leastnoisy, but this is obviously not optimal.
Instead, ¡.95maogub.¿choseeachof thetracesin turn to form a setof misfits:Ó ÔÅ � Ì � Õ ª Å À�Ç � Ä£Ö Ì ¥Âç� Å � ¥ ª ¥ À�Ç � ¨âÍ ¥ Ö Í Å ÄØ× Ô (11.8)
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andminimiseda sumof all themisfits:Ó Ô � �Ì Å Ó ÔÅ (11.9)

Thisschemeavoids theneedto chooseaspecific referencetraceandworkswell in
practice,being insensitive to a few badtraces. The weighting wasfound to work
well in eliminating noisy traces,giving solutionswith � ¥£è ½ for tracesfrom faulty
instruments.

¡.95maogub.¿ give two applicationsto real data. The first wasfrom a surface,
vertical-component, linear arraystudyperformedin 1992by British Coal. Geo-
phones wereput on landwith a 10 m spacing. Shotswerefired at differentdepths
in a borehole. Herewe use68 upgoing P wave records from thefirst shotat 50m
depth(Figure 11.1). The éPê5ëíì record is at the head of the borehole. It is obvi-
ousthat somearrival timesdeviatefrom a hyperbola; this is caused by variations
in elevation, weathering thickness,andseismic velocity. The initi al solution was
obtainedby alinear relationshipbetweenarrival timesandoffsets. Theinitial trace-
to-tracealignmentshowsobviousresidualstatics(Figure11.1). After six iterations
the inversionconvergedto a reasonable solution. The trace-to-trace alignmentis
shown in Figure11.1;theresidual statics haveclearly beenminimized.

Theirseconddatasetcomprisedseismogramsfrom abroad-band, three-component
arrayoperatedby TheUniversity of Leedsin theTararuaMountain areaof North
Island, New Zealand(Stuartet al., 1994). They selectedasurfacewavemagnitude
6.7 event with epicentraldistance �5� �Iî�ï that occurred in the KermadecIslandsat
16:23on 1st November1991 (the event is alsoshown in Figure1.1). The wave-
forms are complex (Figure 11.2) and strongly influenced by fine-scale structure
associatedwith subduction of thePacific Platebeneaththearray, providing a very
severetestof themethod. They first bandpassed-filtered therecords from 1 to 2 Hz
(labeld in Figure11.3). Seventhree-componentseismogramswereanalyzed.The
time delaywasreferred to thetop trace(ltn1).

The initial solution vector was obtainedby assuming a plane wavefront with
fixedazimuth andapparent slowness. Inversions convergedto a satisfactory solu-
tion whendeviationsof the starting azimuth andslowness from the final solution
werewithin arangeof 10ï and0.02skm

���
respectively. Thisrange,of course,will

depend in generalon thearraysizeandsourcelocation. Figure11.3showsinverted
results for vertical, east-westandnorth-southcomponentswith initial solution cal-
culated from an azimuthof ê ½ ï andslowness0.1 skm

���
. Themethod converged

after5 iterations: thefinal trace-to-tracealignmentshows alignmentof theP wave
signalin all threecomponents. Thestacking weights areshownat the left of each
aligned trace(labelledb).

A similar analysis of the S wavelet wasimplemented. A 4 s time window was
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Fig. 11.1. Top: arrayrecords from a boreholeshot to 68 geophoneson land with 10 m
spacing. Middle: resultsfrom theinitial model.Trace99 is thebeamformedby a simple
stackwith unit weighting. Bottom: resultsof theinversion.
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Fig.11.2. A regionalevent (1 November1991 ðËñ�òMóMôMõ7óMóMö , ôM÷?øBóNùMùNú S ðrûNûPøBüMý?ðrú W, Ms 6.7)
at thebroad-band, three-componentarrayoperatedby theUniversityof Leeds,UK, in the
Tararua Mountain areaof North Island,New Zealand.Thetime axesdo notcorrespondto
theorigin timeof theearthquake.

taken from 228 s to 232 s. The initial solution wascalculatedwith azimuth ê ½ ï
andapparent slowness0.21skm

���
. The S wavelet is clearly aligned on the east-

westcomponent,which is close to transversefor this wave. It doesnot seemto
align aswell on thenorth-south component,andworsestill on thevertical, partic-
ularly for stationsltw1 andltw3, which lie to thewestof themainarmof thearray.
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Fig. 11.3. Resultsof the filtered P andS waveletsin the frequency band1 to 2 Hz for
the regional event shown in Figure5. Label þ standsfor data, ÿ for initial modeland �
for inverted model. Thenumbersat the left of eachtraceof inverted model arestacking
weights. A SP-convertedphaseis present in theverticalandNS componentsof ltw1 and
ltw3, closeto theSwave. It is suppressedin theSwavebeams.

¡.95maogub.¿believe this to be causedby conversion of the incoming S wave to
a P wave at an interfacebeneath the array, probably theupper surfaceof thesub-
ductedPacific Plate. SinceS wavesandSP-convertedwaveshave different paths
andarrival timesat eachstation, theSPphasesaresuppressed in thebeamswhen
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theSwaveletaligns. For theP wave thecalculatedback azimuth was ��� ï andap-
parentslowness 0.103skm

���
; for theSwave they are ê�� ï and0.209 skm

���
. Both

azimuthsaresignificantly larger thanthesource-receiverazimuth
À ±�� ï ) becauseof

lateralheterogeneity in this complex subductionzone.

11.2 Tomography

Arrival timesarethe basic measurementof seismology. Interpretation of the full
waveformof aseismogramis arelatively recentinnovation, foll owing thedevelop-
mentof betterseismometers,digital recording, andthecomputing powerneededto
computethecomplex waveformsproducedby evensimpleEarthstructures.Travel
timesarepredicted with remarkable accuracy by geometrical ray theory, simply
by applying Snell’s law progressively along the ray path. Travel timesarein fact
anaverage of the inverseof thevelocity, sometimescalledtheslowness(not to be
confusedwith theslowness of a wave across anarray). Travel timescantherefore
beinverted,in principle at least,for theEarth’sseismicvelocity. In geophysicsthe
approachcalled travel time inversion; the word tomographywascoined later for
medicalapplications and is now usedalmostuniversally throughout geophysics.
Tomographycomesfrom theGreekword for slice; themethodimagesslicesof the
target materialby moving thesourceof soundwavesanddetectorsaround to sam-
ple differentslices. Seismictomography suffers relative to medical tomographyin
two ways: the raysarenot straight becauseof strong refractionwithin the Earth,
andwe arerestrictedto placing our sourcesandreceivers on theEarth’s surfaceor
usingearthquake sourcesat poorly-knownlocations. In medicalapplications it is
possible to surround thewhole body with sourcesandreceivers. Refraction turns
out to be an annoyance rather than a fundamental difficulty; the surface restric-
tion for sourcesandreceiversposesmuchmoreseriousproblems,andthe inverse
problem canbehighly underdetermined.

Examples of seismictomography arelegion andcover a wide range of geome-
tries and applications. The earliest form of tomographywas to invert the travel
timestabulatedasa function of distancefor theseismicvelocity (P or S according
to the wave measured) asa function of depth. If the travel time is availableasa
continuousfunction of distance it is possible to solve for the velocity providedit
increasescontinously with depth. Thisresult wasprovedby Herglotz andWiechert
by solving anAbel integral equation [.95bulbol.]. Theresult applies in bothplane
andspherical geometry. The approachis not the best way to invert real data that
fail to producea well-definedcontinuousfunction of travel time against distance,
but theanalytic solution is vital in highlighting problemsarising from low velocity
zones: thesecreate invisible layers which cannot beexploredby surfacemeasure-
mentsTheinverse problemhas, in effect,a null space.
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Fig. 11.4. One-dimensional seismictomography.

The process of travel time inversion for a layered medium is shown in Fig-
ure 11.4. The shortest ray, S1, gives an estimate of the seismicvelocity in the
shallowestdepths. This canbeusedto strip out the time thenext deepestray, S2,
spends in theshallowestregion, leaving anestimatefor theseismicvelocity in the
second shallowestregion, andsoon. RayS4just reachesthezonewhereseismic
velocity begins to decreasewith depth. Raysin zoneB arerefracteddownwards,
creating a shadowzone on thesurface.No raysreach stations5–11. RayS12has
reached the depth of zone C, wherethe seismicvelocity increasesagain,andthe
ray returns to the surface. Clearly we have no informationabout the seismicve-
locity in zoneB, the low-velocity layer. We canproceedto determine velocities
throughoutzoneC aswedid for zoneA. If acontinuoustime-distancecurveis first
constructedby interpolation we candetermine the seismicvelocity asa continu-
ousfunction of depththroughoutthezoneswhereseismicvelocity increaseswith
depth.

Aki et al. (1977) took animportant stepin using travel timesto determine later-
ally varying structuresbeneathseismicarrays,using theexcellent dataset from the
NORSARseismic arrayin southernNorway. Dziewonski (1984) performedthefirst
inversion to give lateral variations on theglobal scale. In exploration geophysics,
a greatdealof effort hasgoneinto cross-boreholetomography, in which shotsin
oneboreholearerecordedin another anddelays in arrival timesareinterpretedin
termsof structurebetween theboreholes; andinto reflection-transmission tomog-
raphy,whichcombinestheinversionof reflection timesfor thedepthsto interfaces
with delays introduced by lateral variationsin theinterveninglayers. Despitethese
efforts, exploration seismologyis still dominatedby reflection work becauseof its
higher resolution.
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Thetravel time between two points
ß

and � is givenby thepathintegral� Ê	 � 
 Ê	 Ú��
 À ¡ ¾íª ¾�� Ä � 
 Ê	�� À ¡ ¾íªy¾�� Ä Ú��
(11.10)

wherethe integral follows theray pathfrom
ß

to � and � � � ¹ 
 is theslowness.
This equation posesa continuousinverseproblem in its basicform: the dataare
a set of travel times betweena set of pairs of points

ß
and � and they are to

be invertedfor the model, the velocity of the intervening structure, 
 . Despite
appearances, the inverse problem in termsof � is nonlinear becausethe integral
follows theray pathandtheray pathdependson theslowness.

Linearisation of (11.10) usesFermat’sprinciple of least time,which asserts that
the travel time will bestationarywith respect to changesin the ray pathprovided
theintegral is takenoveratrueraypath.In thelinear approximation asmallchange
in the slowness � � , will produce a small change in travel time � � Ê	 , according to
theintegral � � Ê	 � 
 Ê	 � � À ¡ ¾íªy¾�� Ä Ú��

(11.11)

where, because of Fermat’s principle, the integral is taken over the samepath
asoriginally. This is an important simplification; without Fermat’s principle we
would have to addan additional termto (11.11) allowing for the change in travel
time causedby thechangein ray path. Notethatchanging anendpoint

ß
or � by

a small amount does change the travel time to first order. Timesof reflection are
thereforechangedto first order by shorteningor lengthening of theray pathasthe
depthof thereflector changeswith thechangein structure. This is why reflection
seismicsaremoresensitive to structurethantransmission tomography.

Most studies proceed by parameterising the slowness with suitable functions� Å À ¡ ¾íªy¾�� Ä � � À ¡ ¾íªy¾ ¡ Ä � �ÌÅ � ��� Å � Å À ¡ ¾íªy¾�� Ä (11.12)

to convert thecontinousform to thestandarddiscretelinear form� ¥ � �ÌÅ � � 
���� � Å À ¡ ¾íª ¾�� Ä Ú�� � Å (11.13)

wherenow � ¥ denotesthe ray pathof the ³EÏÒÑ travel time. The partial derivatives
matrix haselements given by the ray path integrals of the basis functions in the
parameterisation ß ¥BÅ � á � ¥á � Å � 
���� � Å À ¡ ¾íª ¾�� Ä Ú��

(11.14)
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Typical basisfunctions usedincludeuniform blocks (Aki et al., 1977), spherical
harmonics for global studies (Dziewonski, 1984), and splines (Mao and Stuart,
1997).

Thenonlinearproblemis solvedby iteration from a starting model.Thepartial
derivativesmustbecalculatedateachstepusing(11.14) by first computing theray
paththrough the existing structure, then performing the path integral for eachof
thebasis functions � Å À ¡ ¾íª ¾�� Ä . In termsof computationthetime-consumingstepis
calculating the ray path, andthe form of parameterisation is bestchosento facili-
tatethis partof theinversion.Most inversionshave used only onestep, effectively
assuming a linear approximation. Therearealsomany examplesof nonlinearin-
versionsthatincluderay tracing ateachstep(althoughI remainunconvincedof the
needfor extra ray tracing in many cases).

Solution of the one-dimensional problem, in which the slowness is a function
only of the depth, is illustratedgraphically in Figure 11.4. Low-velocity zones
preventsolution. Thisis oneof thefew tomographicproblemsto havebeentackled
usingcontinuousinverse methods (JohnsonandGilbert, 1972). Eachray path is
identified by a parameter� ����� �"! ¹ 
 , where ! is theangleof incidence. � is, by
Snell’s law of refraction, constantalongthe ray path. A littl e work shows the ray
path � À ¡ Ä satisfiesthedifferentialequationÚ ¡Ú � � � �# � Ö � Ô � Ô (11.15)

andthetravel time integral is� À ¡ Ä � ± 
%$'&� � �# � Ô Ö � Ô Ú � (11.16)

where � � is the lowestpoint reached by the ray. The integrandcontainsan inte-
grablesingularity at � � � , the lowest point of the ray, where ��� �(! � � . The
datakernel is infinite at thebottom of theray path, theturning point. No informa-
tion canberetrievedfrom within low velocity zonesbecauseno rayshave turning
pointswithin low velocity zones.Thedatakernel reflectsthis curiousaspectof the
problem: informationis concentratedaround thestructureat thebottom of theray
path.

The methods of continousinversioncanbe applied by changing the model to
removethesingularity, aprocedureknownasquelling. JohnsonandGilbert (1972)
do this using integrationby parts. In termsof thestandardform (9.1)
 $)&�+* À ¡ Ä � À ¡ Ä Ú ¡ � Ö 
 $'&�-, À ¡ Ä Ú �Ú ¡ Ú ¡ (11.17)
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Fig.11.5. Geometryof raysandreceiversfor theACH inversion.Only oneraypathpasses
throughbothblocks . and / , so therewill bea trade-off betweenvelocitiesin the two,
creatinganelementof thenull space.Thesameappliestoblocks0 and1 . Raypaths1and
2 bothpassthrough block 2 but have no othersin common, which will allow separation
of anomaliesin block 2 from thosein any othersampledblock.

where , À ¡ Ä � 
43� * À ¡65 Ä Ú ¡75 (11.18)

A final twist to the1D problemcomesfrom (Garmany, 1979), whoshowedit could
be transformed into a linear inverseproblem provided there are no low veloc-
ity zones. Modern methodsof inversion for one-dimensional structuresaredis-
cussedin textbookson seismology (Lay andWallace, 1995; Shearer, 1999; Gub-
bins,1990).

The inversioncarried out by (Aki et al., 1977) is a landmark in seismic tomog-
raphybecauseof its simplicity of methodand results. They determinedrelative
arrival times from teleseisms(distant earthquakes)at the NORSARarrayand in-
vertedthemfor structure beneath the array. The assumptions seemsevere at first
sight: all ray pathsfrom eachevent arrive parallel andcanbe treated asstraight
linesbecauseof thegreat distancefrom theevent, themeanarrival time from each
event is unknown becauseof errors in location,all residualtravel timesarecaused
by anomaliesimmediately beneaththe arrayto a fixedmaximumdepthcompara-
ble with theapertureof thearray, andthestructurecanberepresentedby uniform
rectangular blocks. The geometry of a typical “ACH” inversionis shown in Fig-
ure11.5.

TheACH problemis linear in theslowness � À ¡ ¾íªy¾�� Ä becausewedonoray trac-
ing beyond the initi al paths. Theparameterisation function � Å À ¡ ¾íª ¾�� Ä of equation
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(11.13)takesthevalues1 inside the 8
ÏÙÑ block and0 outside it. Theparameter � Å
is theslownessanomaly in the 8YÏÒÑ block. Thepartial derivative á � ¥ ¹ á � Å is simply
the length of the ³ÐÏÒÑ ray within the 8¿ÏÙÑ block. The meantravel time is subtracted
from all the travel times for eachevent to remove uncertainties in travel time to
thebaseof theassumedanomaly beneaththearray caused by mislocationandun-
known distant anomaliesthataffect all ray paths equally. This createsa null space
containingthemeanslownessin thelayerbecauseaddingaconstantslownessto all
theblocks in any onehorizontallayer will changethetravel time of all thearrivals
from oneevent by the sameamount. Additional elements of the null space will
include any blocks containingno ray paths,blocks whereall ray pathsareparallel
(top row in Figure11.2), andcombinationsof blockswhereall rays have roughly
equallength in bothblocks.

In the simpleACH version of the methodthe null space canbe readily under-
stoodandremoved from the solution using the methodsdescribed in Chapter 7.
Similarconsiderationsindicatewhereweshould expect resolution to bepoor. Par-
allel rays inevitably occur nearthe surface (Figure 11.5), and the ACH method
gives poor results for shallow structures,whereby “shallow” we meana depth
comparable with, or lessthan, thestation spacing. Thekey to goodresolution is to
havecrossing raypathswithin theblock. Resolution is thereforebestat thebaseof
theanomaly.

The literature contains a hugenumber of regional tomographic inversions fol-
lowing the ACH principles. Most of them remove someassumptionsmadeby
ACH, suchasstraight raysandlinearisation, although I remainunconvincedthat
theseimprovements change the results by muchmorethanthe errors inherentin
the inversion. Ray tracing removesthe null spacebecausethe raysareno longer
parallel, but thegeometryobviouslyleavestheaveragelayer velocitiesverypoorly
determinedandcareis needed in interpreting the results. This should show up in
theresolution matrix.

A commontechnique is to avoid the resolution matrix by a checkerboard test.
A synthetic modelconsisting of alternating

¨ ¹ Ö valuesis inserted into the ma-
trix of blocks or modelestimates,a synthetic setof travel times is calculatedby
ray tracing, andtheseareinverted in parallel with the real data. Recovery of the
checkerboard pattern is usedasgood evidenceof goodresolution; placeswherethe
checkerboard squaresarelost areviewedasevidencefor poor resolution andpoor
results in thatarea.

In factthecheckerboardtestdoesnot evaluate theresolution properly: it merely
testsone linear combination of the rows of the resolution matrix. To calculate
the resolution matrix using this sort of approachyou would input a model with
zeroparameterseverywhere except one;the result of the inversionwould thenbe
the row of the resolution matrix corresponding to the non-zeromodelparameter.
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In ACH inversion the worst-determined aspect of the model is certainly not the
checkerboard, it is the meanlayer velocity. Another simplified resolution test is
to compute a spread function for eachparameterMichelini andMcEvilly (1991).
This is useful but againunsatisfactory because the spread function computed is
not theoneoptimised by theinversionandit containsonly partof thewholestory
containedin theresolution matrix.

I seeno needto avoid the resolution matrix. It is not that expensive to calcu-
late andcanbe displayed, given someimagination, usingtechniquesfor plotting
functionsof many variables:amatrixcanberepresented asaperspectiveplot asin
Chapter12,andit looksnicein colour.

Modern developmentsin tomographic inversion include the useof many dif-
ferentseismicphases,including reflectionsandconversions from P to S wavesat
interfaces. ¡.97maostu.¿developed a techniquefor exploration geophysicswhich
combines transmission tomography with reflection data. (Eberhart-Phillips and
Reyners,1999) have usedconvertedphasesfrom the subducted Pacific plate be-
neaththeNorth Islandof New Zealandin a tomographic inversion thatreveals the
depthof the subductedplate ratherwell becausetheconvertedphasesresolve the
depthwell. Large scaletomographic inversions, suchas thoseby Grand(1987)
for North AmericaandvanderHilst et al. (1991) for subduction zonesaround the
world have madean enormousimpact on our understanding of structuresin the
lithosphereandmantle.

11.3 SimultaneousInversion for Structur e and EarthquakeLocation

A very commonsituation is to invert arrival times for structure when the source
locations are uncertain. For example, a temporary deployment of seismometers
mayrecord a large number of local andregional earthquakesin anactive tectonic
area.Thelocalstructureis inhomogeneousbecauseof theactivetectonics,andthis
producesdifferences from arrival timescalculatedfrom astandardvelocity model.
Uncertaintiesin thearrival timesfrustrateefforts to locate earthquakesaccurately,
andearthquakemislocation frustrateseffortsto determinethestructure.Theproper
formal procedureis to invert for bothhypocentralcoordinates andstructuresimul-
taneously, andthis is now oftendone.

Thecombinedinverseproblem exhibits somegeneral characteristics of mixing
two differenttypesof modelparameters,in this casethepositions of thehypocen-
tresandslownessparameters. It is acombination of earthquake location,discussed
in Chapter8, andtomography, discussedin Section11. Thetravel time integral is
taken betweenthe unknownsource position

À ¡:9 ¾íª 9 ¾�� 9 Ä andthe known station
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position ; � 9"< � 
 <9 � 3>=@? A�=@? $'= � � À ¡ ¾íªy¾�� Ä Ú��
(11.19)

wherethe integral is taken alongthe ray path. The inverseproblem is linearised
as before, using Fermat’s principle. The partial derivatives with respect to the
hypocentre parameters is obtainedby differentiating the integral with respect to
its lower limit. The results aresimilar to those obtained in Chapter8, with the
azimuthandincidenceangle being determinedfrom thetake-off angles of theray
at the source location. In a general 3D structure we cannot assumethe ray path
remainsin theplaneof thesourceandreceiver andtheazimuth mustbecalculated
from theray pathrather thanthesource-receiver geometry.

Theslowness is parameterised, althoughmuchof the following discussionalso
applies to the continuous inverseproblem. The linearised problem then hasthe
joint form �CB �EDGF ¨ å Ü ¨ © (11.20)

whereB is the usual matrix of partial derivativeswith respect to the hypocentral
coordinatesand F is the4-vector of smallimprovementsto thehypocentralcoordi-
nates,A is thematrixof partial derivativeswith respect to theslownessparameters,Ü , computedby integrating thebasisfunctionsfor theparameterisation along the
existing known ray pathsasin (11.14).F and Ü arecombined into asinglemodelvector, B andA into asingleequation
of condition matrix,and(11.20) written in partitionedform�CB �IH D ½½ åKJ H FÜ J ¨ © (11.21)

We need to scale themodelparametersto approximately thesamesize: a good
rule of thumbis to reduce themto the samedimensions. The idea is to produce
modelparametersscaledin sucha way that similar changesin each of thempro-
ducesimilar changesin thearrival time. for example,a changein origin time of 1
second will producea change in arrival time of 1 second; a shift in hypocentreof
1 km (along theray path)producesa changein arrival time of 
 ���9 seconds,where
�9 is theseismic velocity at thesourcelocation. 
L9 is thereforeasuitable scalefor
thedepthandepicentral parameters.Similarly, multiplying theslowness parame-
tersby atypical raypathlengthgivesatypical change in arrival timefrom changes
in thestructure. We mustnot useany consideration of dataerror in thesescalings;
they areirrelevant to our choiceof model. Oncescaled, we canusea single form
of damping for all thescaledparameters thesameway, should damping beneeded.

Forming a single, standardinverseproblem hassomemathematical appeal but
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it carriesseveralseriousdisadvantages. It concealstheunderlying structureof the
problem, theessential differencesbetween asourcelocation andvelocity structure;
it makesit difficult to assessthedistribution of uncertaintiesbetweenmislocation
andvelocity determination, andit is computationally inefficient unlesssomeclever
algorithm is usedto take advantageof thesparsenatureof thecombinedequations
of condition matrix.

Equation (11.20) makesclearthejoint natureof theinversion. If F �«½ wehave
tomography, if Ü � ½ we have earthquake location. If we canfind someway to
transform the equations (which meanstransforming the data)to eliminate either
termwe couldbegin to discussthesolution in termsof oneor otherof thesimpler
subproblems.Minimising thesumof squares of errors © Þ © with respect first to F
thento Ü givesthetwo setsof normal equationså Þ �CB � å Þ å Ü ¨ å Þ DMF (11.22)D Þ �CB � D Þ å Ü ¨ D Þ DMF (11.23)

Bearingin mindthatonly matrices
å Þ å

and D Þ D aresquareandinvertible, weuse
(11.23)to eliminate F from (11.22) in favour of Ü to giveÜ � ÀLN å Ä ��� N �CB (11.24)F � À D Þ D Ä ��� Õ D Þ �CB Ö D Þ å Ü (11.25)

where N � å Þ Ö å Þ D À D Þ D Ä ��� D Þ (11.26)

This formulation is computationally very efficient becausethe matrix D Þ D com-
prisesêPO;ê blocksalongthediagonal;all otherelementsarezero.B is thepartial
derivatives matrix with respect to the hypocentral parameters,eacharrival time
only dependson onesourcelocation, soeachrow of thematrix B hasonly 4 non-
zeroentries. Inversionof D Þ D involves Q6R inversionsof êSO�ê matrices,whereQ�R is
thenumberof sources.This is amuchfaster taskthaninvertingasingle êTQ R O�êTQ R
matrix.

Matrix O is an operator that annihilates F from equation (11.20). It is easyto
show that

N D �)½ , sopremultiplyi ng (11.20)by O givesN �UB � N å Ü ¨ N © (11.27)

Transforming thedataby premultiplying by O leavesa purely tomographicprob-
lem; thetransformederrors

N © carry informationabout theeffects of mislocation
on theerroranalysis for thetomography.

Returning to equations (11.22)–(11.23), we could alternatively use(11.22) to
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eliminate Ü in favour of F in (11.23). This givesthealternative solutionF � ÀLV D Ä ��� V �CB (11.28)Ü � À å Þ å Ä ��� Õ å Þ �CB Ö å Þ DMF × (11.29)

where V �WD Þ Ö D Þ å À å Þ å Ä ��� å (11.30)

This time Q annihilates Ü from (11.20) leaving theearthquake location problemV �UB � V DXF ¨ V © (11.31)

Assessingcontributionsto modelcovariancesandresolution from differentsets
of modelparametersis difficult. This problem is discussedfurther by (Spencer,
1985) and the proper treatment of resolution matrices is dealt with fully in the
bookby ¡.79bengre.¿.

Severalmethodshavebeendevised for accuraterelativelocationsof earthquakes.
Theseinclude joint hypocentre determination (JHD), (Douglas,1967; Pavlis and
Booker, 2000; Pujol, 1988) and the related master event methods, the homoge-
neousstation method Ansell andSmith(1975),andtherecent double-differencing
methodWaldhauserandEllsworth (2000).

In JHD onetakes a cluster of earthquakesandassumesthat they aresufficiently
closetogetherthattheraypathsto any onestation all passthroughthesameanoma-
lies andthe arrival timesareall affected by the sametime error. This error is re-
movedby usingdifferencesof arrival timesrather thanthetimesthemselves.The
eventscanbeaccurately locatedrelative to eachother becauselarge errorsarising
from uncertaintiesin structureareremoved. Theabsolutelocation is notwell deter-
mined. In termsof our formalism, taking differencesof arrival timesat stations is
theoperationperformedby premultiplyi ng by Q to form (11.31); matrix QB then
hasa null spacecorresponding to themeanlocation of thecluster of earthquakes.

In the master event method it is assumed that one event, the master, is well
located. This is often the casewhena large earthquake is followed by a number
of smaller aftershocks; the large event is recordedby a greater numberof stations
and is therefore better located than the aftershocks. The masterevent methodis
similar to JHD, but the one(or possibly more)well-locatedevent combined with
goodrelative locationsof the smallerevents to the masterproducegood absolute
locationsfor all events. Thesameeffect canbeproducedusing anexplosion with
a precisely knownlocation in thesourceregion.

For example, consider equation (11.20)written out explicitly for the ³ ÏÒÑ event
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and 8PÏÒÑ station, andsubtract thetimesfor themasterevent ³ �)½ :� � ¥EÅ Ö � � � Å � YÌ� � � � ¥EÅ ? ��Zº� ¨ �Ì[ ��� À ß ¥BÅ ? � Ö ß � Å ? � Ä � [ ¨ À ¢ ¥EÅ Ö ¢ � Å Ä (11.32)

Themaster eventis supposedto bewell locatedsono improvement is neededto its
hypocentral coordinates. If theray pathsaresufficiently similar for thetwo events,
thedifferencesin partial derivatives

À ß ¥BÅ ? � Ö ß � Å ? � Ä will besmallandtheeffectsof
velocity structureis minimised.

In thehomogeneous station methodthesameprinciple is applied by taking dif-
ferencing arrival timesat stationsratherthandifferencingtimesfrom each event.
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Geomagnetism

12.1 Intr oduction

Globalmapping of theEarth’s mainmagnetic field is averyold scientific problem,
dating from the earliest timesof navigation in the daysof Europeanexploration.
Halley’s expeditions in the late17ÏÙÑ century arean important scientific landmark.
Measurementsof themagnetic field areusedto construct a global mapof all three
of its components.Initially measurementsof onecomponent,thedeclinationor an-
gle between thecompassdirection andtruenorth, werehand-contouredon a map.
The moderneradatesfrom C. F. Gauss,who developed the theory for represent-
ing themagneticfield in termsof spherical harmonics(Section12.2),leastsquares
analysis, andan early network of magneticobservatories. Sincethe 1960s a ref-
erencemagnetic field, theInternational Geomagnetic Reference Field (IGRF),has
beenpublishedevery 5 yearsand,by international agreement,is usedasthestan-
dardfor mappingpurposes.TheIGRFis now built into GPSinstrumentsto convert
betweentrue andmagnetic bearings, andis usedto definethe compass direction
on mapsandmarine chart. Updatingis needed every 5 years becausethe Earth’s
magneticfield changesby a per centor two during that time. The IGRF posesa
classic parameter estimationproblem: we needa concise,accuratemodelof the
magneticfield usinga simplerepresentation with asfew parametersaspossible. It
is not well suited to scientific study of themagnetic field becauseof thenature of
international agreement:the criteria vary from epochto epoch depending on the
available dataandevenpolitical considerationsfrom thecontributing countries.

I have beeninvolved with theproblem of constructing a modelof thegeomag-
netic field for scientific purposes,anddescribe here someof the methods we de-
visedto obtain a consistentmodelof thehistorical period (AD 1550–presentday)
for scientific purposes.Thedata have variedgreatly in bothquality andtypeover
thecenturies(Section 12.5),makingit impossible to obtain a modelwith uniform
accuracy in time. It is possible, however, to constructa modelwith error bounds
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consistentwith basic assumptionsaboutthenature of thegeomagneticfield (Sec-
tion 12.3), the most important being its origin in the Earth’s coresome2886km
below the Earth’s surface. Inversetheory is ideally suitedto this problem. Con-
struction of themagnetic field at depth within theEarth,doneby a processknown
asdownward continuation, is unstable. This meansthe errors amplify with in-
creasing depth, makingit very difficult (somemight sayimpossible) to determine
the magnetic field at the surface of the Earth’s core. For the samereason, a prior
requirementthat the magnetic field be reasonably smoothat the core surfaceis
a very strong constraint on themodelfor themagnetic field at theEarth’s surface
(Section12.4)becausetheerrorsassociatedwith smallwavelengthsmustnotallow
themodelto grow drastically whendownwardcontinued.

The main purposeof developing thesegeomagnetic modelswasto understand
theprocessesunderwayin theEarth’s liquid core. Changesin thegeomagneticfield
arecaused by fluid flow at or nearthe core surface,andthey canbe mappedinto
coreflow provided electrical resistancecanbe neglected.Undertheseconditions
themagnetic field is frozento the fluid andactsasa tracer for theflow. Unfortu-
nately it is not possible to label individual magnetic field lines, andalthough we
canfollow somemagnetic features in time it is not possible to observe the fluid
flow directly: the inverseproblemof finding fluid flow from thesecular variation
or rateof change of the magnetic field hasa null space. Much recent work has
beendirectedtowardsreducing this null spaceby making additional assumptions
aboutthe flow basedon the fluid dynamicsoperating at the top of the core. This
producesa fascinatingexampleof anill-posedinverseproblem(Section 12.8).

12.2 The Forward Problem

The Earth’s atmosphere,crust,andmantlemay be treated aselectrical insulators
on the long periods, longer than about a year, of interest in mapping the main
field. Therearenoelectric currentsandthemagnetic field \ maybewrittenasthe
gradient of a magnetic potential ] \ �_^ ] (12.1)

which satisfiesLaplace’s equation^�` \ �a^ Ô ] �)½ (12.2)

Laplace’s equation may be solved everywherein the insulator provided we have
satisfactoryboundaryconditions,suchas ] , \ `cb whereb is normalto thesurface,
or a linear combination of thetwo.

A general solution of Laplace’s equation is available in spherical coordinates



12.2 TheForward Problem 205Àed ¾�f ¾�g Ä asanexpansionin sphericalharmonic functions. In geomagnetismthis is
usually written as] Àed ¾�f ¾�g Ä �ih Ì j ? kml hdon jqp �sr kj Àet:u �sf ÄYÀwv kj t:u � � g ¨ Z k j ��� � � g (12.3)

[see,for example, Jacobs(1994); ArfkenandWeber(2001); Kellogg(1953); Backus
etal. (1996)]. Here h is theEarth’s radius,

r kj
is anassociatedLegendrefunction,

and
v kj ¾ Z k j

arethegeomagnetic coefficientsdescribing themagnetic field, some-
timescalledthe Gausscoefficients. In practice it is necessaryto take the Earth’s
ellipticity into account. This is straightforward: theprocedureis describedfully in
Barraclough andMalin (1968). Therearetwo partsto the correction, onearising
from the surfacenot being at exactly

d �Ih and the othercaused by the differ-
encebetweenthevertical andradialdirections. Thefactor h is introducedto give
the geomagneticcoefficients the dimensions of magnetic induction. The combi-
nations

r kj Àet:u �sf Ä�t:u � � g and

r kj Àet:u �7f Ä ���x� � g arecalled spherical harmonics.
They have

�
nodal lineson thesphere,giving

�
thecharacteristic of a wavenumber.

Functionswith large
�
aresmallscale. � counts thenumberof nodallinesrunning

through thepoles;
� Ö � is thenumberrunning alonglines of constant latitude.

Expansionin spherical harmonics is analogousto FourierSerieson spheresand
therearemany resultsparallel with thosegivenin Part I of thisbook. For example,
thereis a Gibbsphenomenon: truncatingthe spherical harmonic expansion, asis
donefor theIGRF, producesoscillationsin thespacedomain (WhalerandGubbins,
1981). Taking the gradient of the potential gives an expansion in for the vector
field, eachterm of which describesa multipole. Magnetic field lines for the first
Thefirst term of this vector expansion givesthe familiar axial dipole component,
which is by far the largest term (

v �� è Ö � ½�¾í½5½5½ nT). The second term gives a
dipole whoseaxis lies in the equator through the Greenwichmeridian; it is much
smaller(

v �� è � ¾í½5½5½ nT). The third term gives the equatorial dipole component
emerging at � ½ ï E. Thefourth term(

v �Ô ) givesthequadrupole. Thedegree 1 terms
form a triad of dipoles that canbe consideredascomponentsof a vector dipole;
higher degreetermsdo not have any suchsimpleinterpretation.

Equation (12.3) is usedto derive the forward problem, the formula that allows
us to calculate the magneticfield componentsthat canbe measured from the ge-
omagnetic coefficients. For example,the vertical component y measured at the
Earth’s surface(by convention y is measuredpositive downwards) is obtainedby
differentiating (12.3)with respect to

d
andsetting

d �ihy À hy¾�f � ¾�g � Ä � Ì j ? k À � ¨ � Ä r kj Àet:u �7f � ÄYÀwv kj t:u � � g � ¨ Z k j ��� � � g � Ä (12.4)

Thenatureof measurementshave changedover theyears with thedevelopment
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of instrumentation. We never measure magnetic potential directly. The first, and
easiest, measurementwas the declination, z , which was the only measurement
available until thelate � é�ÏÙÑ century. Inclination, ! , foll owed,andGaussdeveloped
thefirst methodof measuring absolute intensity or field strengthearly in the19ÏÙÑ
century. 7 componentshave beenmeasured in all. Theseprovide the basic data
for the inversion: the threespherical components { ¾ � ¾ y ; the angles z ¾�! ; and
the total andhorizontal intensities | ¾�} . Of these,{ ¾ � ¾ y arelinearly related to
thegeomagnetic coefficients [e.g. equation (12.4)]: inverting themposes a linear
inverseproblem.All theothersarenonlinearly relatedandposeanonlinearinverse
problem. For example, thedeclinationinvolvesthearctangent:z � ë�~ � ��� l �{ n (12.5)

12.3 The InverseProblem: Uniqueness

The model vector is definedas simply the array of geomagnetic coefficients ar-
rangedin a suitable orderÜ � Àwv �� ¾ v �� ¾ Z �� ¾ v �Ô ¾ v �Ô ¾ Z �Ô ¾ �!�!� Ä (12.6)

Thedatakernels arethederivativesof thespherical harmonicsat themeasurement
site. For example, (12.4) showsthat the datakernel for a measurementof the
vertical componentis

À � ¨ � Ä r kj Àet:u �7f � Ä�t:u � � g � for a
v

coefficient[ ��� � � g � for anZ coefficient]. For thechosen rangeof
�
and � thedatakernels form therow of the

equation of condition matrix corresponding to this particular vertical component
measurement at a particular site.

Nonlineardata, such as z , are incorporated by a quasi-linearisediteration as
describedin Chapter 8. Thedatakernelsareobtainedby differentiation. Consider
horizontal intensity } first. Fromthedefinition}¼� # { Ô ¨ � Ô (12.7)

differentiation givesa smallchangein } , � } , in termsof smallchangesin { and� � }k� �} À {��C{ ¨ ���P� Ä (12.8)

Since { and � arelinearly related to themodel, (12.8)givesa linear relationship
betweena small change in horizontal intensity andsmall changesin thegeomag-
neticcoefficients.Thesearethequantities neededfor row of theequationsof con-
dition matrix whendoing an iterative inversion. Similarly, differentiating (12.5)
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givestherequired formulafor a measurementof declination��z � �} Ô À {��P� Ö ���U{ Ä
(12.9)

In eachcasevaluesof thecomponentsz ¾�}�¾ | etc. arecomputedfrom themodel
of thepreviousiteration.

Potential theory is well understoodand standard results give us much of the
information we needabout uniqueness of theinversiongivenperfect data.For ex-
ample,a standardtheorem guarantees uniqueness if thenormal gradientof thepo-
tential is knowneverywhereon theboundingsurfaceof theregion wherewe wish
to solve for the potential. Thusknowing the vertical componenteverywhereon
theEarth’s surfacewould producea unique solution. Thenorth component, ��� in
spherical coordinates,alsogivesa unique solution,but theeast-west, or azimuthal
component, doesnot. This is easily shown by calculating the datakernel for ���
by differentiating (12.3) with respect to g . Clearly all termsinvolving � � ½
vanishon differentiation; the equations of condition do not involve any geomag-
netic coefficients with � � ½ andthis part of the main field remains completely
undetermined. � � ½ definesthe axisymmetricpart of the magnetic field, and
the axisymmetricpart forms the null space for an inverseproblem in which only
east-west componentsof field aremeasured.

Datasets with only east-westcomponentsalmost never arise,but satellite datais
oftenconfined to total intensity data,andsuchdataoftendominatein themodern
era. Backus(1970) showed that total intensity measurements do not provide a
unique solution, but leave a null space now known as the Backusambiguity. It
is characterised by a spherical harmonic seriesdominated by termswith

� � � .
The Backusambiguity is alleviated by even a modestamount of ground-based
measurements of othercomponents.

Prior to 1839we hadno absolute intensity measurements,only directions. It is
thenobvious that any field modelcould be multiplied by an arbitrary scalarcon-
stantandstill fit the data. Interestingly, the null space for a linearised, iterative
solution comprisesany constant multiplied by the best-fitting model itself, since
addition of any multiple of the modelsimply multiplies the modelby a constant
factor, which doesnot alter thefit to thedata.It wasoriginally assumedimplicit ly
that a single constant wasthe full extent of the ambiguity, but ProctorandGub-
bins (1990) showed for axisymmetric fields that more unknown constantscould
beinvolved,andconjectured a similar general result. Theresult in 3D wasfinally
provedby Khokhlov et al. (2001). Thefull solution to theinverseproblemfor per-
fect directional datacovering theEarth’s surface involvesa linear combination ofQ fields,with Q unknown coefficients,where Q is onelessthanthenumber of dip
poles. A strange result, but a reassuring onewhenoneconsidersthat the Earth’s
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magneticfield hasonly two dip poles,andtherefore theoriginal implicit assump-
tion of just onearbitrary constantwascorrect.

Finally, in the earliest timesdatasetsweredominatedby declination. Gubbins
(1986) showedthatperfect declinationdatacombinedwith measurementsof hori-
zontalintensity along a line joining thedip polesaresufficient to providea unique
solution, another strange result. Measurement of inclination on a voyage from
Francearound SouthAmerica into the Pacific, andanother from England to the
East Indies, were enough to provide very good control on a global model for
epochAD1695–1735, which includes a large volumeof declination data(Blox-
ham,1986). In practice datacoverageof the globe is sparseandthe datacontain
errors, but formal uniqueness theoremsprovide an important guide to the type of
datathatareneededto control thesolution well.

Proctor andGubbins’ (1990) study gives an exampleof how greatcanbe the
differencebetweenthe original, continuous problem and the discretisedversion.
They computed syntheticdatafor anaxisymmetric field with two linesof dip-poles,
theninvertedby standardmethodsusing a truncatedspherical harmonic serieslike
(12.3).They found both solutions, but only aftertruncatingtheseriesabovedegree
about50. This is muchhigher thanonewould ever usefor theEarth’s main field
(nowadays the IGRF is trunctatedat degree12) andhigher thanwould normally
be needed for a satisfactory numerical representation of the true solutions of this
particular synthetic problem. Thehigh truncationwasneededto obtain thesecond
family of solutions: truncating belowdegree 50 yieldedonly onesolution. This is
anexample of the danger of extrapolating uniqueness of a discretisedproblem to
thecontinuouscase,andunderlinesthevalueof assessingthefundamental proper-
tiesof theinverseproblem at theoutset.

12.4 Damping

Now we mustdistinguishbetween mapping the magnetic field at the Earth’s sur-
face,thepurposeof theIGRF, anddeveloping magnetic field modelsfor scientific
purposes. In the former casewe seekonly a conciseandaccuratemodel of the
magneticfield componentsnearthemeasurementsites. Theusual procedureis to
truncate the expansion (12.3) at somesuitable degreeandapply the methods of
Chapter6 to find estimates of the geomagnetic coefficients. The truncationpoint
has increasedover the yearsfrom 8 to 12; its selection is basedon the degree
wherethesignal from thecrust, with its origin in magnetisedsurfacerocks, begins
to dominate themagnetic spectrum � . Sinceonepurposeof theIGRFis to subtract�

On a spherethespherical harmoniccoefficientsarecorrectly referredto asthespectrum,with degree

j
taking

thepartof thewavenumber
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a well-definedlargescalefield from small-scaleregional survey maps,this choice
of truncationmakesconsiderable sense.

In scientific studies we needto quantify how accurately we separate the core
field, andtheparameterestimationapproachis unsuitable. Themodelis really that
part of the magnetic field that originatesin the core; the signal from the Earth’s
crustis just anothersourceof noise. Thenormal componentof magnetic field on
any surface providesa uniquesolution to Laplace’s equation andthereforedefines
themagnetic field everywhere within the insulating region. We cantherefore take
the model to be the radial componentof magnetic field on the coresurfaceand
formulate a continuousinverseproblem.

The magnetic field at the Earth’s surface (
d ��h ) is related to the modelby a

surface integral (Gubbins andRoberts, 1983)\ À h ¾�fº¾�g Ä ��� � [ À � ¾�f 5 ¾�g 5 Ä���À � Ä Ú ; (12.10)

wheretheintegral is takenover thecoresurfaceand � � t:u �s� is thecosine of the
angulardistancebetweenthetwo points

À fº¾�g Ä and
À f 5 ¾�g 5 Ä . Thecomponentsof the

vector
�

arethe datakernels that describe how a particular measurementat the
Earth’s surfacesamples thevertical componentat thecoresurface. They aregiven
by formulaeinvolving thegeneratingfunction for associatedLegendrefunctions:� [ À fº¾�g » f 5 ¾�g 5 Ä � � Ôê?² h Ô�� � Ö � Ô ¹ h Ô����� (12.11)� � À fº¾�g » f 5 ¾�g 5 Ä�Ä � Ö ����� t:u �7f t:u �7f 5 t:u � � g Ö g 5 � Ö ��� �(f t:u �6f 5q� (12.12)� � À fº¾�g » f 5 ¾�g 5 Ä�Ä � Ö ��� ��� �(f 5 ��� � � g Ö g 5 � (12.13)��� À fº¾�g » f 5 ¾�g 5 Ä � �ê?² h�� �� ¨ � ¨ � ¹ h Ö �� À � Ö � ¹ h ¨ � Ä Ö ± � Ô��� h Ô�� (12.14)� Àed » fº¾�g » f 5 ¾�g 5 Ä � �h À h Ô Ö ± h � � ¨ � Ô Ä��� (12.15)

(12.16)

Thefunctions
� [ and

���
dependonly on theangulardistancebetweenthemea-

surement point on the Earth’s surface and the samplepoint on the core-mantle
boundary. They areplotted in Figure12.1.

� [ peaks at �¸�¼½ , showing that a
vertical field measurementat the Earth’s surface best samples the vertical field at
thecoresurface, immediately below themeasurementsite. It alsosamples a con-
siderableareaof thecoresurface,thedatakernel only falling to about half its peak
valueat a distanceof 28ï . ���

showshow horizontal componentssamplethecore
surface. The responseis zerofor �«� ½ , showing that a surface measurementof
the horizontal field doesnot samplethe vertical field immediately below it. The
datakernel increasesto a maximumat a distance of 23ï . The anglebetweenthe
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Fig. 12.1. Datakernelsfor the continuousinverseproblem of finding the radial compo-
nent of magneticfield on thecoresurfacefrom a measurementof radialcomponent ( ���� 
andhorizontalcomponent ( � ò ) at theEarth’ssurfaceasa function of angular distancebe-
tweenthetwo points.Notethatradialcomponentmeasurementssamplebestimmediately
beneaththesite,but horizontalcomponentssamplebestsome23 ú away.

vertical on the coresurfaceandthe horizontal on the Earth’s surfaceis � ½ ï Ö � ;
the kernel initially increaseswith � because this angle decreases,introducing a
component of corefield in themeasureddirection. It ultimatelydecreasesbecause
of thegreater distancebetweenthecorefield andmeasurement point. This means
horizontalcomponentssamplethecorefield aconsiderable (angular)distancefrom
themeasurementsite: a simplemapof observation points is therefore not a good
indicator of geographical coverage. Theremaining contributions to

� � and
� � in

(12.12)and (12.13) contain the variation with azimutharound the measurement
site:

� � is moresensitive to corefields to the eastandwest;
� � to the north and

south.

The continuousformulation hasnever been implemented; everyone haspre-
ferred the relative simplicity of working from the spherical harmonic expansion
(12.3). The following inversionis from Bloxhamet al. (1989), which follows the
general procedureoutlined in Chapter 7. Wetruncate(12.3)atsomehigh level, re-
taining many coefficientsbeyond thosethatcould estimated accurately. We apply
a prior constraint on themagnetic field on thecoresurface.

Minimising theintegral of thesquareof themagnetic field on thecoresurfaceis
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onechoice:� � Ô[ Ú ; �a¡ Ì j ? k À � ¨ � Ä l h � n Ô j Àwv kj Ô ¨ Z k j Ô Ä �_f Ô Ü Þo¢ Ü (12.17)

where ¡ is a knownconstant andthe weight matrix W is diagonal. Consider the
diagonal elements of W. As

�
increasesthe elementincreasesby a factor

À � ¨± Ä ¹ À � ¨ � Ä times
À h ¹ � Ä Ô � � � �Pê ± . The elements of the damping matrix increase

as
�
increases,sotheshorter wavelengthsaredamped moreheavily thanthelonger

wavelengths. This is exactly what we want in orderto producea regular solution
to the inversion becausethe short wavelengths are lesswell constrainedby the
data than the long wavelengths. When

�
is large, above 10 say, the first factorÀ � ¨ ± Ä ¹ À � ¨ � Ä approaches unity but the downward continuation factor

À h ¹ � Ä Ô
remainsthesamewhatever thevalueof

�
. Applying thenormat the coresurface,

ratherthanat theEarth’ssurface,providesby far thestrongestpartof thedamping.
Theelectrical heating is a betterphysical constraint thanthesurface energy be-

causewe know its upper limit from estimatesof theheatpassing acrossthe core-
mantleboundary. It is also a stronger constraint becauseit involves the square
of the electric current andtherefore the curl of the magnetic field. It is not pos-
sible to compute the electrical heating from thegeomagnetic coefficientsbecause
we cannot continue the solution (12.3) inside the core. Gubbins(1975) derived
aninequality for theelectrical heating in termsof thegeomagneticcoefficientsby
choosing anoptimal form for themagnetic field within thecorethatminimisedthe
electricalheating,but theinequality is sofar from any likely equality thattheresult
is not useful. Instead,mostauthorshaveusedratherarbitrary damping whereW is
takento bediagonal with elements

� � À h ¹ � Ä Ô j where Q takes valuesfrom 1–6. The
dampingonly hasa significant effect on thesolution when

�
is large,sothe

À � ¨ � Ä
canbereplacedby

�
in (12.15). At high valuesof

�
thedatahave no effect on the

solution andeverything depends on the choice of damping. This allowed Blox-
hamet al. (1989) to calculatedtheeffectsof raising thetruncation of thespherical
harmonic series to arbitrarily high levels: errors introducedby thetruncationwere
thereby eliminatedto give the samesolution as a continuous inversionwith the
sameprior assumptions. In practice they found the asymptotic limit wasreached
by truncatingat degree20.

Core-surfacedampingproducesasmoothfield model, freeof any ringing effects
associatedwith premature truncation of thesphericalharmonic series. It provides
powerful prior information for a Bayesianinversion, andshould give very reliable
errorestimates for theEarth’s surfacefield. Hopefully future IGRFswill bebased
on core-smoothing inversions.

Thesameremarksdonotapply to mapsof themagnetic field at thecoresurface.
Downwardcontinuation to the coreamplifiesthe geomagnetic coefficients by the
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factor
À h ¹ � Ä j andthe errors areamplifiedby the sameamount.The errors on the

coresurfacearethereforecontrolled only by theadditionalassumptionsin theprior
modelcovariancematrix, the rather arbitrary factor

� �
andthe dampingconstantf Ô . Quoting errorsfor field modelson the core surface is controversial Backus

(1988).

12.5 The Data

The historical dataset is very inhomogeneous becauseof its long, 400-year time
span.Different instrumentshave beendevelopedduring the periodandmagnetic
surveying hastaken placein spurts which have caused dramatic changesin the
geographical coverage over time. Early datasets are dominatedby declination,
with only a handful of inclination measurements available for the 17ÏÙÑ century.
Feuillée’s voyages,starting in 1714, werethefirst to provide anything like global
coverage of inclination. Theseearly voyagessuffered from poor navigation; un-
certainty in longitudeon seavoyageswasa majorcontributor to erroruntil Cook’s
expeditionsstarting in 1775. Errorsin position produceuncertainties in theequa-
tionsof condition matrix A. We have not dealt with this typeof error in this book;
thereader is referredto Jacksonet al. (2000) for a recent discussionin thecontext
of this problem.Intensity databecamewidely availablefrom 1840. Theearly 20ÏÙÑ
century saw the start of detailed land surveys (prompted by mineral exploration)
andtheestablishmentof permanent magnetic observatoriescapableof monitoring
thesecular variation. Laterdatasets becamedominatedby total intensity because
of theconvenienceof theprotonmagnetometer.Thiscontinuesinto thesatellite era
becauseof theeaseof measuring total intensity comparedwith vector components,
whichrequiresstarcamerasto determineorientation. Wearenow in aperiod when
many ground-basedobservatoriesareclosing but several new satellite missionsare
starting. Somehistorical landmarks arelisted in Table12.5anddatadistributions
areplottedin Figure12.5.

In all but the earliest measurementsdataerrorstendto be dominated by signal
from magnetised rocks in the crust. This contributesan average of 200–300 nT
anda maximum,over seamounts andvolcanic terrain, of over 1000nT. In terms
of direction theseerrorstranslateto 0.1–3ï over distancesof severalhundredkilo-
metres. Directions mustbe weighted to convert themto an intensity in order to
provideauniform dataset for inversion (this could equally beconsidered aspartof
thedatacovariancematrix

Á R ). z mustbeweightedwith } becausetheaccuracy
of a directional measurementis determined by the force acting on the compass
needle, which is proportional to } (notethat declination is not determined at all
at the geomagnetic poles, where } �9½ ). Similarly, ! mustbe weighted with |
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Fig. 12.2. Datadistributionplots.Fromthetop: epoch 1966, dominatedby total intensity
from thePOGOsatellite.Epoch 1842. Epoch1777.5, thetime of Cook’s voyages.Epoch
1715, containing Halley’s voyagesandFeuilliée’smeasurementsof inclination.
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2000 Oerstedsatelliteheralds decadeof magnetic observation
1980 Magsat—firstvectormeasurementsby satellite
1960 POGOandotherscalarmeasurementsby satellite
1955 Protonmagnetometermakesmagnetic surveys easy, particularly at sea
1926 ResearchvesselCarnegieburns in Apia harbourcausinggapin marinesurveys
1880 Challengerexpedition providesglobal coverage
1840 Royal Navy survey of southern oceans,Rossexpedition to Antarctica
1830 Gaussdevelopsmethodof measuring absolute intensity
1775 Cook’svoyages,navigation muchimproved
1700 Halley’scruisesof theAtlantic in theParamour
1601 William GilbertpublishesDeMagnete
1586 RobertNormaninventstheinclinometer

Table12.1. Somekey historical dates in thedevelopmentof magnetic surveying

becausetheaccuracy of a measurementof ! is determinedby theforceexertedon
aninclinometerneedle, which is proportional to | .

Intensities themselvesweregiven a nominal error of 300 nT for | and200 nT
for all single componentsincluding weighteddirections Bloxham et al. (1989) in
order to account for the crustal “noise” aswell as instrumental error. This gives
a diagonal covariancematrix; the valuescan be justified to someextent by the
final fit of the modelsto the weighted data,which are quite close to 1. These
errorsapply only at ground level. At satellite altitude the crustal signal is much
smallerbecauseits small length scaleis attenuatedstrongly with height. A smaller
errorneedsto beapplied; 10 nT is typical for Magsataltitude. External magnetic
fieldsareanothersource of error. Ground-based measurementscanbeassumedto
havebeenmadeatmagnetically quiet times,but satellitesfly throughpolar regions
wherechargedparticles flow along magnetic field lines and create field-aligned
currents. Thesedisturb thehorizontalcomponentsof magnetic field morethanthe
vertical components. Only vertical componentdatafrom Magsatwereusedabove
50ï magneticlatitude.

Permanent magnetic observatories monitor the time variation of the magnetic
field over decadesandit is possible to remove the crustal signal in the form of a
station correction. Thenominalaccuracy of absolute measurementsmadeat these
observatories is 5 nT, but this is very difficult to achieve in practice. Contributions
from atmosphericdisturbancesarehardto eliminate completely, andmaintaining
the standard over decadesis virtually impossible because of changesin instru-
mentation andstaff. Many “permanent” observatorieshave beenforced to change
locationbecauseof encroachingurban development.Effortsareoftenmadeto link
themeasurementsat thenew site to thoseat the old site but thesearerarely fully
satisfactory. Errorscanbeestimatedby plotting thedataasa function of time and
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model median data data D H I X Y Z F
year year total rejected

at ôU£
1980.0 1980.0 4178 0 0 0 0 1262 1262 1654 0

1966.0 1966.0 11040 21 424 392 117 146 146 460 9334

1955.5 1957.4 30732 319 9335 4168 6754 136 135 2963 6922

1945.5 1945.5 16208 367 7079 4290 3135 86 86 1084 81

1935.5 1936.1 16700 506 8154 4089 2477 96 96 1282 0

1925.5 1924.4 23210 554 10711 6028 5567 62 62 225 0

1915.5 1914.8 24865 393 9812 7489 7040 51 51 56 0

1905.5 1905.4 20203 267 7639 6029 6106 47 47 47 0

1882.5 1880.0 10573 534 5214 1529 2601 39 39 37 585

1842.5 1844.2 12398 380 4335 0 4615 0 0 0 3068

1777.5 1776.9 6115 288 4551 0 1276 0 0 0 0

1715.0 1715.7 2636 81 2508 0 128 0 0 0 0

Table12.2. Detailsof thedatacontributing to each model.Themodelyearis the
epoch to which all datawere reduced(except thetwo oldest models,for which no
secular variation estimates were available). Themedianyearis theaverage date

of all thecontributing survey data(excluding theobservatory data). The
remaining columnsgivethenumberof measurements by component; the

differencesin their distribution between epochsis duemainlyto theavailability of
differentinstrumentsdownthroughtheages.

estimating thescatter from astraight line or smoothcurve. An examplewasshown
in Figure6.3.

Bloxhamet al. (1989) binnedthedatainto decadeintervalsfor the20ÏÒÑ century
and into larger time bins for earlier centuries. The numberand type of dataare
shown in Table 12.2 and somedatadistribution mapsare given in Figure 12.5.
Outlierswereremovedprogressively from theinversions by simple datarejection;
numbersof datarejectedat the3 standarddeviation level in thefinal iteration are
listedin thetable.
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Fig. 12.3. Trade-off curvefor a geomagneticfield model for epoch 1980basedonMagsat
data.

12.6 Solutionsalong the Trade-off Curve

Thegeneral form of thedamping is specifiedby thematrixW; theprecisedamping
requireschoiceof theconstant f�¸ . Four rationalesweregiven in Chapter7: (a) to
fit the data(misfit to the weighted dataequalto one), (b) to producea uniform
model(norm equal to someprescribed value, (c) to incorporate prior information
in a Bayesian inversion (the right ohmic heating for example) and(d) finding the
“knee” of thetrade-off curve.

In practicewecomputeaseriesof modelsandconstruct a trade-off curve. From
thiswecanreadoff thevalueof thedamping constantfor unit misfit, agivennorm,
or theknee.Theserieswastruncatedat spherical harmonic degree20,giving 440
parameters to be determined. Table12.3 gives numerical details of eachmodel.
Thetrade-off curve for epoch 1980 is shown in Figure12.3.Thescalesarelog-lin
andthe norm is in arbitrary units. The solutionscorresponding to four points on
thetrade-off curve areshown in Figure12.4.
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model damping norm misfit resolution
year constant ¹vð ÷Tº¼»¹5ðË÷�½6ºe¾

1980.0 1000 136 1.09 150

1966.0 2000 130 1.29 144

1955.5 200 132 0.87 137

1945.5 75 126 0.87 119

1935.5 150 124 0.97 112

1925.5 200 124 0.94 118

1915.5 330 131 0.89 125

1905.5 130 129 0.94 124

1882.5 90 132 1.03 115

1842.5 130 132 0.92 102

1777.5 170 88¿ 1.09 83

1715.0 400 47¿ 1.03 54

Table12.3. Modelparameters. Themodels1905.5–55.5were derivedfromdata
which were weighteddifferently fromtheother modelsandthemisfitsmaybe

adjustedupwardsaccordingly.

The knee lies nearplot 3 with a misfit of nearly 2. The misfit never reaches
unity, evenfor very weakdamping. This suggestswe have underestimatedtheer-
rors or, morelikely, the errorsarenot normally distributed. Jackson et al. (2000)
have shownthesedatato have a double-exponential, l rather thana Gaussian,dis-
tribution (Figure 6.6). A 1-norm solution might therefore alleviate this problem.

Thesolutionsshownin Figure12.4show theeffectof increaseddamping. Plot1
is very complicatedandis dominatedby smallscalefeatures,althoughtheoverall
dipole structure is still clear from the preponderanceof flux of different signs in
thetwo hemispheres.Plots2 and3 arenearthekneeof the trade-off curve. They
have similar featuresbut thosein Plot 2 aredeeper. Plot 4 is muchsmoother and
contains far fewer features. Thesedifferencesonly show up whenthemodels are
plotted ator nearthecoresurface:at theEarth’ssurfaceit wouldbehardto tell the
difference.

We must now ask two rather different questions: which of thesefeatures are
resolved by the data,andare they representative of the geomagnetic field at the
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Fig. 12.4. Solutions for epoch1980for 4 values of thedamping constant markedon the
trade-off curve in Figure12.3. / � is plottedat the coreradius. They show the effect of
smoothingasthedamping is increased.

core? The first question is the easier to answer. We have decade-long databins
and the geomagnetic field does not changemuch in a decade. Somefeatures in
the field have persisted for centuries. The small BLUE patchnearEasterIsland
in thesoutheastPacific in plot 2 appearsin mostepochs,even in the18ÀwÁ century.
Persistenceof modelfeaturesthroughouta rangeof datasetsis goodevidencethe
feature representssomething real. The second question is muchmoredifficult to
answer. The geomagnetic field could look more like plot 1; the only control we
have is the choiceof dampingconstant, which is ultimately basedon our prior
belief aboutthe geomagnetic field. If we wereto construct a geodynamomodel
with this surfacefield would it have reasonableohmic heating? Is the magnetic
field in Plot 4 too simpleto begeneratedby dynamo action? Thesearethesortof
physical questionswe should now beasking.

12.7 Covariance, Resolution, and Averaging Functions

The covariancematrix applies to the geomagneticcoefficients. A point estimate
on the Earth’s surface(or on the coresurface) is a linear combination of the ge-
omagnetic coefficients, so its variance may be reconstructed using the quadratic
form (6.53). Suppose, for example,we wish to estimate the varianceof a model
estimateof thevertical componentat a point Â f¼Ã�Ä�gÅÃ on theEarth’s surface.Equa-
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tion (12.4)givestheestimate in termsof thegeomagneticcoefficients.Thishasthe
form Æ�ÇGÈ thatappearsin (6.52), whereelements of thearray Æ areÂ �7É_Ê�Ë r kj Â t:u �sf Ã Ë Â t:u �CÄ���� � Ë � g Ã
Thevarianceis then ÆÌÇÎÍGÆ . Variancescomputedat theEarth’s surface reflectthe
proximity andaccuracy of theoriginal measurementsbecausethemodelis essen-
tially an intelligent interpolation of the original data. It is “intelligent” becauseit
builds in thephysical constraintsof apotential field originating at thecoresurface.
Varianceestimatesat the coresurface areobtained in the sameway, but array Æ
mustincludethedownwardcontinuation factor Â hÌÏ � Ë jqp ¸ .

Figure12.7givescontoursof standarderror(square root of variance)at thecore
surface for threedifferent epochs calculated in this way. In 1715.0 thelarge errors
nearthepoles,particularly in thesouthernhemisphere,arisefrom paucity of data.
Epoch1915.5 hadparticularly good data coverage thanks to landsurveys andthe
research vesselCarnegie. The 1945.5 mapshows the effect of the second world
waron marinesurveying, with hugeerrorsarising from lack of datain thePacific.

The resolution matrices alsoapply to the geomagnetic coefficientsand tell an
interesting story. They areplotted for threedifferent epochs in Figure12.7. For
perfect resolution these matriceswould be diagonal. For the most recent epoch,
1966.0, this partof thematrix is quitecloseto diagonal andtheresolution is good
out to spherical harmonicdegree8 or more. Only the top left handcorner, out to
degree10, hasbeen plotted. Note that the resolution matrix is not symmetrical.
Resolution is alsogoodto degree 8 for epoch1842.5, surprisingly so for suchan
old dataset, although resolution detioratesmore rapidly in the degree9 and 10
coefficients thanfor the1966.0dataset. Theoldestmodel,epoch 1715.0,beginsto
deteriorateat degree 5 andcoefficientsabove degree8 arevirtually unresolved.

Table12.3contains a column for resolution. This is the traceof the resolution
matrix, the sumof its diagonal elements. For perfect resolution this would equal
the numberof coefficients,or ÐÑÂeÐ ÉiÒ�Ë

where Ð is the maximumspherical har-
monic degree. The traceof R is a measureof the number of degreesof freedom
in themodel,or roughly thenumberof resolvedparameters. For epoch 1715.0the
resolution is 47, corresponding to resolving parameters to spherical harmonicde-
gree5 or 6. Resolution for theremaining modelsis remarkably uniform, showing
theexcellent geographical coverage of thesedatasets(but it sayslittle about their
accuracy). Resolution for epoch 1842.5 is 132, corresponding to harmonicsup to
degree10 or 11, andfor 1966.0 it is 144,aboutdegree 11. Thesenumbers arein
agreement with plots of the resolution matrices in Figure12.7,althoughtheplots
give a muchclearer ideaof whereresolution fails thana single number can.

The ramping evident in the diagonal elements of the last two plots showsthat
coefficients with low � arelesswell resolvedthanthosewith high � at thesame
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. This is becausethe datasetsin theseearly timesaredominated by declination,

which samples high � coefficients. Equation (12.9)shows why this is so. For a
near-axial dipole field suchas that of the Earthwe have ÓÕÔ×Ö and ��z nearly
proportional to ��Ó , thechangein theeasterly componentor the g -derivativeof the
potential. Equation (12.3)shows thatdifferentiating with respectto g bringsdown
an � , making thepartial derivative largest for large � .

The diagonal elementsin the 1966.0 resolution matrix rampthe other way for
degrees9 and10: they arelargestfor �ÙØ Ö anddecreasewith increasing � . This
dataset is dominated by satellite measurementsof total (scalar) intensity | . The
rampingreflectsthe “Backus effect” of the non-uniquenessleft by | -dataalone;
thenull space is describedby spherical harmonic seriesdominatedby coefficients
with

� Øi� .
Onerow of theresolution matrix givestheaveragingfunction. Theestimate of

any onecoefficient is a linear combinationof all the coefficients,andthe averag-
ing function gives the weights applied to each. It is instructive to transform this
averaging function into thespace domain. Theestimate of � [ at point Â f�Ã�Ä�gÅÃ Ë

is
relatedto thetruemodelbyÚ� [ Â fCÃ�Ä�gÅÃ Ë Ø ��Û Â f�Ã�Ä�gÅÃ�Ü�fÝÄ�g Ë � [ Â fÝÄ�g ËLÞ ; (12.18)

whereÛ is theaveraging functionandtheintegral is taken overaspherical surface.
Note that Û depends on two positions on the sphere. The radial field is a linear
combination of themodelparametersandtheestimated modelis relatedto thetrue
modelvia theresolution matrix asin (7.28). It foll ows thatÚ� [ Â f Ã Ä�g Ã Ë Ø Æ Ç È Ø Æ Çàß È�á (12.19)

Orthogonality of the spherical harmonics gives Èâá asan integral of � [ Â f Ã Ä�g Ã Ë
.

For example, thecomponent
v kj

of È á isv kj ØWã �6ÉiÊäTå Â Ò��7ÉiÊ�Ë � � [ Â fÝÄ�g Ë r kj Â t:u �7f Ë t:u � � g Þ ; Ø ��æ Â f6Ä�g Ë � [ Â fÝÄ�g ËLÞ ;
(12.20)

wherearray æ containstheintegrandapartfrom � [ . Substituting (12.20)for eachof
thecomponentsof È á in (12.19) leavesanintegralof theform (12.18); comparing
thetwo givestheaveragingfunction assimplyÛ Â f�Ã�Ä�gsÃ�Ü�f6Ä�g Ë Ø Æ Ç Â f�Ã�Ä�gÅÃ Ë ßÅæ Â fÝÄ�g Ë

(12.21)

If we wish the averaging function to apply betweenfields on the core surface,
rather than the Earth’s surface, the arrays Æ and æ must contain the downward
continuation factors Â hÝÏ � Ë j

. Further details arein Bloxham et al. (1989).
Averaging functionsareplotted in Figure12.7for three models for estimatesat
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two different locationson thecoresurface.Thepoint beneathEurope(50ç N,0ç E)
is well sampled atall times.Thereis only aslightbroadeningof thecentral peakin
earlytimes.Theotherpoint haspoordatacoverage in earlytimes.This is reflected
by the very diffuseaveraging function in epoch1715.0, although the otherearly
model hasexcellent resolution becauseof the surveying activity in the southern
oceanandAntarctica at this time.

12.8 Finding Fluid Motion in the Core

Slow changesin the geomagnetic field arecalled the secular variation. They are
causedby motion of liquid iron at the top of the core, andsecular variation may
be usedto estimatesomepropertiesof the fluid flow. This is an inverseprob-
lem. Progressis only madeby neglecting the effectsof electrical resistance,the
argument beingthat the observed geomagneticchangesarerapid compared with
thetime taken for resistive effects to changethemagnetic field. Alfv en’s theorem
statesthat magnetic field lines arefrozen into a perfectelectrical conductor: they
never move through theconductorbut move with it. They could therefore beused
to tracethe flow if only we could label eachfield line. Unique labelling is im-
possible andasa result the inverseproblem hasa large null space. For example,
considerauniform magnetic field andauniform translationof thefluid. Thereis no
change in magnetic field becauseit remainsuniform to the observer; the uniform
translationtherefore formspartof thenull space.

We deal only with the radial component of magnetic field at the core surface
becausehorizontalcomponentscanbeaffectedby boundarylayersandmaythere-
fore not be representative of the magnetic field in themain body of fluid nearthe
top of the core. Contoursof zero � [ play a special role in this inverseproblem
because they separate regions of inward-directed flux from regions of outward-
directed flux. Thesecurvesmustbe material lines, i.e. they remainfixed to the
fluid andcanbeusedastracers. This meanswe candeterminetheflow normalto
thecontourswhere � [ Ø Ö but not thecomponentparallel to it, asthis component
doesnot move theline. Another partof thenull spaceis thereforeflow parallel to
curvesof � [ Ø Ö . The total integratedflux through oneof these curvesmustre-
mainconstantbecausefield linescannot cross thebounding curve. Theseintegrals
definesomeaverage properties of theflow andprovide consistency conditions the
datamustsatisfyfor resistanceto beneglected. Backus(1968) madeanextensive
study of the inverseproblem andderived the conditions necessary for existence
of solutions,definedthe null space, andshowed that thenecessaryconditions are
sufficient to determine solutionsfor thecoreflow.

Backus’ results of non-uniquenessdiscouragedfurther work on theproblem for
20 years. New efforts began following the great improvementin datacoverage
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providedby theMagsatsatellite in 1980, with further constraintsbeing placedon
the flow. Theseincluded arbitrary damping, steadyflow, geostrophic flow (i.e.
dynamics dominatedby rotation),andstratified flow (no radialmotionanywhere).
Herewediscussonly stratifiedflow becauseit providesa rathersimpleillustration
of this particular inverseproblem.

The radial component of flow is always zero at the core surface because the
liquid cannot penetratethe solid mantle. Upwelling from deeper down manifests
itself by anapparentsourceof fluid at thesurface,with flow directedradially away
from the centreof upwelling. If the fluid is incompressible andthereis no flow
from deeper down, the horizontal divergence of the flow on the surface is zero.
Thedivergenceof anincompressible flow è is zero. In cartesian coordinateswith� downward,thedivergence is^W` è Øêé 
 3ésë É é 
 Aésì É é 
 $é �KØ Ö (12.22)

At thesurfacewehave 
 $ Ø Ö andif thereis novertical flow furtherdown wehave
also é 
 $ Ï é � Ø Ö . Equation (12.22) thenshows that thehorizontaldivergencewill
bezerofor stratified flow^ Á ` è Øêé 
 3é7ë É é 
 Aésì ØWãPé 
 $é � Ø Ö (12.23)

Similar results apply in spherical coordinateswith
d

replacing � ; theequationsare
a little morecomplicated.

The induction equationgivestherateof changeof themagnetic field with time
in termsof inductiveandresistiveeffects. For toroidal flow andno resistiveeffects
theradial componentof theinduction equation reducestoé � [é7í Ø è `C^ Á � [ (12.24)

Thesecular variation on the left handsideformsthedatafor our inverseproblem
andthevelocity è on theright hand sideforms themodel. Thepartial derivatives
depend ongradientsof � [ . It is clearfrom thisequation that thenull spaceconsists
of flows perpendicular to ^ Á � [ , or parallel to contoursof � [ . Denoting theflow
normalto contoursof � [ by 
Cî , thesolution of (12.24) is simply
 î Ø Êï ^ Á � [ ï é � [é6í (12.25)

Thereis aproblemnearthestationarypointsof � [ wherê Á � [ Ø Ö ; thisprovides
a consistency condition on thedatathat é � [ Ï é6í Ø Ö at thesepoints.

Theinverseproblem canbereformulatedby integrating (12.24) overthesurfaces
bounded by contours of � [ . The divergencetheorem appliesin 2 dimensions on
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thesurfaceof a sphere,so 
 < ^ Á ` è Þ ; Ø � è ÞTð
(12.26)

where; is any patchof thecoresurface,theline integral is takenaroundits bound-
ary, andsubscript Q denotesthe componentalongits normal. Integrating(12.24)
over a patch boundedby a curve � [ Ø constant gives
 < é � [é7í Þ ; Ø � [ � 
 î Þ��

(12.27)

We could, therefore,usetheintegralson theleft handsideasour data. This might
bepreferableasit is easierto make estimatesof integralsof secular variation over
patches rather thanat single points.

Interestingly, the integral form (12.27) yields an inverseproblem that is very
similar to seismictomography becausethe right handside containsline integrals
of themodel.In this casethe“rays”, thecontoursover which theline integralsare
taken, arecontoursof � [ ; they arethereforeclosedandnever intersect.Thelarge
null space of the coremotion problem could therefore be viewed asarising from
thelackof any intersecting“ray paths”. Finally, note from (12.27) thatwhen � [ ØÖ thereis a consistency condition on the data: integrals of the secular variation
around contours of zero radial magnetic field must vanish. Toroidal flows were
first investigatedby Whaler(1980).

In practice, theinverseproblem for coremotions hasnearly alwaysbeensolved
by discretising all variableson thecoresurfaceusing sphericalharmonicsto leave
a standard linear discrete inverseproblem. Stratifiedflow may be representedby
a single scalar streamfunction ñ : è Ø ^ Oòñ Úó , where

Úó is a unit radial vector.
Thespherical harmonic series for � [ andits time derivative have themselvesbeen
derived from inverseproblems and will have model covariances, but these have
beenseldom used for core motion problems. Secular variation is estimated by
differencing field modelsfrom different epochs,or inverting permanentmagnetic
observatorydatadirectly, andwill havemuchlarger relativeerrorsthan � [ or even
thegradientsof � [ thatentertheequationsof condition matrix. Errorsin ^ � [ are
ignored in core motioninversions.

Truncation of the spherical harmonic series presents an interesting problem.
Supposewe truncate è at degree ô(õ and � [ at ô�ö . Theproduct on theright hand
sideof (12.24) producesharmonicsup to degree ô õ É ô�ö , whichmeansweshould
truncatethesecular variation seriesat this level. Secularvariationis poorly known,
andwe cannot hopeto determinethesphericalharmonic coefficients to degree ô7ö
with any accuracy, let alone higher coefficients. Thereis alsothe inherent incon-
sistency of having high degreecoefficientschangewith time yet not bepartof the
magneticfield model.Thecorrect solution is to keepthetruncation of è and � [ at
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thevalue requiredby theprior informationof theproblemandsethigh harmonics
of secular variation datato zerowith appropriate error estimates. This prohibits
unrealistic solutions for è that generatehugesecular variation in very high har-
monics,whichcanariseif thesehigh secularvariationharmonicsareomitted from
the inversion. Realistic error estimatesallow solutions for è that fit the known
harmonicswithout being overly constrainedto forcethehigher harmonics to zero.

A standarddampedleastsquaressolution to the inverseproblem (12.24) pro-
videsa morestableanduniform estimate of the velocity than the simpledivision
in (12.25), but dampingproducessomeundesirableeffectsassociatedwith thenull
space.Thisexampleillustratesratherdramatically theproblemsthatarisewhenap-
plying standarddamping techniques to aninverseproblem with a large null space.
Solving (12.24) by leastsquareswith little or no damping givesa solution that is
completely dominatedby the null space,andwill result in large amplitude flows
that areeverywhereparallel to contours of � [ . Dampingprogressively removes
components of the null spaceandleavesonly that part of the modelrequired for
fitting the data. This will eventually leave us with 
 î : severe damping produces
flows normal to the contours of � [ , or asnearto normalasis allowed by the ge-
ometryof the contours. This flow is everywhereperpendicular to the oneat zero
damping! Arbitrary dampingis nosolution to evaluatingtheimportanceof models
in thenull space; thecorrect solution is to find moredata,or moreprior information
from thephysics of theproblem.

Another interestingeffectof dampingarises from secular variation in thePacific
region. Themagnetic field hasbeenremarkably constant within the Pacific basin
throughoutthehistorical period. Goodcoremotioninversionshavelittle flow in the
Pacific becauselittl e flow is neededthere. Excessively damped solutions“spread”
themodelinto thePacific,putting flow wherenosecular variation exists.This runs
contrary to our expectation of the effects of damping: that a minimum norm so-
lution only introducesfeaturesinto themodelthatareneededto explain thedata.
This is anotherundesirable effect of a largenull space. Thespecial caseof toroidal
flows is givenhereto simplify themathematics.Thefull problem is no moredif-
ficult to understand, andcontainsevenmoresevere uniqueness problemsbecause
theallowed flows have theextra degree of freedom of radial motion. Inversion is
usedin coremotion studiesasa mappingtool: thereareno pretensions at error
estimateson theflows; its value lies in guiding our ideason coredynamicsrather
thanin giving a precise magnitudeanddirection at a particular point on the core
surface.
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Fig.12.5. Contour mapsof theerrorsin theestimatedradial fieldatthecore-mantlebound-
ary for (a) 1715.0; (b) 1915.5; and(c) 1945.5. Thecontour interval is 5 ÷Ýø andtheunits
are10 ÷ T; theprojectionis PlateCarŕe.
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Fig. 12.6. Resolutionmatricesfor threeepochs with quite different datasets.(a) epoch
1980 (b) 1966 (c) 1715.
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Fig. 12.7. Averaging functionsfor the samethreemodelsasFigure12.7andtwo points
on thecoremantleboundary. Goodresolution is reflectedin a sharppeakcentredon the
chosensite.Resolutionis verypoorin thesouthPacific for epoch 1715.0.



Appendix1

FourierSeries

A1.1 Definitions

A periodic function of time, í , obeys theequationh Â í É � Ë Ø h Â í Ë (1.1)

where
�

is theperiod and ù Ø Ò å�
is the angular frequency. Any periodic function canbe represented asa Fourier
series h Â í Ë Ø ÊÒ h�Ã Éûúüî�ýXþ Â � î t:u � Q ù í É � î ���x� Q ù í Ë (1.2)

wherethe ÿ ��î Ü � î�� arethe Fourier coefficients. h Â í Ë canhave discontinuities but
mustsatisfy thecondition 
 ÇÃ ï h Â í Ë ï Þ í ��� (1.3)

Thecosineandsinefunctionsareorthogonal, meaning
 ÇÃ t:u � Q ù í t:u � � ù í Þ í Ø ÊÒ � � î k (1.4)
 ÇÃ ���x� Q ù í ���x� � ù í Þ í Ø ÊÒ � � î k (1.5)
 ÇÃ ���x� Q ù í t:u � � ù í Þ í Ø Ö (1.6)

where � î k is the Kronecker delta. They are also orthogonal to the function
þ¸

[prove it]. Any reasonablefunction (i.e. onesatisfying (1.3)) canbeexpandedin
thesetof functions ÿ þ¸ Ü t:u � Q ù í Ü���� � Q ù í � —thesetis saidto becomplete.

To find thecoefficientsfor any h Â í Ë from equations(1.4)–(1.6) do thefollowing:

228
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(i) Multiply by thecorresponding function.
(ii) Integrateover thewholerange ÂeÖ Ä � Ë

(iii ) Usetheorthogonality relations(1.4)–(1.6) to show thatall integralsvanish
except theonecontaining thechosenfunction coefficientcorresponding to
therelevantfunction

(iv) Rearrangetheequationto give thecoefficient explicitly

Thus h�Ã Ø Ò� 
 ÇÃ h Â í ËLÞ í (1.7)� î Ø Ò� 
 ÇÃ h Â í Ë t:u � Q ù í Þ í Ü Q Ø Ö Ä Ê Ä Ò Ä������ (1.8)� î Ø Ò� 
 ÇÃ h Â í Ë ��� � Q ù í Þ í Ü Q Ø Ê Ä Ò Ä � Ä������ (1.9)

A1.2 Examples

(i) The square wave. This function maybedefined asperiodic with period
�

with h Â í Ë Ø Ê Ö � í � � Ï ÒØWã Ê � Ï Ò � í � �
TheFourierseriesfor h Â í Ë hastheform of (1.2) wherethecoefficients are
givenby (1.8)–(1.9). Substituting for h Â í Ë givesh�Ã Ø Ò� � 
 Ç�� ¸Ã Þ í ã 
 ÇÇ�� ¸ Þ í � Ø Ò� l � Ò ã � Ò n Ø Ö
and � î Ø Ò� 	 
 Ç�� ¸Ã t:u � Ò Q å� í Þ í ã 
 ÇÇ�� ¸ t:u � Ò Q å� í Þ í�
Ø ÊQ å 	
� ��� � Ò Q å� í�� Ç�� ¸Ã ã � ��� � Ò Q å� í�� ÇÇ�� ¸ 
Ø Ö
and � î Ø Ò� 	 
 Ç�� ¸Ã ��� � Ò Q å� í Þ í ã 
 ÇÇ�� ¸ ��� � Ò Q å� í Þ í�
Ø ÊQ å 	�� ã t:u � Ò Q å� í�� Ç�� ¸Ã ã � ã t:u � Ò Q å� í�� ÇÇ�� ¸ 




230 Fourier SeriesØ ÊQ å�Â t:u � Q å ÉiÊàÉiÊ ã t:u � Q å Ë
Ø ÒQ å�� Ê ã Â ã Ê�Ë î��

Theseriescanthenbewritten ash Â í Ë Ø äå � ��� � Ò å í� É Ê� ��� ��� å í� É Ê� ���x� Ê Ö å í� É ����� �
The cosine andconstant termsvanish: this alwayshappens for odd func-
tions, thosewith h Â í Ë Ø ã h Â ã í Ë ; the sine termsalways vanishfor even
functions, which have h Â í Ë Ø h Â ã í Ë . The Fourier seriesrepresentsa de-
composition of thesquare wave into its componentharmonics.

(ii) A parabola. It is left as an exerciseto show, using formulae (1.2) and
(1.8)–(1.9) and (8), that the Fourier seriesof the function í ã í ¸ in the
interval Ö � í � Ê

is

í ã í ¸ Ø Ê� ã úüî�ýXþ t:u � Ò Q å íQ ¸ å ¸
[This requiressometediousintegration by parts. It is possible to circumvent
someof the integration by noting the function is symmetrical about the
point í Ø þ¸ , while all thesinefunctionsareantisymmetrical].

(iii ) The sawtooth function, definedby ;"Â í Ë Ø í on the interval Ö � í � Ê
andperiodic repetition: ;"Â í É_Ê�Ë Ø ;"Â í Ë [You needto sketch thefunction
over several periods, say í Ø Ö to 3, to seewhy it is calleda sawtooth.]
TheFourierseriesof ;"Â í Ë hasthe form of (1.2) with

� Ø Ê
. All integrals

containing cosinesvanish. Doing theremaining integralsyields:;(Â í Ë Ø ÊÒ ã úüî�ýXþ ��� � Ò Q å íÒ Q å
A1.3 Complex Fourier Series

Thefunction h Â í Ë mayalsobeexpandedin complex exponentials.h Â í Ë Ø úüî�ý�� ú Û î���� î�� á (1.10)

Theexponentialsareorthogonal:
 ÇÃ � � î�� á � � � k � á Þ í Ø � � î k (1.11)
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Note that orthogonality for complex functions requires one of the functions be
complex conjugated(seeAppendix 5. Multiplying bothsidesof (1.10)by � � � k � á
andintegrating from Ö to

�
givestheformula for thecomplex coefficients Û î :Û î Ø 
 ÇÃ h Â í Ë � � � k � á Þ í (1.12)

The complex Fourier series (1.10) may be shown to be equivalent to the real
form (1.2). UsingDeMoivre’s theorem:�"! � k � Ø t:u � � g É$# ��� � � g
we rearrangethe real Fourier series (1.2) into the complex form by choosing the
coefficients Û î Ø � î ã # � îÒ Q&% ÖØ � î É$# � îÒ Q � Ö (1.13)

Notethat Û �6î Ø Û('î if h Â í Ë is a realfunction.

A1.4 SomeProperties of Fourier Series

(i) Periodicity . TheFourierseriesis periodic with thedefinedperiod; in fact
the Fourier series is not completely specified until the period

�
is given.

The Fourier seriesconverges on the required function only in the given
interval, outsidetheinterval it will bedifferent [seetheparabola(ii) above]
except in thespecial casewhenthefunction itself hasthesameperiod[e.g.
thesquare wave (iii) above].

(ii) Even and odd functions. Sinesareoddfunctions h Â ã í Ë ØWã h Â í Ë ; theDC
term h�Ã andcosinesareeven functions h Â ã í Ë Ø h Â í Ë . Evenfunctionscan
beexpandedin cosinetermsplusaDC shift, oddfunctionscanbeexpanded
in sineterms.

(iii ) Half-per iod series. A function h Â í Ë definedonly on theinterval ÂeÖ Ä � Ë
can

beexpressedin termseithersine or cosineterms.To seethis, considerthe
function extendedto the interval Â ã � Ä � Ë

asanevenfunction by h Â ã í Ë Øh Â í Ë . TheFourierseriesontheinterval Â ã � Ä � Ë
with period

Ò �
will contain

only cosine termsbut will convergeon therequired function in theoriginal
interval ÂeÖ Ä � Ë

. Similarly, extending the function asan odd function withh Â ã í Ë ØWã h Â í Ë will yield a Fourierserieswith only sineterms.
(iv) Least squaresapproximation. Whena Fourierseriesexpansion of a con-

tinuous function h Â í Ë is truncatedafter ô termsit leaves a leastsquares
approximation to the original function: the areaof the squared difference
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between the two functions is minimisedandgoesto zeroas ô increases.
This property follows from orthogonality of sinesandcosines: it is useful
becauseincreasing ô does not change the existing coefficients, andonly
thehigher termsneedbecomputedin orderto improve theapproximation.
If h Â í Ë is expandedin functions that arenot orthogonal, for examplethe
monomials ë î

, thenraising the truncationpoint ô requires all the coeffi-
cients to berecomputed,not just thenew ones. SeeAppendix 5 (ii).

(v) Gibbs’ phenomenon. TheFourierseriesstill convergesin theleastsquares
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Fig. A1.1. Fourier seriesapproximation to a square wave. The Fourier serieshasbeen
truncatedat1,2,4,8,and16,terms.Notetheovershootandcompressionof theoscillations
around thediscontinuity.

sense when h Â í Ë is discontinous,but thetruncatedseries oscillatesnearthe
discontinuity with a constant overshoot of about 19% of the height of the
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discontinuity. As ô increasesthe oscillationsare compressedto a pro-
gressively smallerregion aboutthe discontinuity but the maximumerror
remains thesame.Theconvergenceis saidto benon-uniform becausethe
error dependsnot only on ô but alsoon í . Theseoscillations areknown as
Gibbs’ phenomenon.FigureA1.1 illustrates theeffect for thesquarewave.
.
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TheFourierIntegral Transform

A2.1 The Transform Pair

TheFourier integral transform (FIT) ) Â ù Ë
of a function of time * Â í Ë is definedas) Â ù Ë Ø ÊÒ å,+ ú� ú * Â í Ë � � � � á Þ í (2.1)

Theinverse transform is * Â í Ë Ø + ú� ú ) Â ù Ë ��� � á Þ ù
(2.2)

Substituting (2.2) into theright hand sideof (2.1) anddoing the integral servesto
verify the inverseformula from the definition. Thechoice of factor

Ê Ï Ò å
in (2.1)

is arbitrary, as is the sign of the exponent, but of coursechanging themrequires
changing the inversionformula (2.2). Thefactor

Ê Ï.- Ò å
yieldsa symmetric tran-

form pair, thesamefactor appearingin front of theintegralsin both(2.1)and(2.2).
Theintegral on theright handsideexists (i.e. is finite) provided+ ú� ú ï * Â í Ë ï Þ í �/� (2.3)

Theintegral transformsatisfiesmany of thesamepropertiesastheDFT(page43).) Â ù Ë
is a complex function andtherefore contains amplitudeandphase; ) ÂeÖ Ë

is
the integral of theentiretime function (dividedby

Ò å
) andis therefore a measure

of theaverage; theshift theoremholds: * Â í ã í Ã Ë10 � � � � á32 ) Â ù Ë
; asdoesParse-

val’s andtheconvolution theorem; theFourierIntegral Transform of thederivative*54wÂ í Ë is
# ù ) Â ù Ë

; andthetransform of * Â ã í Ë (time reversal) is ) ' Â ù Ë
. Thereis no

counterpartto aliasing becausethereis no maximumfrequency.

234
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A2.2 Examples

(i) Boxcar . * Â í Ë Ø Ê ï í ï �$6 (2.4)Ø Ö ï í ï�7 6 (2.5)

The FIT is obtainedsimply by evaluating the integral in (2.1) to give the
sincfunction ) Â ù Ë Ø98;:3< ù 6å ù

(2.6)

which is thecontinuous analogueof thesequenceappearingin (3.5).
(ii) The FIT of the Gaussian=ÅÂ í Ë Ø � ��> á@? presents a slightly morechalleng-

ing integral: A Â ù Ë Ø ÊÒ å + ú� ú � ��> á ? � � � � á Þ í (2.7)

which is evaluated by completing thesquarefor theexponent:BDC í É # ùÒ B1E ¸ Ø B$F í ¸ É # ù íB ã ù ¸ä B ¸�G (2.8)

changing variablesto ë Ø - B C í É # ùÒ B E (2.9)

andnoting thestandarddefinateintegral+ ú� ú � ��H ? Þ ë Ø - å
(2.10)

to give A Â ù Ë Ø ÊÒ - å B � �I� ? �KJ > (2.11)

Thisresult wasusedonpage34. TheFIT of aGaussianis anotherGaussian.
TheGaussian function canbeuseful in taperingandfiltering becauseit has
no sidelobes.

(iii ) The exponentialfunction hasthepowerspectrumof a1-pole Butterworth
filter. * Â í Ë Ø � � á í 7 Ö (2.12)Ø Ö í � Ö (2.13)

Integrationof (2.1)gives ) Â ù Ë Ø ÊÒ å Â ÊàÉ$# ù Ë (2.14)
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Thepower spectrum is thenï ) Â ù Ë ï ¸ Ø ÊäTå ¸ ÊÊàÉ ù ¸ (2.15)

A2.3 Properties of the Fourier Integral Transform* Â í Ë 0 ) Â ù ËL�M :ONQP;R MIS�TVUWS X9Y * Â í ã í Ã Ë 0 � � � á32 ) Â ù ËZ S�U :O[]\]P;:O[ S�Y Þ * Ï Þ í 0 ã # ù A Â ù Ë^_T <`[ Tba3c P;: T <�R MIS�TVU;S XdYde ú� ú * Â í 4 Ë =ÅÂ í ã í 4 ËLÞ í 4 0 ) Â ù Ë A Â ù ËLgf�X�X
S P U;fhY ) Â í Ëji S \ a 0 ) Â ã ù Ë Ø ) ' Â ù Ëk \ U 8 S []\ alY e ú� ú ï * Â í Ë ï ¸ Þ í Ø e ú� ú ï ) Â ù Ë ï ¸ Þ ù
A2.4 The Delta Function

Condition (2.3) is very restrictive indeed. It excludessimplefunctionslike * Â í Ë ØÊ
and 8;:3< ù í , for example. This is aseriousdrawbackto useof theFIT in analysing

wavemotionbecauseit cannotcopewith thesimplestof waves,themonochromatic
sinewave.

This deficiency is rectifiedby using theDirac Delta function m�Â í Ë , which plays
thepartof aspikein continoustimeseriesanalysisandreplacesthesingle non-zero
entryin a time sequence.Thedeltafunction is properly defined by two propertiesm�Â í Ë Ø Ö í(nØ Ö (2.16)

and + ú� ú m�Â í Ë * Â í ËLÞ í Ø * ÂeÖ Ë
(2.17)

for all functions * Â í Ë . It follows from (2.17)with * Â í Ë Ø Ê
that+ ú� ú m�Â í ËLÞ í Ø Ê

(2.18)

and from (2.16) that the integral is unity for any time segmentthat includesthe
origin. Intuitively, we can think of the delta function as an infinitesimally thin
spike of infinite amplitude, so high that theareabeneath it remains unity despite
its narrownessbecauseof (2.18).Another useful property follows from (2.17) and
change of variable: + ú� ú m�Â í ã í Ã Ë * Â í ËLÞ í Ø * Â í Ã Ë

(2.19)

This substitution propertyof thedeltafunction makesintegration trivial; thedelta
function is something to bewelcomedrather thanfeared.
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Thenext bold stepis to assumetheFIT equations(2.1)and(2.2)applyto func-
tionsof time thatcontain thedeltafunction. Setting * Â í Ë Ø m�Â í Ë in (2.1)givesÊÒ å,+ ú� ú m�Â í Ë � � � � á Þ í Ø ÊÒ å (2.20)

If Fourier’stheoremapplies,wecanputtheright handsideof (2.20)into theinverse
transform formula(2.2)andwrite+ ú� ú � � � á Þ ù Ø Ò å m�Â í Ë (2.21)

Intuitively this seemsplausible because the result of integrating the oscillatory
function � � � á for all

ù
gives zero, the oscillations cancelling out, except whení Ø Ö , when � � � á Ø Ê

andtheintegral diverges.A similar argumentleads to+ ú� ú � � � � á Þ í Ø Ò å m�Â ù Ë
(2.22)

andby changing thesignof

ù
:+ ú� ú � � � á Þ í Ø Ò å m�Â ã ù Ë Ø Ò å m�Â ù Ë

(2.23)

Adding and subtracting thesetwo equations gives the FIT for monochromatic
waves: + ú� úpo T 8 ù í Þ í Ø å � m�Â ù ËXÉ m�Â ã ù Ë �

(2.24)+ ú� ú 8;:@< ù í Þ í Ø # å � m�Â ù Ë ã m�Â ã ù Ë �
(2.25)

Thedeltafunction thereforeallowsusto representline spectramathematically; the
Fouriertransform of amonochromaticwaveof frequency

ù
is apairof linesat q ù

,
their signsbeing determinedby thephaseof thewave.

Theseequations allow us to take the FIT of a periodic function expanded in
a Fourier series, as in 1 (1.2) or the complex form (1.10). Consider the simpler
complex form. TakingtheFIT of both sidesof 1 (1.2)andusing (2.22)and(2.23)
for thetermson theright handsidegivesÛ Â ù Ë Ø úüî�ý�� ú Û î m C Ò åsr6 E (2.26)

Any periodic functionfails theintegrability test(2.3)becausetheintegral overeach
periodis finite. TheFIT doesnot exist by thestrict definition,but it canbewritten
in termsof delta functions. A combination of delta functionslike the right hand
sideof (2.26) is calleda Dirac comb.

Thedeltafunction is a very powerful formalism for thePhysicist, but it is only
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that, a formalism that extendsFourier theory to include idealisationsof common
waveforms.Unlike thespike of discreteFourieranalysis,thedelta function hasno
definedvalueat í Ø Ö ; notethatthedefinition(2.16)and(2.17) avoidsany mention
of theactual valueof m�ÂeÖ Ë

. Thedeltafunction is renderedharmlessby integration.
It obeys theusual rulesof integration, mostusefully integration by parts.

Consider theeffect of multiplying thederivative of * Â í Ë by a delta function and
integrating. Thesubstitution property (2.17)gives:+ ú� ú m�Â í Ë Þ *Þ í Þ í Ø Þ *Þ í ï á ý Ã (2.27)

Integration by parts yields:� m�Â í Ë * Â í Ë � ú � ú ã + ú� ú Þ mÞ í * Â í ËLÞ í (2.28)

Thefirst termvanishesfrom thefirst property of thedeltafunction (2.16), leavingÞ *Þ í ï á ý Ã ØWã + ú� ú Þ mÞ í * Â í ËLÞ í (2.29)

Thederivative of a delta function picksout (minus) thederivative of therestof the
integrand. Wecanthink of it intuitively asa pair of spikes:thedelta function itself
risessuddenly to infinity then plungesback to zero; its gradient goessuddenly
from zeroto

É � , thento ã � beforereturning to zero.Theeffect of multiplying
anordinary function by suchadouble spike andintegratingis to pick out thevalue
of * Â í Ë just before í Ø Ö and subtract the value of * Â í Ë just after í Ø Ö ; the
normalisationof thedeltafunction (2.17)is justright to leave(minus)thederivative
at í Ø Ö .

A similar processleads to definitions of higher derivatives of the delta func-
tion. Thedelta function itself mayberegardedasa derivative of thestepfunction,
becausetheindefinate integral gives+ á� ú m�Â í 4 ËLÞ í 4 Ø Ö í � ÖØ Ê í 7 ÖØ t Â í Ë (2.30)

anddifferentiation is thereverse of integration:m�Â í Ë Ø Þ tÞ í (2.31)

Onceagain,wecanthink intuitively of thestepfunction t Â í Ë rising abruptly from
zeroto oneat í Ø Ö while its gradientjumpsfrom zeroto infinity andbackto zero,
just like thedeltafunction.
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I was taught delta functions twice, oncein Physicsandoncein Mathematics.
The mathematicians’ method is by far the best: delta functions arenot ordinary
functionsbut, strictly speaking, distributions. They may be integratedusing the
Lebesguedefinitionof theintegral,whichwedonotreally need to understand. The
rulesarefew andsimple:distributionsin isolation do not necessarily take specific
values(so they arenot functions); they yield specific valueswhenmultiplied by
an ordinary function and integrated; they must not be squared or multiplied by
another distribution even under the integral sign (although even this last rule is
broken in Chapter 9, in theuseof theDirichlet condition). An accessibleaccount
of distributionsis givenby ¡.96lig.¿.

ThePhysicists’ treatment of deltafunctionswaslessrigorousandconsiderably
more awkward. Thereare two unsatisfactory devices. The first is to definethe
deltafunction asa boxcar with width u andheight

Ê Ï u , giving it unit area,then
take the limit uwv Ö . It is then possible, with considerable effort, to perform
someintegrals to give results like (2.19)above. The usual Riemanndefinition of
the integral involvesdividing therange of ë into smallelementsm ë , summingthe
areasof therectanglesbeneath theintegrand,andletting m ë v Ö . Theresult gives
thecorrect valueof theintegral if thelimit exists.With theboxcardefinitionof the
deltafunction wehavetwo limits, uxv Ö and m ë v Ö , andwemusttakethesecond
limit first to obtainananswer. This is tantamountto integrating thefunctionbefore
we have definedit! Thesecond fudgeis to completeintegrals involving functions
like � � � á by assuming somedamping to make � � � á v Ö as í v q � . This also
leavessomehorrible integralswhich eventually give thedesiredanswer.

For me, the combination of mathematical rigour with utili ty (not having to do
thosecomplicatedintegrals)is astrong incentive to learnthesimplerulesfor delta
functionsandusethem. ¡.62pap.¿givesmany practical applications of the delta
function,usedin theproper way.



Appendix3

Shannon’sSamplingTheorem

Toprove(3.4),considerthetimesequencey5z|{ Ë with Fouriertransform }~z�� Ë
, where���/���]�b�W��� , suchthat }~z�� Ë �x� � �������]� (3.1)

andtheperiodic function }���z�� Ë
with period �V��� such that}1��z�� Ë �x}�z�� Ë � ��� ��� � �]� (3.2)}1��z�� Ë ��� �]� � � ��� � �V�]� (3.3)

Beingperiodic, wecanrepresent}��_z�� Ë
asa Fourierseriesexpansion:}(�_z�� Ë � ������� � yg�V��� ��� ���� ¡�"¢ (3.4)� ������� � yg�V����£¡��� ����¤�¥

wherewe have usedthedefinition of theNyquist frequency: � � �§¦��]�V¨�{ . Invert-
ing theintegral Fouriertransform,noting from 2 (2.22)that�]©~+ �� � � £¡��� �ª��¤j¥ � � £¡��� �«¥�¬ �­�/mgz|{¯®±°�¨�{ Ë (3.5)

gives y�²Iz|{ Ë � ¦�]© ������� � }1� � m`z|{�®±°�¨�{ Ë (3.6)

Thecoefficients in (3.5)aregivenby theusualFourierseriesintegral:}1� � � ¦�V�]� + �"¢���"¢ }(�³z�� Ë � � £¡��� ����¤j¥�¬ � (3.7)

240
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Comparingthis with theinverse Fourier integral transform:y(z´{ Ë �x�]©�+ �"¢���"¢ }1�³z�� Ë � � £¡��� �ª¥ ¬ � (3.8)

shows that }(� � � ©�]� y1z�°�¨
{ Ë � ©�]� y � (3.9)

Therequired Fourier transform, }�z�� Ë
, is relatedto theperiodic function }I��z�� Ë

through multiplication by aboxcarwindowfrom �µ�§®¶��� to ·¸��� . By theconvo-
lution theoremfor theFIT, thismultiplication is equivalentto convolution of y � z|{ Ë
with theinverseFouriertransform of theboxcar, which is ¹jz´{ Ë �º� 8;:3< z��]©l�W�»{ Ë ��{ :y5z|{ Ë � ¦© + �� � y`�_z|{�®&{ 4 Ë 8;:@< �]©l�I�»{K4z|{ 4 Ë ¬ { 4 (3.10)

Substituting from (3.6)and(3.9)givesy�z|{ Ë � ¦�]©l�]� ������� � y � (3.11)+ �� � m`z|{�®&{ 4 ®p°�¨�{ Ë 8W:3< �]©l�I�1{.4{ 4 ¬ { 4� ������� � y � 8W:3< �]©l���Dz|{�®±°�¨�{ Ë�]©l�]��z|{�®p°�¨�{ Ë (3.12)

For a truncatedsequencethis sumis reducedto therequiredform in (3.4).



Appendix4

LinearAlgebra

A4.1 Square Matric es

(i) The eigenvalue equation for a square matrix A is¼¾½ �x¿ ½ (4.1)¿ is called the eigenvalue and
½

the eigenvector. If À is the orderof the
matrix, thereare À eigenvalues,eachwith its corresponding eigenvector.
The eigenvectors canbe multiplied by any scalar(seeequation (4.1)) and
we usually normalisethemto unit length:½�Á�½ �Â¦ (4.2)

(ii) A symmetric matrix has
¼ Á � ¼

. Symmetricmatriceshaverealeigenval-
uesandtheir eigenvectorsaremutually perpendicular (or maybemadeso
in thecaseof equal eigenvalues). Positivesemi-definitesymmetricmatrices
have realeigenvaluesthatarepositive or zero(all positive = definite; some
zerobut nonenegative = semi-definite).

(iii ) Orthogonal matrices. Thematrix V whosecolumnsarethe eigenvectors
of A is orthogonal Ã Á Ã � Ã¾Ã Á �ÂÄ (4.3)

becausethe eigenvectors makingup the columnsof V areorthogonal. V
representsa rotation or reflection of the coordinate axes, depending on
whether Å S P Ã �Æq�¦ (swapping 2 columnsof the matrix will changethe
sign of the determinant, which thereforeonly determines the ordering of
theeigenvalues.We ignore reflectionsfrom now on).

(iv) Diagonalisation. ThetransformationÃ Á ¼ Ã ��Ç (4.4)

givesa diagonalmatrix Ç with eigenvaluesof A alongthe diagonal. The
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transformation is a rotation of coordinateaxessothatthe(mutually orthog-
onal) eigenvectors becomethenew coordinateaxes.

(v) A quadratic formdratic form is asolidgeometrical surfacewhosemostgen-
eral form is y`È�£¾·É¹ªÊ`£¯·$Ë�Ìb£¾·É�bÍ�È�Ê�·É��=gÈ�Ì(·É�V*ÎÊgÌ���ÏÐ£ (4.5)

which maybewritten in matrix form asÑ Á ¼ Ñ ��Ï £ (4.6)

where ¼ �ÓÒÔÕ y Í =Í ¹ *= * Ë Ö;×Ø (4.7)

Whenrotating to diagonal form we just change axes,the surfaceremains
thesame.Its equationwith respect to thenew axes z´Èª4QÙ;Ê�4|Ù;ÌV4 Ë becomes¿ÎÚªÈ 4 £¾·$¿ £ Ê 4 £¾·$¿�Û�Ì 4 £¶��ÏÐ£ (4.8)

wherethe ¿ ’s are the 3 eigenvalues of A. If all eigenvalues are positive
equation (4.5) describesanellipsoid; if oneeigenvalue is zeroit describes
a cylinder,andif 2 arezeroit describesa pair of planes.

(vi) Variati onal Principle. The quadratic form
½ Á ¼¯½

, where
½

is a unit vec-
tor, is stationary whenA is stationary and

½
is an eigenvector of A. The

proof simply involvesfinding theextremevaluesof thequadraticform sub-
ject to the constraint

½ Á ½ �Ü¦ using the method of Lagrange multipliers
(Appendix 6).

Form thefunction )�z ½ÎË
:)�z ½ÎË � ½ Á ¼¾½ ·É¿�z"¦¶® ½ Á ½ÎË

(4.9)

where ®¶¿ is the Lagrange multiplier. An arbitrary change in
½

, m ½ , pro-
ducesa change m�) in ) , which is zerowhen ) is stationary.m�)�z ½ Ë ��m ½ Á ¼¾½ · ½ Á ¼ m ½ ®D¿�m ½ Á ½ ®ÞÝ|ygßà¹ ¬ y ½ Á m ½ (4.10)

Notethat m ½ Á ½ � ½ Á m ½ becausethey aretransposesof eachotherandboth
arescalars. Similarly, m ½ÎÁ�¼¾½ �Âz�¹ªßâá Á�¼�Á m ½ Ë´Á
andthefirst two termsareequalprovidedA is symmetric. Setting m�)ã�ä�
reducesto m ½ÎÁ z ¼¯½ ®D¿ ½ÎË ��� (4.11)
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This musthold for any
½

, which will only betrueif¼¾½ �x¿ ½ (4.12)

i.e.
½

is aneigenvector of A.
(vii ) Complex matrices. Most of the propertiesof real matricesapply to ma-

trices with complex elements with onenotable exception. Scalarproducts
of complex vectors areformedwith a complex conjugate.This ensures the
length of thevector, thesquarerootof its scalar productwith itself, is areal
quantity (Appendix 5). TheHermitianconjugateof any arrayis definedas
thecomplex conjugateof thetransposeandis written with adaggerå . For a
complex vector æ we have� æ(� £ �Âz´æ Á Ë.ç æp��æ å æ (4.13)

A Hermitianmatrix is onethat is equalto its Hermitianconjugate:è å �Âz è�Á@Ë|é � è
(4.14)

A realHermitianmatrix is symmetric. Hermitian matriceshavemany prop-
erties in commonwith symmetricmatrices, notably real eigenvalues, or-
thogonaleigenvectors,anda variational principle.

(viii ) Non-symmetric matrices. If A is not symmetric theeigenvector equation
for its transposeyieldsa setof left eigenvectors.¼ å æÉ�/êlæ (4.15)

Transposing both sidesof this equation explains why they arecalled left
eigenvectors: æ å ¼ ��êlæ å (4.16)

Theeigenvalues of
¼ å arethecomplex conjugatesof thoseof A; thecorre-

spondingeigenvectors areorthogonalor maybemadesoif thereareequal
eigenvalues. If A is a realmatrix, its eigenvalues arerealor occur in com-
plex conjugatepairs(becausethey aretherootsof acharacteristic equation
with realcoefficients).

¼ Á
therefore shares thesameeigenvaluesas

¼
.

The complete setof vectors æ form the reciprocal vectors to
½

. Let U
bethecolumnmatrix of left eigenvectors æ . It is thenpossible to obtain a
diagonalmatrix ë �Âì å ¼ Ã (4.17)

where

ë
is thediagonalmatrixof eigenvaluesof A, whichmaybecomplex.

While these formulaearecorrect, the product æ�å ½ is not real. Hermitian
conjugatesgive æ�å ½ , which is real; the æ maybenormalisedsothat æ�å ½ �¦ whenthey correspondto thesameeigenvalue.
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A4.2 Real rectangular matrices

(i) If thereal rectangularmatrix A has í rows and î columnsit is saidto beíãï�î . A mapsvectors from a î -dimensionalspaceontoa í -dimensional
space.

¼ Á
is îðï&í andmapsvectors from a í -dimensional space onto

a î -dimensional space.To multiply two matricestogetherthe second di-
mension of the first matrix mustequal the first dimension of the second;
there are no suchrestrictions on the other dimensions. Thus

¼ Á ¼
is an

allowedmultiplication andis a square, îdïÐî matrix.
¼¯¼ Á

is alsoan al-
lowedmultiplication andis a square, íñïàí matrix.

¼¯¼
is not anallowed

multiplication, nor is
¼ Á ¼ Á

.
(ii) Eigenvaluesand eigenvectors of rectangular matrices

Theordinaryeigenvalueequation (4.1)cannotapply to rectangularmatrices
becauseA now changesthe dimension of the vector. However, it is still
possibleto write down meaningful eigenvalueequations. Consider thejoint
space of dimension í9·�î formedby the union of spacesacteduponby
bothA and

¼ Á
. Thenform thepartitionedmatrix:ò � F � ¼¼ Á � G (4.18)

NotethatS is square, z´íº·Ðî Ë ï,z´íº·&î Ë
, andsymmetric. Its eigenvalues

aretherefore realandits eigenvectorsareorthogonal:ò Ñ �x¿ Ñ (4.19)

Write the eigenvector in the partitioned form Ñ Á �óz ½ Á � æ Á Ë
where æ

hasdimension í and
½

hasdimension î . Theeigenvalueequation (4.19)
canthenbeexpandedout to ¼ Á æ � ¿ ½ (4.20)¼¾½ � ¿�æ (4.21)

Thisdouble form is theeigenvalueequationfor arectangularmatrix. Trans-
posing (4.20) gives æ Á�¼ �x¿ ½5Á (4.22)

which showswhy æ is called a left eigenvector of A.
½

is called a right
eigenvector of A.

Combining equations(4.20) and(4.21)gives:¼ Á ¼¾½ � ¿ £ ½ (4.23)¼¯¼�Á æ � ¿�£ªæ (4.24)
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Thusall eigenvaluesof the square matrices
¼ Á ¼

and
¼¯¼ Á

arepositive or
zero(because ¿ is real). æ is thecorresponding eigenvectorof the íôïõí
matrix

¼¯¼ Á
and

½
is the corresponding eigenvector of the îdïÞî matrix¼ Á ¼

. However, the two square matrices we formedfrom A aredifferent
sizesandthereforehave differentnumbersof eigenvalues.In thecaseíö�î then

¼ Á ¼
is thesmaller of the2 squarematricesandwill have î positive

(or possibly zero)real eigenvalues.
¼¯¼ Á

is the larger of the2 matrices; it
will have the same î eigenvalues as the small matrix and an additionalíÜ®xî real eigenvalues with orthogonal eigenvectors. Let one of these
eigenvectorsbe æjÚ ; thenby orthogonalityæ Á Ú ¼¾½ �x� (4.25)

for all î linearly independent eigenvectors
½

. Transposing this equation
gives ½5Á�¼�Á æ_Ú÷��� (4.26)

This equation holds for all the vectors
½

, which spanthe î -dimensional
space,andtherefore ¼ Á æ_Ú÷��� (4.27)

andobviously: ¼¾¼ Á æ_Ú÷��� (4.28)

The remaining íÆ®/î eigenvaluesare therefore zero; the corresponding
eigenvectorsof S have thepartitioned form z´��� ½ Ë

.

In thecaseîø��í thesameremarks apply in reverse:
¼ Á ¼

is thelarger
of the2 matricesandhas îä®&í zeroeigenvalues.

A4.3 Generalisedinverses

(i) The null space. If any vector ù$ú satisfiestheequation¼ ù/ú¶��� (4.29)

then ù�ú is aright eigenvector of A with zeroeigenvalue; it is alsoaneigen-
vector of

¼ Á ¼
, which will have a zero eigenvalue corresponding to this

eigenvector evenin thecaseî � í . Thesetof all vectorssatisfying (4.29)
spanavectorspaceof dimension Àwûüî calledthenull space. Thegeneral
vector belonging to this setis sometimescalledtheannihilator of A.
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A square matrix with zeroeigenvalue hasno inversein theusual sense,
i.e. B is theinverseof A if ¼»ý � ý�¼ �ÂÄ (4.30)

It is alsoimpossible to solvea systemof linear equationsof thetype¼ ùþ�xÿ (4.31)

in the usualway. However, this system of equations hasmany solutions
becauseit is deficient. If onesolution ù canbefound, thenany vector of
theform ù · B ù ú will alsobeasolution, whereB is any scalar multiplier.ù�ú definesan uncertainty in the solution. The null space definesthe full
uncertainty in thesolution; thecomplete solution to (4.31) is a singlevec-
tor orthogonalto the null spaceplus anarbitrary linear combination of all
vectors in thenull space.

Even whenthereareno null vectors ù&ú , and í �§î , the matrix
¼¯¼ Á

hasanull spaceof dimension Àñ�xíã®Ðî becauseof thezeroeigenvalues
found in (4.28).

(ii) Least squares inversion of rectangular matrices. Rectangular andsin-
gular square matricesdo not have inversesin the normal sense, and it is
useful to generalisetheconceptof inverse of a matrix by relaxing the two
conditions (4.30). The least squaressolution developed in Section6.2 is
oneexampleof a generalised inverse.It satisfiesonly oneof theequations
(4.30). Ignoring theerror vector in (6.25)gives(4.31);wewrite thesolution
(6.26) as ùþ� ¼ � � ÿ (4.32)

where ¼ � � �§z ¼ Á ¼"Ë � Ú ¼ Á
(4.33)

It is easilyverifiedthat
¼ � � ¼ � Ä but

¼¯¼ � � hasno meaning becausethe
dimensionsarewrongfor themultiplication.

(iii ) Matrix inversion by eigenvector expansion. A generalisedinversecan
be constructed for a singular, symmetric, square matrix A in termsof its
eigenvectors andeigenvalues. First rotateaxesto diagonalisethe matrix;
equation(4.4)yields ¼ � Ã_ë¾Ã Á

(4.34)

The inverse of

ë
is obviously the diagonal matrix with elements ¦��]¿ � � � .

Provided A is notsingular, its inversecanbereconstructedby rotating back:z ¼�Á�¼"Ë � Ú � Ã�ë � Ú Ã Á
(4.35)
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The procedure does not work when an eigenvalue is zero because some
elementsof

ë � Ú cannot befound. A generalised inversecanbeconstructed
by replacing the offending elements ¦��]¿ � � � with appropriate alternatives:
the usual choice is to make themzero. Writing this inverse as

ë ���
, the

generalised inverseof A becomesz ¼"Ë ��� � Ã_ë ��� Ã Á
(4.36)

where

ë ���
is diagonalwith elements ¦��]¿ � � � when ¿ � � � n��� andzerowhen¿ � � � ��� .

Multiplying by theoriginal matrix thenusing(4.4)andtheorthogonality
of V from (4.3)gives ¼ ��� ¼ � Ã Á ë ��� Ã¾Ã Á ë¾Ã� Ã Á ë ��� ë¾Ã �§Ä � (4.37)

where Ä � is a diagonal matrix with ones on the leading diagonal when

ë
hasa non-zeroeigenvalue, zerowhenit hasa zeroeigenvalue. Any vector
canbeexpandedin a completesetof eigenvectors of A. Multi plying by Ä �
hasthe effect of removing any contributions from eigenvectors in the null
space of A; it is therefore a projection operator thatprojectsthevectorout
of thenull space.

(iv) Dampedinverse. Thedamped inverseis similar to thegeneralised inverse.
Insteadof zeroing contributionsfrom thenull space,all theeigenvaluesare
increasedby a fixedamount. Thereareno longer any zeroeigenvaluesand
the square matrix may be inverted in the usualway. If the matrix A has
eigenvalues ¿ � , the matrix z ¼ ·���Ä Ë will have eigenvalues ¿ � ·�� . ë � Ú in
(4.35) is replacedby

ë �	�
, which hasdiagonalelements ¦��gz�¿ � ·
� Ë . When¿ � �ô� the corresponded eigenvector is multiplied by � � Ú . The damped

inverseis useful when the projection of ÿ onto the null space is not too
large, so that � can be chosenbe smaller than most typical eigenvalues
while at the sametime the amplification factor � � Ú doesnot increasethe
componentsin thenull spacetoo much.

(v) Minimum norm solution
Another way to solve a deficient setof equations is to selectthe shortest
solution for ù , theonewith theminimumlength or norm.Thegeneralised
inverse

¼ ���
already does this by projecting the solution vector out of the

null space; thereis nounnecessarycomponentandthesolution mustbethe
shortestpossible.

The following alternative derivation of the minimum norm solution is
instructive. Minimise the lengthsquared ù Á ù subject to the constraints
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imposed by the given equations
¼ ù �ñÿ using the method of Lagrange

multipliers. ArrangetheLagrangemultipliers into avector � andminimize
thequantity � ��ù Á ùÓ·
� Á z ¼ ù ®Dÿ Ë

(4.38)

by differentiating with respect to ù , which gives� �� ß�� �x�]ß � · �� � � Ú ¿ � } � � �/� (4.39)

Rearranginggives ù �Â® ¦� ¼�Á � (4.40)

TheLagrangemultipliers arefoundfrom theconstraintÿ � ¼ ù �§® ¦� z ¼¯¼ Á Ë � (4.41)

This time,if îø�üí , thesquarematrix
¼¯¼ Á

hasthesmallerdimensionand
will (usually) haveall í eigenvaluesnon-zero,its inverseexists,and(4.41)
canbesolvedin theform �±�Â®¶��z ¼¯¼�Á Ë � Ú ÿ (4.42)

Substituting from (4.40)givestheminimumlength solution for themodelù � ¼ Á z ¼¯¼ Á Ë � Ú ÿ (4.43)

Just as the leastsquaressolution gave the generalised inversefor the
rectangular matrix A when î � í , the minimum norm solution givesa
generalised inversefor thecaseîã��í :¼ ��� � ¼�Á z ¼¯¼�Á Ë � Ú

(4.44)

Note that
¼¾¼ ��� � Ä , whereas

¼ ��� ¼
is not defined; theopposite wasthe

casefor
¼ � � definedin (4.33).



Appendix5

VectorSpacesandtheFunctionSpace

The concept of a vector is usefully extendedto À dimensions,where À canbe
greater than3 or infinite.

A5.1 Linear Vector Space

A Linear VectorSpace � is a setof elements �¯Ù���Ù�� which combine ( · ) under the
rules:� Closure: �­·
���
� is a vector in �� Commutation: �³·
�~���(·��� Association: z��h·
� Ë ·������h·/z�� ·�� Ë� Null vectorexists andis unique: �³·
�­���� Thenegative ® � exists: �h·�z"®!�,���
andcanbemultiplied by scalars ( B Ù#" ) undertherules:� Closure: B �$�
�� Distribution: B z��â·
� Ë � B �³· B �� Association: z B ·�" Ë �õ� B �â·%"&�

A5.2 Dimension

A setof vectors '(�¾Ù���Ù���Ù*)*)*),+ in � is linearly independent if theequationB �h·�"&�(·
-.�(·/)*)*)I��� (5.1)

implies B �0"±�0-Ð�1)*)*)�� � . If thereexists À linearly independent vectors but
no suchsetof Àd·�¦ vectors then À is thedimension of thespace.
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A5.3 BasisVectorsand Coordinates

A setof À linearly independent vectors '(2 � Ú � Ù�2 � £ � Ù*)*)*)�·�2 � � � + is saidto spanthe
spaceandform a basisfor the set. Any vector Ñ �3� may be written asa linear
combination of thebasisvectors:Ñ ��ÈÎÚ42 � Ú � ·$È £ 2 � £ � ·/)*)*)�·ÉÈ��52 � � � (5.2)

The '�È � + arethe componentsof the vector Ñ in the coordinatesystemformedby
this basis.

A5.4 Scalar Product

Thescalarproduct of � and � , �768� , satisfiesthefollowing rules:� �769�����:68�� �76`z B � ·%";� Ë � B �<68� ·%"&�768�� �769�>=ü�� �769�,���@?A�õ���� z��<68� ËCB? is the length of �
If �D6E�â�ø� then ��Ù�� aresaidto beorthogonal. If thebasisvectors aremutually
orthogonalandof unit length: 2 � � � 682 � � � �xm � � (5.3)

they aresaidto beorthonormal. Thecomponentsof Ñ in anorthonormalbasisare
givenby È � � Ñ 6(2 � � � (5.4)

If the scalar product is definedas the sum of products of componentsin an or-
thonormal basisthevector spaceis calledN-dimensional Euclidean:�F6(�~��yIÚ�¹�Ú�·$y £ ¹ £ ·G)*)*)«yg�1¹ª� (5.5)

A5.5 The Function Space

Consider a setof functions H�z´È Ë ÙK=5z´È Ë Ù*)*)*) definedon theinterval z´y�ÙW¹ Ë . Theusual
Riemanndefinition of theintegral is+ IJ H�z´È Ë =5z´È Ë ¬ Èà� a : X�LK � ��� � Ú H�z´È � Ë =5z´È � Ë ¨�È (5.6)
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whereÈ Ú ��y�Ù;È � �º¹�Ù;È �NM Ú ®­È � �x¨
Èh� z�¹l®­y Ë �gz´Àø®õ¦ Ë
. Apart from thefactor¨
È , theright handsideof (5.6) is a Euclidean scalarproduct. Thefunctions H�z´È Ë

obey the rules of combination and multiplication by a scalar and form a vector
spaceprovided enough functions are included to satisfy the closure conditions.H�z´È � Ë maybethought of asthe �PORQ componentof H�z´È Ë

.
Thedimension of thespaceof functionsis infinite, ÀÜ�TS . Thescalar product

of two functions H and = is usually calledan inner product andis writtenz�H5ÙK= Ë �ä+ IJ H�z´È Ë =Îz´È Ë ¬ È (5.7)

A function spacein which the scalar product is definedin this way are called
Hilbert space. Thedefinition of the scalar product in (5.7) maybe madewithout
referenceto theRiemanndefinition of theintegral becauseit satisfiestheproperties
requiredof a general scalarproduct; equation (5.6) is useful in drawing the com-
parison with themorefamiliar scalar product of two vectors in three-dimensional
Euclidean spacebut is not necessaryfor the developmentof the theory of Hilbert
spaces. If + IJ H�z´È Ë =5z´È Ë ¬ Èà��� (5.8)

thefunctions H and = aresaidto beorthogonal.

A5.6 Complex vector spaces

Requirechangesin definition of thescalar product to make the length of a vector
real.Equation(5.5)becomes�76(����y é Ú ¹�Ú�·py é £ ¹ £ ·G)*)*)V·$y é � ¹ª� (5.9)

which leaves � ��� real: � ��� £ ���76(�õ� ��� � Ú � y � � £ (5.10)

Thefirst property of thescalarproduct(commutation) is changedto�76(���§z��U6(� Ë|é
(5.11)

Thesamerulesapplyto thefunction space. Thescalar product becomesz�H5ÙK= Ë �ä+ IJ H é z´È Ë =Îz´È Ë ¬ È (5.12)
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For example, theexponentials usedin complex Fourierseries areorthogonal:z�� £¡���WV ¥@  Á ÙW� £¡���WX ¥@  Á Ë �º+ Áú � � £¡���WV ¥@  Á � £¡���YX ¥@  Á ¬ {��º+ Áú � £¡��� � X � V � ¥@  Á ¬ {�� Z � £¡��� � X � V � ¥@  Á�]©s��z�ßd® r ËC[ Á ú
(5.13)

which is zerounless ß � r
.

A5.7 Basisfunctions

Thebasisfor a function space is asetof aninfinitesetof functions.Two examples
will demonstratetheir use.

(i) Fourier series. If y±� ��ÙW¹h�ö�]© andall the functions areperiodic with
period �]© the sines, cosines,and constant function form an orthonormal
basis: 2 � ú � � ¦- �]© (5.14)2 �P\ X � � ¦- © o T 8 ßâÈ (5.15)2 �,] X � � ¦- © 8;:3< ßâÈ (5.16)

Thefunctionsareorthogonal because¦© + £¡�ú o T 8 ßâÈ o T 8 r È ¬ Èâ� ¦© + £¡�ú 8;:3< ßâÈ 8;:3< r È ¬ È³�xm V(X (5.17)

and ¦© + £¡�ú o T 8 ßâÈ 8W:3< r È ¬ Èâ��� (5.18)

The expansion of a memberof the set, H�z´È Ë
, in the basisvectors thenbe-

comestheFourierSeries(1.2):H�z´È Ë �xËªú¸ï ¦- �]© · ��X � Ú Ë X ¦- © o T 8 ßâÈ�·
^ X ¦- © 8;:3< ßâÈ (5.19)

Thecomponentsof H aregivenby thescalar productswith thebasisfunc-
tions,which have theform:Ë X �º+ £¡�ú H�z´È Ë ¦- �]© o T 8 ßâÈ ¬ È (5.20)

This is the closeto the standard formula for the coefficientsin a Fourier
series.

Note that sinesalone would form a basis for the set of odd functions
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. They form a basisfor all periodic functionswith period© but only “half ” thosewith period �]© . Thesameappliesto thecosinesand

thesetof evenfunctions H�z"®¶È Ë �TH�z´È Ë
. Seethediscussionof half-period

Fourierseriesin Appendix 1 page231.
(ii) Polynomials. Thesetof monomials'�È X@_ ß ����Ù ¦]ÙW�gÙ*)*)*)`+ on theintervalz"®�¦]Ù ¦ Ë

form a vectorspace. A few simpletrial integrationsshowthat the
monomials arenot orthogonal. The only setof polynomialsthat form an
orthogonal basis for this setarethe Legendrepolynomials. To prove this,
start from the functions î�úVz´È Ë � ¦ and îjÚ�z´È Ë � Èõ· B and apply the
orthogonality condition to determine B . Thendefineî £ z´È Ë ��È £ ·>"�È¸·a-
andapply the two orthogonality conditions for î�ú and îjÚ to find " and - .
The functions may be normalisedby multiplying by another scalarfound
by applying thenormalisationcondition. For example, î�ú is aconstant and
thecondition

e Ú� Ú î £ú z´È Ë ¬ Èà� ¦ requirestheconstantto be Ú£ .
The usual form for the Legendrepolynomials is not normalised, butb îdc�z´È Ëfe £ integratesto �b�gz��]Ý�·�¦ Ë

. They areîjúVz´È Ë � ¦î Ú z´È Ë � Èî £ z´È Ë � ¦� z�g]È�£÷®ü¦ Ë)*)*)
Legendre polynomialsplay an important role in the theory of polynomi-
als and approximation theory. If a polynomial approximation is needed,
it is bestto usea seriesof Legendrepolynomialsrather thanmonomials
becauseof their orthogonality. Among the many advantages is the same
least squaresbestfit property asFourier Series(page 231). If a better ap-
proximationis requiredby adding moretermsto anexpansionin Legendre
polynomials, theexisting termsremainunchanged. Suppose, for example,
acubic approximation y¾· ¹ªÈ»· ËªÈ £ · ¬ È Û is required insteadof aquadraticy¶·D¹«È¸·&Ë�È £ approximation. Thecoefficients y�ÙW¹�Ù;Ë will bedifferentin the
two cases, whereasthefirst threecoefficientsof a Legendre expansion are
thesamein bothcases.

The functions î.c with Ý even areeven functions î £ c�z"®»È Ë � î £ c�z´È Ë
be-

cause they contain only evenpowersof È , whereasthe î £ c M Ú areoddfunc-
tionsbecasuethey containonly oddpowersof È . Likethecosinesandsines,
the î £ c form a basis for the vectorspaceof even functionsandthe î £ c M Ú
a basisfor thespace of odd functions;eitherform a basisfor thespace of
functionson theinterval z´��Ù ¦ Ë

.
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A5.8 Linear Operators

A linear operator A actson a vector � to produceanothervector � :¼ �õ��� (5.21)

Theoperator is only linear if it satisfiestheproperty:¼ z B �â·$"&� Ë � B ¼ �­·%" ¼ � (5.22)

For Euclideanvectorspacesof finite dimensionlinearoperatorscanberepresented
by matricesof componentsin the chosenbasis. Linear operatorsusually mapto
vectorsin the samespace,but not necessarily so. Rectangular matricesmapto a
spaceof different dimension, for example.

Differential andintegral operators act on functions in a function space.Linear
differential operatorshave many properties in commonwith matrices. For exam-
ple,thesecondderivativemayberepresented by thelimit of thesecond orderfinite
difference ¬ £ H¬ È £ � a : X¤ H K¸ú H�z´È �NM Ú Ë ®D�CH�z´È � Ë ·�H�z´È � � Ú Ë¨
È £ � ¼ih

(5.23)

which in matrix form givesrows asfollows:

¼ Hâ� ÒÔÔÔÔÔÕ
)*)*)j)*)*)k)*)*)l)*)*)m)*)*)¦ ®¶� ¦ )*)*)m)*)*)� ¦ ®¶� ¦ )*)*)� � ¦ ®¶� ¦)*)*)j)*)*)k)*)*)l)*)*)m)*)*)

Ö;×××××Ø ÒÔÔÔÔÔÕ
)*)*)H�z´È � � Ú ËH�z´È � ËH�z´È �,M Ú Ë)*)*)

Ö;×××××Ø (5.24)

For theinterval z´��ÙW�]© Ë
andhomogeneousboundaryconditions H�z´� Ë ��H�z��]© Ë �� the eigenfunctions of the operator

¬ £ � ¬ È £ are the solutions of the differential
equation ¬ £ H¬ È £ �Â®¶ß £ H (5.25)

They arethesines andcosinesof theFourierseries. Equation (5.25) is analogous
to the matrix eigenvalueequation

¼ Ñ �ö¿ Ñ . Somedifferential operators, called
Hermitianor self-adjoint depending on whether they arecomplex or real,areana-
loguesof symmetric matricesandhaveorthogonaleigenfunctions,like theFourier
functionshere. Theseeigenfunctions form useful basesfor many problems,just
aseigenvectors form useful basesfor finite-dimensional vector spaces. Note that
not all approximations of Hermitiandifferential operators leadto symmetricma-
trices. For example,the first derivative of H could be approximatedeither by the
second order, centred-differenceform

b H�z´È �NM Ú Ë ®nH�z´È � � Ú Ëfe �]�V¨
È or by theforward
difference

b H�z´È �NM Ú ®�H�z´È � Ëfe �]¨�È . The first form gives a symmetricmatrix, the
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second doesnot. This is oneexampleof the many propertiesof the continuous
problem (forward or inverse)thatmaybelost whenapproximatingwith a discrete
formulation.



Appendix6

LagrangeMultipliers andPenaltyParameters

A6.1 The method of undeterminedmultipliers

In optimisation methodsweoften wish to minimise(or find theextremevaluesof)
afunction of severalvariables oµz´ÈlÙ;Ê�Ù*)*)*) Ë subject to someconstraint p�z´ÈlÙ;Êq)*)*) Ë �� . Themostcommonexamplein this book comesfrom a linear inverseproblem,
whereonewishesto minimisea quadratic function of the modelparameters,the
norm of the model, subject to a set of linear constraints, the dataexpressed as
a linear combination of the model parameters. (It is somewhat alarmingto find
all the physics of the problem relegatedto a sideconstraint like this, but it often
happens!).

If thefunction p is sufficiently simplewe canrearrangeit to express oneof the
independent variablesin termsof all theothers, substitutebackinto o to eliminate
oneof thevariables,andperform theminimisation by differentiating with respect
to the remaining variables. It is usually not possible to do this analytically, and
evenwhenit is possibleit is often inelegantor inconvenient. Lagrange’smethodof
undeterminedmultipliers providesa simpleandelegant solution, although at first
sightit seemsto maketheproblemlonger by adding extraunknownsandequations.

We introducethenew combination r :rpz´ÈlÙ;Ê�Ù*)*)*) Ë ��o�z´ÈlÙ;Ê�Ù*)*)*) Ë ·ü¿sp�z´È�Ù;Ê�Ù*)*)*) Ë (6.1)

where ¿ is anunknown parameter. If theconstraintsaresatisfied then rut�o , and
theminimumof r will alsogive theminimumof o . r is minimised by differen-
tiatingwith respectto eachof the À independent parameters in turnandsetting the
result to zeroin the usual way to give À equations for the ÀÆ· ¦ unknowns,the
valuesof the independent variablesdefining the extremepoint, andthe Lagrange
multiplier. Theextra equation required for completesolution is givenby thecon-
straint pô�Æ� . Alternatively, differentiating r with respect to ¿ andsetting the
resultto zeroyields theconstraint andprovidesthesameequation.
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Considerthesimpleexample of minimising thequadratic formo�z´È�Ù;Ê Ë ��È £ ·$È�Ê ·ÉÊ £
subject to theconstraint p�z´ÈlÙ;Ê Ë �xÈ~·$Ê~®ü¦¶���
Weform thefunctionrpz´ÈlÙ;Ê Ë ��o/·ü¿spº�xÈ £ ·$Ê £ ·É¿�z´È
·$Ê~®ü¦ Ë
thendifferentiateandsettheresult to zero�]È�·$Ê¸·É¿ � � (6.2)È�·É�]Ê¸·É¿ � � (6.3)È~·ÉÊ�®ü¦ � � (6.4)

Thesetwo equations andthe constraint give 3 simplesimultaneous equationsfor
thethreeunknowns ÈlÙ;Ê�ÙW¿ , with solution È,� Ê­� ¦��]�gÙW¿õ� ® gb�]� . This example
is simpleenough to solveby substituting Ê��§¦j®âÈ into o anddifferentiatingwith
respect to È to give thesamesolution.

Minimising any quadratic function subject to a linear constraint always gives
a setof simplesimultaneousequations like (6.2)–(6.4), which makesthe method
particularly appropriate for linear inverseproblems.Themethodof Lagrangemul-
tipliers is often theonly possible approachwhentheconstraints or optimising cri-
terionis anintegral ratherthana simplefunction. More thanoneconstraint canbe
introducedby usingmoreLagrange multipliers,onefor eachconstraint.

A6.2 The Penalty Method

Thepenalty method is rathersimilar to themethodof undetermined multipliersand
is particularly simpleto applyin anumerical solution. Insteadof usinganunknown
multiplier ¿ , which mustthenbe eliminated from the equations or solved for, we
simply choosea large value for it. Minimising thecombination r will thenresult
in making p very small, becausethe contribution ¿sp dominates. Thereremain
enough degreesof freedomto alsoreduce o . o and p mustbeof a form that the
ratio o1�Cp cannot bemadelarge by extremevaluesof theindependentvariables.

It remains to choose a suitable value for the penalty parameter ¿ , which is a
numerical consideration. If ¿ is too large the optimising criterion will fall below
numerical precision; only the constraint will be satisfied, and the result will not
achieve a minimumof o . When ¿ is too small theconstraint will not besatisfied.
The optimum value of ¿ depends on the acceptable ratio of o1�Cp and machine
precision; it mayhave to befound by trial anderror.
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Considerthesimpleexamplegivenabove. Supposewefix ¿ atsomelargevalue
anduseonly (6.2) and(6.3) to find È and Ê . (6.2) and(6.3) give Èõ�§Ê³�9®1¿5�Eg :
large values of È and Ê therefore always result from large values of ¿ . This is
because o is a quadratic function of È and Ê whereasp is a linear function, ando1�Cp is maximisedfor È�Ù;ÊwvyxUS . This is not thesolution wewant.Theproblem
is fixedby replacing pä�xÈ�·$Ê~®ü¦ with its square,sothat o1�Cp remainsfinite asÈlÙ;ÊzvAxUS . Wenow minimise È £ ·$È�Ê¸·$Ê £ ·É¿�z´È
·$Ê~®ü¦ Ë £ to give�]È~·ÉÊ ·É�V¿�z´È
·$Ê�®�¦ Ë � � (6.5)È~·ü�]Ê ·É�V¿�z´È
·$Ê�®�¦ Ë � � (6.6)

Eliminating ¿ gives È§� Ê . (6.5) then gives È§�Ó�V¿Î�gz�gµ·T{�¿ Ë
. As ¿|v SÈlÙ;Ê
v ¦��]� , asrequired. Choosing ¿ü�Ü¦��V� gives È�Ù;Ê±�ð�})~{��C�Cg and ¿ü� ¦����

gives ÈlÙ;Ê����})~{��C�C�C�C�C� . Wecould try to improve thesolution by increasing ¿ still
further, but we arelimited by numerical accuracy. Supposewe retain 6 significant
figures. The original equations (6.5) and(6.6) arecompletely dominated by the
terms in ¿ and the other terms,which originatedwith the quantity we wish to
minimise,arelost in thegeneral error. Thetwo equationsbecomethesame,except
for round-off error, and solution would be impossible. In a larger problem the
numerical difficulty would bemoreobscure to diagnose.
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2D Fourier Transform,seetwo-dimensionalFourier
transform

a priori
bound,167
information, 128

acausal filter, 68
ACH inversion,196
Adams-Willi amsonequation, 122
aftershock, 66
airgun,58,185
Alfv en’s theorem, 221
aliasing,47–51

andnull space, 176
in 2D, 83
tili ng diagram, 83

amplitude,43
spectrum,31,178

angular frequency, 228
annihilator, 246
anti-alias filter, 49
array

processing,12,185
seismic,185

associatedLegendrefunction, 209
autocorrelation, 44,71,178

DFT of, 44,72
symmetry, 178

averaging function,131,156
designing,159,160
on sphere,218,220
width, 157

axial dipole,205
azimuth, 185

Backusambiguity, 207
Backuseffect, 220
Backus-Gilbert inversion,158
bandpassfilter, 65
bandwidth retention factor, 181
basis

functions,253
vectors,251

basisfunctions,254
Bayesianinversion,211
beam,186
beamforming, 185–192
bestfit

global, 147
local, 147

boxcar, 32
taper, 180
window, 241

Butterworth filter, 67
in two dimensions,84

causalfilter, 69
checkerboard test, 197
completeness,228
complex

matrices,244
vector, 244
vector space,252

componentsof a vector, 251
confidence ellipsoid,110
conjugate-gradient,148
continuation

upward, 86
continuation downward, 204
continuousinversion,154–170

discretising,163
recipefor, 170

convergence
non-uniform, 233

convertedphase,191
convolution,176

cyclic, 36–37
theorem,36,43

in 2D, 83
with a spike,43

Cook,James,212
coordinateaxes,242
coordinates,251
core

Earth’s,97
flow, 221–224

265
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correlation, 107
coefficient, 71,104

covariance, 43,145,218
matrix,107
of mappederrors,127
of model,201

covariancematrix, 44
linearised,143
model,110

crosscorrelation, 71,186
cut-off frequencies,65
cycle skipping,148,187
cyclic convolution,36–37
cylinder, 243

dampedinverse,248
damping,125–127, 187,208–212

andwater level method,179
constant, choiceof, 126
coreflow, 222
step-length,144
undesirable effects,224

data
artificial, 129
consistent with model,148
errors,132
kernel, 95,154,209
rejection, methodof, 113
vector, 95

DC shift, 43
deconvolution, 18,28,73–77

stabilising,74
degreesof freedom, 132
delay, minimum,69,178
delay-and-sum,186
deltafunction, 236–239

derivative,238
Fourier integral transformof, 236
substitution property, 236

density, 16
Earthmodels,122

deterministic, 18
detrenda sequence,57
differentiation, 43

of 2D data,83
of Fourierseries,37–38

digitizea time series,57
dimensionof vector space, 250
dip, 185
dip poles,207
Dirac comb,237
Dirac deltafunction, 156,seedelta function
Dirichlet condition, 156
discrete

convolution,26
convolution theorem, 26
formulations,18
Fourier transform, 25,29,see discrete Fourier

transform
of a spike, 31
of autocorrelation,44

properties,43
discrete Fourier transform

2D, 82
andfiltering,175
periodicity of, 47
time samplesnot equally spaced, 176

discretisation
global, 164
local, 164
of a continuousinverseproblem, 163
point-wise,164

distribution
double-exponential, 114,217
Gaussian, 107,217
Laplace,114

divergencetheorem, 222
double-exponential distribution,217
downward continuation, 87,204
dualbasis,166
dynamicrange, 11

Earth
mass,96
momentof inertia, 96
radius,97

earthquake location, 141–144
andinversion for structure,198–202

eigenvalue,242
equation, 242
of covariance matrix,108
of differential operator, 18
zero,124

eigenvector, 242
left, 244
right, 245

electrical heating,211
ellipsoid,243

confidence,110
error, 110
extremevalues,110

ellipticity
of Earth,205

energy-delaytheorem, 71
equationsof condition, 95

matrix, 99
equi-determined, 96
error

ellipsoid,110
law of, 113
surface,146

flat, 148
multiple minima,148
oneminimum,147
parabola,146
shape,146

underestimate, 148
evenfunction, 231
existence,17,163
expectation operator, 43
expectedvalue,43
exponential distribution,217
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plane, 87
fastFourier transform(FFT),40–41
Fermat’s principle,194,199
Feuillée,212
FFT, seefastFourier transform
field-alignedelectric currents,214
filter

acausal,68
anti-alias,49
bandpass,65
Butterworth,67
causal, 69
high-pass,65
low-pass,65
matched, 72
minimumdelay, 69
non-realisable,68
notch, 65
two-pass,69
Wiener, 177
zero-phase,68

filtering, 14,65,176
in 2D, 84–87

final model,damping, 146
finite element, 164
FIT

estimate usinginversetheory, 176
existence,234
of exponential, 235
of Gaussian,235
of monochromatic wave, 237

forward
modelling,16,139
problem, 154

forwardtransform,43
Fourier

analysis
asaninverseproblem,175–184

coefficients,228
integral transform,seeFIT, 234–239
series,19,228–233

complex, 29,230
half period,231
of monochromaticsinewave, 34

transform,18
2D, 82–89
symmetry, 41

Fourierseries
andfunction space, 253

frequency
angular, 228
Nyquist,47,240
sampling,11,29,180

frozenflux, 204
labelling magnetic field lines,221

function space,251–252

Gauss,203
coefficients,seegeomagnetic coefficients

Gaussiandistribution, 107
generalisedinverse, 246–249

of a rectangular matrix,122
genetic algorithms,140
geodynamo,218
geological modelling option, 130
geomagnetic

coefficients,205,211
external field, 214
jerk, 106

geomagnetism,203–224
geometric progression, 29
geostrophic flow, 222
Gibbs’ phenomenon,51,205,232–233
globalbestfit, 147
gradient, of 2D data, 85
Grammatrix,157,159
gravity

traverse,16,82
variations,15

grid search, 140,187

Halley, 203
Herglotz-Wiechert,192
Hermitian

conjugate,175,244
differential operators,255
matrix, 182

high-passfilter, 65
Hilbert space,252
homogeneousstation method,201,202
hyperbola, 188
hypocentre parameters,141

IGRF, 203
induction equation, 222
innerproduct, 252
instrumentresponse,28
integral Fourier transform,19
integration, 43

of Fourierseries,37–38
International Geomagnetic ReferenceField, seeIGRF
International Seismological Centre, 114
inversetransforms,43
inversion,15
IRLS, iteratively reweightedleastsquares,115

JHD,joint hypocentredetermination, 201

kernel
data, 95,154,209
parameter, 165

kneeof trade-off curve,216
Kolmogoroff factorisation of thespectrum,76
Kronecker delta,30,228

substitution property, 30

lag,71
Lagrangemultipliers,257–259
Laplacedistribution, 114
Laplaceequation,204
leaky integration,76
leastsquares
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approximationby Fourierseries,231
iterative reweighted,seeIRLS
method,178
solution,100

unweighted,167
Legendrefunctions,associated,209
Legendrepolynomials,164,254
Levinson’s algorithm,179
likelihoodfunction,106
linear

algebra,242–249
differential operators,255
erroranalysis,141
independence,250
operators,255
parameter estimation, recipefor, 116
regime,145
response,11
transformation, 107

linearisation, 139,140
linearity, seeresponse, linear
local bestfit, 147
low-passfilter, 65
low-velocity zones,195

magnetic
landsurveys,212
observatories,212

Magsat,214
mainmagnetic field, 203
mantle,Earth’s,97
mass,Earth’s,96
masterevent method,201
matchedfilter, 72
matrix

inversion
by eigenvector expansion,247

sparse,164
maximumfrequency, 43,181
maximumlikelihoodsolution, 113
meanof randomvariables,106
measurements,scientific, 95
microseismicnoise, 9, 60
minimum

delay, 69,178
phase,69

minimumnorm
solution,122,124,160,248

linear combination of thedatakernels, 161
spectrum,176

model,16
resolution, 201
vector, 95

momentof inertia,96
MonteCarlo,17,140
multipliers,156
multipole,205
multitaperapproach to spectral analysis,183

network
seismic,185

Newton-Raphsoniteration, 140
nodallines,205
noise,13

microseismic,9, 60
white, 44

non-symmetricmatrices,244
nonlinear inverseproblem, 139–149

methods,139–141
recipe,149
strategy, 140

norm, �C� , 114
normalequations,100
NORSAR,130,185,193
notchfilter, 65
null space,120,176,222,246

of coreflow, 221
null vector, 120
null-flux curves,221
Nyquist frequency, 47,240
Nyquist’s theorem, 30

oddfunction,231
optimal tapers,180
orthogonal, 251

functions
expansion in, 164
sinesandcosines,228

matrix, 242
orthonormal, 251

functions,164
outliers,113
over-determined,96

padwith zeroes,57
parabola

Fourier seriesof, 230
parameter estimation, 17,95–116

Backus,165
nonlinear, 141

parameterisation, 19
basisfunctions,199

Parseval’s theorem,39–40,182
2D, 83

partial derivativesmatrix,143,187
partitionedmatrix, 245
passband,65
penalty

method,129–130,258
parameter, 258

period
of Fourierseries,228
of function, 228

periodic
function, 228
repetition, 35

periodic repetition, 43
andnull space,176

periodicity
of DFT, 47
of Fourierseries,231

phase
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phase,69
spectrum,31,43
speed,88

planes,pair of, asquadratic form, 243
polynomials

andfunction space, 254
Legendre, 164,254

positivity constraint,121
potential

data, 85
theory, 207

power spectrum,19,31,72
PREM,157
prewhitening,179
prior

constraint, 210
information, 140
probability distribution,140

processing, 15
projection operator, 248
protonmagnetometer, 58,212

quasi-linearisation,140,144–145
quelling,195

radiusof Earth,97
random,18

variable,43
independent, 104

ranking,123,124
realisablefilter, 69
recorder seismic, 11
rectangularmatrix,245–246

eigenvalues,245
leastsquares inverse,247

recursion
deconvolution by, 28
formula,178

referencetrace (in beamforming),187
Reftek, 12
residual, 113

statics,188
resolution,218,219

matrix,131–133,145,219
efficient way to compute, 132
trace,219
trace of, 132

of aninstrument, 11
of continuousinversion,157

response
instrument, 28
linear, 11

ringing,211
robustmethods,113–115
root meansquare,109
rotationalmethods

for solvingequations,130

sampling
frequency, 11,29,180
interval, 11,31

rate, 180
sawtooth, 230
scalarproduct, 251
secular variation, 204,221
seismic

array, 185
global, 185

marinesurveys,185
network, 185
recorder, 11
reflector, 15

seismictomography, 20
sensitivity, 11
sequence

random,43–44
stationary, 44
stationarystochastic, 44

Shannon’s samplingtheorem,50,240–241
shift theorem,35,43

in 2D, 83
sideconstraint,257
sidelobes,52
signal,13

band-limited, 57
similarity transformation,108
sincfunction, 50
slowness,185,192
Snell’s law, 192
spatial anomalies,83
spectral leakage,53,180

parameter, 181
spectrum

Kolmogoroff factorisation, 76
power, 19,31,72
practicalities,57
white, 44

spherical harmonics,164,205
spike

anddeltafunction, 236
splineapproximations,164
spread,158

function, 198
squarewave,229
SRO, 10
stabilise,144

aninversion,124
stacking,185
standard

deviation, 104,113
error, 219

starting model,140,141,187
stationarity, 20
stationarysequence,44
statistical moments

higher, 141
stepfunction

derivative of, 238
stochastic

inversion,128
process,165
stationarysequence,44



270 Index

straightlines in 2DDFT, 88
stratified flow, 222
symmetricmatrix,242

taper, 57
Blackman-Harris,180
boxcar, 180
cosine, 180
Gaussian,180
optimal, 180

tapering,53
tilin g diagram,83
time reversal,35,43
time sequence,25
Toeplitzmatrix, 177–179
tomography, 192–198

cross-borehole,193
medical, 192
reflection-transmission,193

toroidal flow, 222
tracers

for coreflow, 221
trade-off

choice of parameter, 132
curve,125–127

continuousinversion,159
parameter, 125
resolution andleakage,180

travel time inversion,seetomography
travelling waves,87
truncation, 211

of expansion,208
of spherical harmonic series,223

two-dimensionalFourier transform, 82–89
two-passfilter, 69

uncertainty principle,53–54
uncorrelated,44
underdetermined, 96

problem, 120–133
recipe,133
recipefor, 133

undeterminedmultipliers,seeLagrangemultipliers
uniform reduction, methodof, 113
uniqueness,17,163,206

of solutionsof Laplace’s equation, 208
unit delay operator, 26
univariant, 108

transformation to, 108
upwardcontinuation, 86

variance,43,218
of sumof randomvariables,106

variational principle, 182,243
vectorspace, 250–256

complex, 252
Euclidean,251
linear, 250

water-level method,74,179
wavenumber, 82

wavevector, 83
weightmatrix, 126
weightedaverage, 108
weighting directional measurements,212
white noise,44
white spectrum,44
Wienerfilter, 177
windowing,51
winnowing,123,124,126
WWSSN,10� � transform,25–29
zero-phasefilter, 68




