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Preface

The digital revolution has replaced traditional recording in the form of graphs on
paper with numbers written to some form of magnetic or optical recording. Digital
data can be processed to emphasise some aspect of the signal, an enormous advan-
tage over paper records. For the student, the digital revolution has meant learning a
whole host of new techniques, most of them based on quite advanced mathematics.
The main purpose of this book is to provide the student of geophysics with an in-
troduction to these techniques and an understanding of the underlying philosophy
and mathematical theory.

The book is based on two courses taught to Bachelors and Masters students at
Leeds over the past 10 years, one on Time Series in the second undergraduate year
and one on Inversion in the third. The 3-year degree programme in the UK presents
a problem: the techniques must be learnt in the second year if they are to be applied
in the third. Time series analysis relies heavily on Fourier analysis, and although
second year students have met Fourier series they have not met the Fourier integral
theorem. This book makes a virtue of necessity by avoiding the Fourier integral
transform and using only the discrete transform, for which we only need the sum
of a geometrical series. | have come to see this as an advantage because modern
data come in a discrete form, rather than as continuous functions, and are finite in
duration, rather than going on forever.

The second problem arose with inverse theory, a notoriously difficult subject that
owes much of its development to geophysicists such as George Backus. Freeman
Gilbert, Bob Parker, Albert Tarantola, and others too numerous to mention. The
subject is hard because it uses functional analysis and the theory of Hilbert spaces,
which are beyond the scope of most mathematics courses taught to scientists. Once
again, the subject is greatly simplified by a discrete treatment, which reduces the
mathematics to matrix algebra. I have tried to do this without losing the essential
flavour of inversion proper, and by distinguishing inversion from simple parameter

%1
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xii Preface

estimation. Chapter 9, on continuous inversion, is an afterthought. This material
has never been taught, but I could not resist an attempt to Bowdlerise the elegant
Backus and Parker theories.
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Introduction

1.1 The digital revolution

Recordirg the output from geoghysicd instrumentshasundegone four stages of

developmentduring this centuy: mechanical, opticd, anabguemagnéic, anddig-

ital. Take the seisnometerasa typical example. The principle of the basc sensr

remainsthe same:the swing of atestmassin resporseto motion of its fixed pivot

is monitored and corvertedto an estimde of the velodty of the pivot. Inertia and
dampingdetemine the respmseof the senso to different frequencies of grourd

motion; different mechaical devices measurd different frequeng ranges. Ocean
wavesgenerge agreatdealof noisein therange 0.1-Q5 Hz, themicrosesmicnoise
band andit becamenormalpradice to instdl a shortperiod instrumentto recad
frequenciesabove 0.5Hz andalong periodinstrumentto recad frequencesbelow
0.1Hz.

Early mechanical sydemsusel leversto amplify the motionof the massto drive
a pen. The classt shott period high-gain desigh usedan inverted pendilum to
measurehe horizontd comporentof motion. A large masswvasrequiredsimply to
overcomefrictionin the penandlever sygem.

An optical lever reduesthefriction dramatially. A light beamis directedonto
amirror, which is twisted by the respnseof the sersor. The reflectedlight bean
shinesonto phaogregphic film. The sersor respmse deflectsthe light beamand
the motion is recadedon film. The amplification is detemined by the distance
betweenthe mirror andfilm. Optical recading is alsocompat: the film may be
enlaged to a more readdle size. Optical recoding wasin commonusein the
1960'sand1970s.

Electomecharcal devices allow motion of the massto be corvertedto a volt-
age,which is easyto transmit amplify, and recod. Electranagneticfeecdback
seismometes usea null method in which aneledromagret maintansthe massin

9



10 Introdudion

a corstantpostion. The voltagerequredto drive the electomagne is monitored
andformsthe output of thesersor.

This voltage canberecadedon asimpletaperecaderin andogueform. There
is a goodandogy with taperecading sourd, since seismicwaves are physically
very similar to low frequency soundwaves. The concept of fidelity of recoding
carriesstraight acros to seismic recoding. A corvenientway to seach an ana-
loguetapefor seismicsourcesis to simply play it backfast,thusincreaingthefre-
gueng into theaudiorange, andlistenfor bargs. Analogue magneic recodscoud
be corvertedto paperrecadssimply by playing themthrougha chat recorcer.

The digital revolution starte in seismolgy in abou 1975, notaldy whenthe
World Wide StandadisedSeismogaphNetwork (WWSSN)wasreplaedby Seis-
mological ResearctDbsenataries (SRO). Thesewerevery expensgve instdlations
requiring a compute in a building on site. The voltageis sampl&l in time and
corvertedto anumbe for input to thecompuer. Thetaperecading systanswere
notableto recad theincoming dataconinuously sothe instumentwastriggered
anda shot recod retanedfor eachevent. Two chanrels (sometimeshree)were
outpu: afinely-sampledshat periodrecod for the high frequeng arrivals anda
coars¢y-samped channel (usudly onesampé eachsecad) for the longer period
surface waves. Limitationsof therecading systen meantthat SROsdid notherdd
thegreatrevolution in seisnology: thathadto wait for bettermassstoragedevices.

Thegred advantagef digital recading is thatit allows replotiing andprocess-
ing of the dataafterrecordng. If afeatue is too smallto be seenon the plot, you
simply plot it on a larger scale. More sophisticated methals of processirg allow
usto remove all theenegy in the microseismicnoisebard, obviating the needfor
separée shott andlong periodinstruments.It is evenpossible to simulat anolder
seismometesimply by processing providedthe sensr recodsall theinformation
thatwould have beencaptuedby thesimulaedinstrument. Thisis sometmesuse-
ful whencompamg seisnogramdgrom differentinstrumentsusedto recad similar
earthqiakes Currentpradice is thereforeto recordasmuchof the signal aspos-
sible and process after recading. This hasone major drawback: storage of an
enormots volume of data.

Thestorag probemwasessatially solvedin abaut 1990 by theadwert of cheg
harddisks andtapes with capaitiesof severd gigabytes. Portablebroadandseis-
mometersvere developedat abou the sametime, creatirg a revolution in digital
seismola@y: prior to 1990 high-quality digital data wasonly available from a few
permanet, mannedobsevatories. After 1990it waspossibleto depby arraysof
instrumentsin temporay sitesto study specific problems, with only infrequent
visitsto change disksor tapes
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1.2 Digital Recording

Thesensr is the eledromeclanicaldevice that corvertsground motioninto volt-
age;therecoder corvertsthe voltageinto numbes and storesthem. The ideal
senso would producea voltagethatis proportional to the ground motion but such
adeviceis impossibleto make (theinstrumentresporsewould have to be constant
for all frequencies whichrequrestheinstrumentto respadinstantaneuslyto arny
input, seeSection2). The next bestthing is alinear respamse in which the output
is a corvolution of thegrourd motionwith thetranser function of theinstrument.
Let the voltage outpu be a(t). Therecorder sampesthis function regularly in
time, ata samplirg interval At, andcreate a seqenceof numbes:

{ar = a(kAt); k=0,1,2,...N} (1.1

Therecaderstoreghenumberasastring of bitsin thesameway asary compuer.

Three quanities descibe the limitations of the sen®r: The sendivity is the
smallestsignd thatproducesnon-zrooutput; theresdution is thesmallestchange
in the signal that prodwcesnon-z2rooutpu; andthelinearity determiresthe extent
to which the signd canbe recoveredfrom the output. For example the grourd
motion may be so large that the signd exceed the maximum/level; the recad
is saidto be “clipped”. Therecorced motion is not linearly related to the actual
grourd motion,which s lost.

The samethree quartities can be definedfor the recoder A penrecoder’s
linearty is betweenthe voltage and movementof the pen which depems on the
electranic circuits andmechaircal linkages;its resolution andacairag arelimited
by the thicknessof theline the pendraws. For a digital recaderlinearity requires
faithful conversionof the analgue voltageto a digital court, while resoldion is
setby thevoltage correspomling to onedigital count

The recader suffers two further limitations: the dynamic range, g, the ratio
of maximumpossble to minimum possille recodedsignal, usudly expressedin
deciBel: 201og;,(g) dB; andthe maximumfrequeny thatcanberecoded. For a
penrecorder the dynamicrangeis setby the heigh of the paper, while the maxi-
mumfrequeng is setby thedrumspeel. For adigital recaderthe dynamicrange
is setby the numberof bits available to storeeachmemberof the time sequence
while the maximumfrequeng is setby the sampling interval At or samplirg fre-
queny v, = 1/At (we shal seelaterthatthe maximummeanindul frequeng is
in factonly half the sampling frequeng).

A recoderemployedfor someof theexamplesin thisbookusedl6 bitsto recad
thesignal asaninteger, making the maximumnumbe it canrecad 2! — 1 andthe
minimumis 1. Thedynamicrangeis therdore 20 log;,(65535) = 96 dB. Another
popular recader usesl6 bits but in a slightly more sophisticatedway. Onebit is
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usedfor thesignand15for theinteger if thesignalis in therange +2° — 1; outsice

thisrangeit stealsonebit, records anintegerin therange +24 — 1, andmultiplies
by 20, giving acomplet range 327670, or 116 dB. The stolen “gain” bit is used
to indicatethe chargein gainby afacta of 20; the increaein dynamic range has
beenachieved at the expen® of accuagy, but this is usually unimpatant becase
it only occurs whenthe sigral is large. A typical “seismicword” for recodersin

exploration geophysicsconssts of 16 bits for the integer (“mantissa”), 1 for the
sign, and4 bits for sucessve levels of gain. Thetechrology is chandng rapidy
andword lengthsareincreasing;mostrecoidersnow have beingsold now have 24
bits asstandhrd.

Storag capadty setsa limit to the dynamicrangeand samping frequeng. A
larger dynamicrange requiresalarger numberandmorebits to be storad; a higher
samplingirequeng requirrsmorenumbergersemndandtherebremorenumbes
to bestoral. Thefollowing calaulation givesanideaof thelogistical consderaions
involvedin running an array of seismomedrsin thefield. In 1990 LeedsUniver-
sity EarthScience Departmehdeployed9 3-compnentbroadbard instrumentsin
the TararuaMountain region of North Island, New Zealand to study body waves
travelling through the subdictedPacific Plate. The waveswereknown to be high
frequency, demandhg a 50 Hz samplirg rate Array processing(seeChapterll.1)
is only possble if thesigral is coherentacrosghearray requring a10-km interval
betweenstatons. The Reftekrecoidersuseda 16 bit word andhad 360 Mb disks
thatweredownloadedontotapewhenfull.

A singlefield seismobgistwasavailablefor routine servicing of thearray which
meanthe hadto drive around all 9 instrumentsat regular intervalsto downloadthe
disks before they filled. How often would they needto be downloaded? Each
recorcer was storing 16 bits for eachof 3 comporents50 timeseachsecoml, or
2400 bits/secoml. Allowing 20% overheal for things like the time channel and
state-d-hedth messagsgives2880bits/secor. Onebyteis 8 bits, anddividing
2880into the storagecapaity 8 x 3.6 10® bits givesabaut 10° s, or 11.5days It
would be prudentto visit eachinstrumentatleag every 10 days,whichis possible
for anarraystrechingupto 150km from baseovergoodroads A laterdeployment
usedMarsrecoderswith optical diskswhich coud bechargedby aloca unsklled
operabr, requring only infrequen visits to collectdata andreplenish the stock of
blank disks. In this case the limiting factorwasthe time required to backup the
opticd disksontotape,which cantake almostaslong asthe original recading.

It is well worth making the effort to captue all the information available in a
broacandseisnogrambecawethe informaton contentis so extraordinarily rich.
Theseismogamin Figuresl.landl.2aregoodexamples. P, S,andsurfacewaves
areclearlyseen.Thesurface wavesarealmostclipped(Figure 1.1),yettheonsetof
the P wave hasanamplitudeof just onedigital court (Figure1.2). Thefrequeny
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Fig. 1.1. Seismogranof an evert in the Kermadedslandson 1 Nov 1991 recorcd in
Northlisland,New Zealand NotetheP, S, andlonge periad surfacewaves. Thedynanic
range meantmaximumsignalsof +16383 digital counts andthe scaleshavsthatthis was
nealy exceeded. The time scaleis in minutes,andthe surfacewaves have a doninant
periad of about20s

of the surfacewavesis abaut 20 s, yet frequencies of 10 Hz andabore maybeseen
in thebodywaves. Thefull dynamicrange andfrequeng/ bardwidth wastherefore
needel to recad all theground motion.

1.3 Processing

Supposenow that we have collectedsomeimportant data Whatarewe going to
dowith it? Every geghysicst shoud know thatthe basicraw data,plus thatfield
note-took, constitute the maximumfactual informationhewill ever have. Thisis
whatwe learnon field courses.Dataprocessingis abou extracting a few nuggets
from this dateset; it involveschanging the original numberswhich alwaysmeans
losinginformaion. Sowe alwayskeep the original data

Procesing involves opeating on datain order to isolat a sigral, the messag
we areinterestedin, andto sepaateit from “noise”, which nobody is interested



14 Introdudion
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Fig. 1.2 Expandedplot of thefirst part of the seismogranin Figure1l.1 Note the very
smallamplituce of the P arrival, which rideson microseism®f longerperiod Thearrival
is easyto seebecausdts frequeng is different from thatof themicroseisms.

in, and unwarted signak, which do not interest us at this particular time. For
example,we maywish to examinethe P-wave on a seismogambut not the surface
waves,or we maywishto remove the Earth’s mainmagnéic field from amagneic

measuremadrin orderto detaminethe magnetsationof locd rocks becawseit will

helpusunderstaml the regional geolagy. On anaher day we may wish to remove
thelocal magneic ananaliesin orderto determirethemainmagneic field becawse
we wantto understaml whatis goingon in the Earth’s core.

Oftenwe do not have a firm ideaof whatwe ough to find, or exactly wherewe
shoud find it. Underthesecircumstncesit is desrableto keep the methals as
flexible asposgble, andavery important partof moden processim is the interac-
tion betweentheinterpreterandthe compuer. The graphcal display is a vital aid
in interpretdion, andoften the first thing we do is plot the datain someway. For
example,we may processa seisnogramto enhancea patticular arrival by filtering
(Section4.1). We know the arrival time roughly, but not its exad time. In fact
our main aim is to measurehe arrival time asprecigly aspossble; in pracice,
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the arrival will be visible on someunprocesgd seismogams,on others it will be
visible only afterprocessirg, while onyet moreit maynever bevisible atall.

Thefirst half of this bock deak with the analysis of time seriesandsequences
thecommonestechriquefor processimg datainteractively without strict prior prej-
udiceabaut the detdled causeof the signals or the noise. This book adopst Claer
bout’s 1992 usageandresticts theword processingo distinguishthis actiity from
themoreformal processof inversionexplainedbelow. Procesmg is interactve and
flexible; we arelooking for sometling interestingin thedatawithoutbeingtoo sure
of whatmight bethere

Suppaee againtha we wish to sepaiate P-wavesfrom surface waves. We plot
the seismogam and find the P-waves arriving earier becawse they travel faser
thansurfacewaves,sowe just cut out the later part of the seisnogram. This does
not work whenthe P-waves have beendelayed (by reflectirg from somedistant
interfacefor example)andarrive atthesameime asthesurfacewaves. Thesurface
waves are muchbigge than body waves andthe P-wave is probably completely
lostin the raw seisnogram. P-waves have higher frequencesthansurfacewaves
(periad 1 secom againg 20 secadsfor earhiquale seismgramsor 0.1 s agairst
1 s for a typical seisnic exploration experiment), which gives us an altemative
meansof separéion. The Fourier trandorm, in its various forms (Apperdix 2),
decompaesa time seriesinto its compmentfrequencies. We calcuate and plot
thetransform,identify the big contributionsfrom the surfacewaves,zerothemand
transbrmbadk to leave the highe frequengy waves. This processs calledfiltering
(Sectiord.1). In theee exampleswve needonly look attheseisma@ramor its Fourier
transbrm to seetwo sefratesignds; having idertified themvisudly it is aneasy
matterto sepaatethem. Thisis processing

1.4 Inversion

The processeddataare rarely the final end prodwct: somefurther interpretdion
or calcultionis neecd. Usually we will needto corvert the processeddatainto
otherquanities more closel relatal to the physial propertiesof the target. We
might want to measurehe arrival time of a P-wave to detemine the dept of a
reflector,theninterpretthatreflecta in the context of a hydrocarton resevoir. We
might measurespatid variations in the Earth’s gravity, but we really wantto find
thedensty ananaliesthat causethose gravity anomdies, andthenundestandthe
hidden geolagical strudurethatcausgdthe gravity variations.

Inversionis away of transbrmingthe datainto moreeasly interpretable phys-
ical quantties: in the exampleabove we want to invert the gravity variations for
densiy. Unlike processim, inverson is aformal, rigid procedure We have alread/
decidel whatis causimg the gravity variations, andprobaly have an of the depth
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andextentof the gravity anomales,andeventheir shape We have amathanatical
modelsetout that we wish to testandrefine, using this new data The inversion
excludesary radically different interpretaion. For example if we invert the seis-
mic arrival timesfor the depth of a pair of horizontal reflectos we would never
discoverthatthey realy comefrom asinge, dipping reflector

1.0

0.8

0.6

0.4

0.2

Fig. 1.3. Gravity anomdy

Consderthe gravity traverseillu stratedin Figure1.3,which we intend to invert
for densty. The traditional method, before widespread use of computes, was
to compae the shapeof the anomdy with theoregical curves compued from a
rangeof plausible densty modelssimple enowh for the gravity to be calcuated
analyically. Thisis called forward modellirg. It involvesusing thelaws of physics
to predid the obsewations from a model Computerscancompue gravity signds
from very compicateddensty models. They canalsobe usedto searcha large
setof modelsto find thosethatfit the data A strategy or algorithm is neededto
directthesearchIdedly we shoul startwith the mostplausible modek andrefine
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our ideasof plausbility asthe seard proceeds. Thesetechiques are someimes
referred to asMonteCarlo methods

Therearetwo separge probdems, existenceand uniqueness The first require-
mentis to find onemodel,ary model,thatfits the data.If nonearefoundthe data
areincompatiblewith the model Eitherthereis something wrongwith the model
or we have overegimatedthe accuagy of thedata Thisis rare. Having found one
modelwe seart for othes. If othermodelsarefound the solution is nonunique;
we musttake accaint of theit in ary further interpretatian. This alwayshappes.
Thenonuriqueressis deseibedby the subsé¢ of modelsthatfit the data.

It is moreefficient,whenpossble, to solve diredly for the modelfrom thedata
This is not just anexercisein solving the equdions relating the datato the model
for a modelsoluion, we mustalsochalmctersethe nonuniquenessy finding the
completesetof compaible solutions andpladng probabilities on the correctness
of eachindividual model

Like mostformal procedues,the mathemadts of inversetheow is very attrac-
tive; it is easyto becomeseduedinto thinking theprocessis moreimportantthanit
really is. Throudhoutthis bodk | try to emphaisethe importanceof the measurd
dataandthe desred end god: theseare much more important than the theay,
which is just the vehicle thatallows you to proceedfrom the datato a meanirgful
interpretatian. It is like a carthatlets you take luggageto a desthation you must
packthe right luggageandto getto the right place (and, incidentally, the place
shoul be interestirg andworthy of avisit!). You needto know enowgh abou the
carto drive it safdy andgetthere in rea®nable time, but detailed knowledgeof its
workings canbeleft to the mechanic.

Thereare two soucesof error that contribute to the final soluion: one aris-
ing becaisethe original measurenentscortain errors andonearising becasethe
measuremds failedto samplesomepartof themodel. Supposeve canprove for a
particular problemthatperfect, errar-free datawould invertto a single model:then
in the real caseof imperfed datawe needonly worry abaut measuementerrors
mappinginto the model. In this bodk | call this paramete estimaion to distin-
guishit from true inversion. Moderninversiondealswith the more geneal case
whenperfect datafail to provide a unique model. Trueinversionis often confused
with paramegr estimaton in the literature. The distinction is vital in geoghysics
becawethe largestsouice of error in the modelusudly comesfrom failure to ob-
tain enoudh of theright sortof datg rathe thansufiiciently accurae data

Thedistinction betweennversionandparaneterestmationshould not become
blurred. It is temptirg to restde the inverseproblem we shodd be solving by
restriding the modeluntil the available dataare capable of detemining a unique
solution in the absece of errars, but this is philosophically wrong. The modelis
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predeerminedby our knowledge of the problem at the stat of the experiment,not
by whatwe areabou to do.

Somequatesillustrate the diversity of meanhg attachedto to the term ‘inver-
sion’. J. Claerbaut, in his book“Earth Soundigs Analysis—Processig verausin-
versiori, callsit matrixinversion. Thisis only trueif theforward problemis posel
asmatrix multiplication. In explorationgeoplysicsonesometimedearsinversion
calleddecaowolution (Sectbn 4.3), an even morerestictive definition. Decorvo-
lution is treatedas an inverse problan in Section10.2 “Given the soluion of a
differential equation, find its codficients” wasthe definition usedby Gel'fandand
Levitan (1955. More specificdly “giventhe eigervalues of a differential operator,
find the operaor”, a probem thatfinds applicationin the useof normalmodefre-
guengesin detemining average Earthstrucure. A more poetic statemenof the
sameproblem is “can we hea the shape of a drum?”, which hasrecdved much
attenton from puremathematians Noneof thesedefinitionscoverthefull extent
of inverseprodemscurrently being studiedin geoplysics.

1.5 About this book

Thebookis divided into threeparts: processiry, inversion,andapplications which
combinetechriquesintroducedin both of the first parts Emphasisis placed on
discree, rathe than cortinuous formulations, and deteministic, rather than ran-
dom, signals. This departurefrom mosttexts on signd processingandinversion
demandsomepreliminary explanation

Thedigital revolution hasmadeit easyto justify treaing dataasa discrete se-
quene of numbes. Analogue instrumentsthat produce continuous output in the
form of a pape chat recad might have the appeaanceof continuity, but they
never hadperfecttime resdution andareequialent to discreterecordngswith in-
terpoltionimposel by the natureof the instrumentitself—aninterpolaton thatis
all too oftenbeyondthe control andsometimesventhe knowledge of the operdor.
Theimpresson of continuity is anillu sion. Part | therdore usesthe discreteform
of the Fourier transform, which doesnot requre prior knowledge of the integral
form.

It is muchharcer to justify disaetising the modelin aninversion In this book
| try to incorporatethe philosoply of continuousinversionwithin the discretefor-
mulationandclarify the distinction betwee true inversion, in which we canonly
everdiscoverapartof thetruesolution, andparaneterestimation, wherethemodel
is adeauatelydesribedby afew specally chose numbes.

In the example of Figure 1.3 the modelis definedmatheanatically by a set of
parametes—R, theradiusof the cylinder, D, the degh of burial, and p, the den-
sity or densty differencewith the surraundings. The correponding gravity field
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is computa usingNewton's inversesquarelaw for ead masselemen dp andin-
tegrating over the volume. This givesa predction for every measurd value. We
caneither selecta curve andfind the beg fit by trial anderror, thendeducethe best
valuesof the threeparamegrs,or do afull mathematal inversionusing the meth-
odsdescibedin thePartll. Eitherway shauld give the sameanswver, but both will
suffer from the sameobviousdrawback the modelis implausibly over-simpified.
It is a pity to usethe power of computes to simply speed up old procedures. It
is betterto prescibe a moregenerbmodelanddetamine asmuchabaut it asthe
dataallow. Ultimately, for this probem, this might meanallowing the densty to
vary with all three spacecoordnates aninfinite numberof degrees of freedom.

For the most part, we shall content ourslves with a finite numberof model
parametes, but still allow the modelto beascompicatedaswe wish, for example
by dividing the half spaceinto reciangubr blocks andascrbing a differentdensty
to eachcell. Somesuchparametrisaion will be neecd ultimately to represent
the model numertally whichever inversion procalure is adoged. The method
aresuficiently flexible allow for ary previousknowledgewe might have abou the
strucurewithout necesarily building it into the paramegrisaton.

In practice,virtually all realinverseprobdemsendup onthecompuer, whereary
continuousfunction is represented discraely. Continuousinverson hasonegreat
pedaggicd advantage: if the modelis a continuous function of anindependent
variable andtherdore contains an infinite numkber of unknowns, it is difficult to
preterd thata finite numbe of datacanprovide all the answers Given a discrée
formulaion anda hugeamourt of (very expersive) data,it becomesall to easyto
exagguatetheresuts of aninversion. Chapte 9 givesa brief introduction to the
technguesof continuousinversion. Its main purposeis to explain how it fits with
discrde inversion, andto illustrate somepotential pitfalls of discrde treatmetts,
ratherthanproviding a practical approachto solving continuousinverseprobems.

Deterministic signds are predctable. An error-freeseismogam can be com-
putedfrom the properties of the soure andthe mediun the wavespass through; a
gravity traversecanbe computel from densty; anda magnebmetersurey canbe
predided from magnetigtion For random signals we canonly predct statigical
propeties: the mean,standrd deviation, etc. Wind noise on a seismogamis one
example, its statigical propertiesdependirg on the weathe, neighbouing trees
etc. Electronic noise is anotrer souce of errorin all moderndigital instruments
Many books usea statigical definition of the power sped¢rum (e.g. Percval and
Walden(199); Priestky (1992) ) whereaghis bodk usesthe morefamiliar math-
ematicaldefinition. The cental problemin transferring the familiar mathematical
technguesof Fourier Seriesand Transformsto dataanalysis is that both assum-
ing thetime function contiruesforever. Fourier Seriesrequire peliodicity in time
while theIntegral Fourier Transbrm (Apperdix 2) requresknowledge for all time.
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Dataseriesnever providethis, sosomeassumpbnshave to be madeabou the sig-
nal outsde the measuementrange.The assunptionsaredifferent for randam and
determinstic signals. For example,it would seemreasombleto assumea seisno-
gramis zerooutdde the range of measuremat; the samecoud applyto a gravity
traverse if we hadcontinuedright acros the anomdy. Randomsignals go on for
ever yet we only measurea finite portion of them. They areusually continuedby
assumiig stationarity, thatthe staistical properties do not vary with time.

The emphats on dete@ministic signalsin this bookis promptedby the subjct.
The maxim “one man’s signd is anadher man’s noise” seemdo appl with more
force in geoplysicsthanin othe brandesof phydcal scierce and engneering.
For example, our knowledgeof the radus of the Earth’s coreis limited not by
the accuagy with which we canreadthe arrival time of seismicreflectionsfrom
the boundary but from the time delaysthe wave hasacqured in passng through
poorly-known struduresin the mantle. Again, the arrival time of shea wavesare
madeinacairatebecawsethey appearwithin the P-wave code ratherthanatatime
of greate backgoundnoisie. Themainsourceof errorin magneic obsewations of
the Earth’s mainfield comesfrom magneisedrocksin thecrust. notfrom inherent
measuremenrerrors—eren for measuwementsmadeas early asthe late 18th cen-
tury. Onehasto go badk before CaptainCook’s time, whennavigation waspoor,
to find measuementerrorscompaablewith the crudal sigral.

Somethng similar appliesto errorsin modelsobtainedfrom aninversion Grav-
ity datamaybeinvertedfor dersity, but aninherentambiguty makesit impossible
to distinguish betweensmall, shalow massanomaies andlarge, deepones.Seis-
mic tomogmphy(Chapte 11),in which arrival timesof seisnic wavesareinverted
for wave speed within the Earth,is limited moreby its frequentinability to distin-
guishanamaliesin different parts of the Earththanby errarsin reading the travel
timesthemséves.

Exercises
1.1 A geophonerespaseis quotal as3.28volts/in/sec. Give the ground mo-
tion in metresgeccorrespoming to anoutput of 1 milli volt.

1.2 A simpleseisnic acquisition sysemusesl4 bits to recad the signal digi-
tally asaninteger. Calculatethe dynamicrange. Corvertto decibds (dB)
using the formula

dB = 20log; (dynamic range) (E1.1)

(Thefacta 10 corverts“Bel” to “deciBel” andthefactor 2 corvertsfrom
amplitudeto energy)
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Thegeoponein quegion 1 outpuslineady overtherange 1 microvolt—0.1
volt. Whatis its dynamicrange in dB?

You attech the geoghonein quesion 1 to the recorcer in question 2 and
settherecader's gainto 1 digital countmicrovolt. Whatis the maximum
groundmotionrecoded?

A moresoplisticated recading sysem hasa 19-hit seismicword, 1 sign
bit (polarity), 4 gain bits (exporent plus its sign), and a 14-bit mantisa
(thedigits after thededmal point). Calculde the dynamic rangein dB.
Whathappasto thesendtivity of themoresophsticaedrecading systen
for large signds?
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MathematicaPreliminariesthe z— andDiscrete
Fourier Transforns

Supposeave have somedatadigitized asa sequenceof N numbers
{a} = ag,a1,0a2,...,an-1 (2.1)

Thesenumberanustbevaluesof measuementsnadeatregularintervals. Thedata
may be sampledevenly in time, suchasa seismogam, or evenly in spae, suc as
anideaisedgravity traverse. Whate\er the nature of the indepenentvariable, it

will be calledtime andthe seqenceatime seqence The mathenaticsdescibed
in this chaper requires only a seqenceof humkers. The maintool for analysing
discrde datais the discrde Fouriertransbrm or DFT. The DFT is closely related

to Fourier Serieswith which the readeris probaly alread/ familiar. Somebasc

propeties of Fourier Seriesarereviewed in Appendx 1. This chager begins not
with the DFT but with the z—trandorm, a simple constuct thatwill allow usto

derive somefundamentaformulaetha applyalsoto the DFT.

2.1 The z-transform

The z-trandorm is madeby simply forming a polynomial in the complex variade
z usingthe elemerts of the time sequeceascoeficients:

A(z) =ag+a1z+ a2 + ... +ay_12V7! (2.2)

Many physial processediave the effect of multiplying the z—transform of atime
sequace by anoher z—transform. The bestknown of the is the effect of an
instrument: the output of a seismaneter for example is differentfrom the actual
grourd motionit is suppsedto measure.The relationshp is one of multiplying
the z—trangorm of the grourd motion by anoher z—transform that depends on
the instrumentitself. For reasmsthatwill becane apparentlater, it is physically
impossille to make adevicethatrecadstheincoming time series precisly.

It is therefore often instructive to congder operdions on the z-transform rather

25
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thanontheoriginal time series Operaionson the z-transformall have their coun-
terpat in thetime domain For example, multiplying by z gives

2A(z) = apz+a122 + a2 + ... +an 12V (2.3)
This new z-transformcomrespomnisto thetime seqence:
{a+}=0,0a9,a1,a9,...,an-1 (2.4)

which hasbeenshifted one spacen time, or by an amountequal to the samplirg
interval At. Likewise, multiplying by apower of z, 2*, shifts thetime seqienceby
kAt. z is calledtheunit delay operator.

In geneal, multiplicationof two z-transformsis equvalentin the time domain
to aproces calleddisaetecorvolution disaetecorvolution. This discrete corvo-
lution theoremis the mostimportant propety of the z—trandorm. Conside the
prodwct of A(z) with B(z), the z-transformof a secaxdtime sequence{b}, whose
length M is not necesarily the sameasthatof the original sequence

N-1 M-1
C(z) = A(2)B(z) = Z apz* Z b2t (2.5)
k=0 =0

To find the time seqencecorrepondng to this z—trandorm we mustwrite it as
apolynomialandfind the geneal term. Settingp = k + [ for the new subscipt p
andchangng the orde of the summatio doesexacty this:

N-1M-1 M+N-2 p
Z Z akblz’H'l = Z akbp,kzp (26)
k=0 [=0 p=0 k=0

Thisis justthe z-transformof thetime sequence{c}, where
p
cp = Z arbp—_k (2.7)
k=0

{c} is thediscrae corvolution of {a} and{b}; it haslengthN + M — 1, oneless
thanthe sumof thelengths of the two contributing seqiences

Hencdorth the curly braclets on sequenceswill be omitted unless it leads to
ambiguty. The convolution is ustally written as

c=axb (2.8)

andthe discree corvolution theoemfor z-transfomswill be repregntedby the
notaton:
a & Az)
b < B(z)
axb < A(z)B(z) (2.9)
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Fig. 2.1 Theconvolution process.Thefirst sequenea is plottedagainsisubscrip £. The

secondsequeneb is reversedandshiftedsothatb is at k = p. Prodicts of the adjaceh
elemers of thetwo sequencgarethensummedo give the corvolutionfor thatvalueof p.

As anexample,constderthetwo seqience
a=1,2312 N=5
b=1,3,5,7 M=4 (2.10)

The corvolution c will have lengh N + M — 1 = 8 andis given by the formula
(2.7). Theformulamustbe apgied for eachof 8 valuesof p:

co = apby=1

c1 = agby +a1bp =5

co = agby + a1by + ashy = 14

c3 = agbs + aiby + asby + agby = 27

ca = aibz+ azby + azb + asby = 34

cs = aobs+ agzbs + asby = 32

cg = agbs+ asby =17

cr = agb3=14 (2.11)

Theprocedureis visualisad graphically in Figure2.1. Theelemets of the first se-
quene (a) arewritten down in orderandthoseof the seconl sequ@ce(b) written
downin reverse order(becauseof the —k sulscriptappgearingin (2.7)). Tocompue
thefirstelemen, ¢y, thestartof theb sequences alignedatk = 0. Thecorrespord-
ing elemens of a andb aremultiplied acrossandsummed.Only & lies belowan
elementof thea seqiencein thetop framein Figure2.1, soonly the prodict gy by
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contributesto thefirst termof the convolution. In geneal, g, is found by aligning

by atk = p, multiplying corresponling elemens andsumming.lt is often the case
that one sequaceis muchlonger than the other, the long sequ&ce representirg
the seismogam and the shorer sequa&ce someopemtion to be performedon the
seismogam. Think of the shortsequ@&ceasa “train” running along the “rails” of
thelong sequaceasthe subscipt p is increased.

If multiplication by a z-transform correponds to corvolution, division by a
z-trandorm correspond to the oppasite procedure decowolution since B(z) =
C(z)/A(z). Inspection of the first equaion in the example(2.11) shovs we can
find by if ag # 0:

bo = co/ag (2.12)

Knowing thefirst term by, we canuseto it to find the next termof the b seqence
from the secoml of (2.11):

b1 = (c1 —aibg)/ag (2.13)

andsoon. The geneal formula to invert (2.7) is obtainedby moving thek = 0
termin the sumfor ¢, to theleft handsideandrearrangingto give
bp — (CP — EZ:l akbp—k) (214)
ag

This procedureis calledrecursionbeausetheresultof eachequatonis usedin all
subsguentequaions. Notice the division by qy at every stage: decorvolution is
impossille whengy = 0. SinceB(z) = C(z)/A(z), therecusionformula(2.14)
mustbe equialent to division by the z-transform. Decorvolution is discussedin
detailin Section4.3.

We may now definea gereralised operdion correspording to multiplication of
the z-transform by arational function (ratio of two polynomialg:

f(z) (z—2)(z—2)...(z—2n-1)
r(z) = =
9(z)  (2—po)(z—p1)---(z — pm—1)
In thetime domainthis correponds to acombindion of corvolution andrecussion
The opemtion descrbesthe relationship betweenthe outpu of a seismomedr
andthe ground motion, or instrumentrespnse Instrumentrespmsesof modern
seismometes areusualy speified in termsof the roots of the two polynomials
the polesandzeroesof the compkex z-trandorm r(z). An ided seisnometerhas
r(z) = 1 andrecadsthe ground motion exactly. Somemoden seismomegrsap-
proachthis ideal and have rather simple instrumentrespases;older instruments
(and others not designedto recordall aspect of the ground motion) have more
complicaedrespnses The SRO (which stardsfor seisnological reseach obse-
vatory) wasdesgnedin the 1970sfor the global nework. Its full respmsewas
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propely descibed by no fewer than14 zercesand28 poles Bothinput andout-
put are madeup of real numbes, so the z—transbrmshave real codficientsand
therebretheroots (polesandzerces)areeitherrealor occu in complex conugate
pairs.

2.2 The Discrete Fourier Transform

Settingz = e~™At into theformulafor the z-transform (2.2) andnormalisingwith
afactorN gives:

1 N1 .
Alw) = N Z ape WAL (2.15)
k=0

This equation is a complex Fourier series (Appendix 1); it definesa continuous
function of angubr frequeng/ w which we disaetiseby choasing
_ 2mn 2mn

Wn T NAz TnAv (2.16)

whereAv is the samplingfrequency Substititinginto (2.15 andusingT = N At
givesthe Discrete Fourier Transfom (DFT):

A, = Awn
1 N-1 )
—2mink/N
= = ape :
N =
n=01,2...,N—1 (2.17)

This equation trangorms the N valuesof the time sequence{q,} into anotter
sequaceof numkerscomprsingthe N Fourier coeficients { 4,}. The values of
z thatyield the DFT areuniformly distributed abou the unit circle in the comple
plane(Figure2.2).

An inverse formula existsto recovertheoriginal time sequencefrom the Fourier
coeficients:

N-1
ap =Y Ane®mhn/N (2.18)

n=0

To verify this, subgitute A,, from (2.17)into theright handsideof (2.18)to give

N-1 1 N-1 ] ] N-1 1 N-1 ]
Z N Z ale—27rml/Ne2mkn/N _ Z alﬁ Z e—2mn(l—k)/N (219)
n=>0 1=0 =0 n=0

The sumover n is a geometre progessio. Recallthe formula for the sumof a
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20 Real

z3

Fig.2.2. IntheArganddiagiam,ourchoicefor z, exp —iwAt, liesalwaysontheunitcircle
becase|z| = 1. Discretisatiorplacesthe z—points uniformly aroundthe unit circle. In
this casewAt = —7 /12 andthereare12 points arownd the unit circle.

geometre progression which apgdies to bothrealandcompkx sequaces:

N-1 N

]_ _
>ort== r (2.20)
k=0 -r

In (2.19)theratiois r = e~27i(k=1/N andrV is e~27(k=1) whichis unity provided
k # 1, giving zerosum. Whenk = [ every termis unity, giving a sumof N.
Nyquists theaemfoll ows:

1 N-1 .
N Z e—2mn(k—l)/N = O (221)
n=0

Substitding into (2.19)andusingthe subditution propety of the Kroneder delta
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(seebox) leaves a,, which provesthe resut. Equatiors (2.17) and (2.18) are a
transbrm pair that allow usto passbetweenthe time sequacea andits DFT A
andbackwithout any lossof informaton.

THE KRONECKER DELTA

TheKronecler deltg alsocalled the isotropic tensorof rank 2, is
simply anarraytaking the value zeroor one

oy = 0 k#I
- 1k=1I

It is usefu in time seqenceanalysis in defining a spike, a se-
guerce cortaining a singe nonzeroentry attime correspomling
to elementt = I.

The subditution property of the Kronecker delta apples to the
subgripts.  When multiplied by anotter time sequ&ce and
summedbver k the sumyieldsjust onevalueof the sequence:

delak =ag:04+a;-0+...4+a;-14+...=q
k

Thesulscriptl onthea ontheright handsidehasbeensubstituted

for thesubscipt k& ontheleft handside.
In equations(2.17)-(2.18) subscipt £ measurs time in units of the samplirg
interval At, sot = kAt, upto amaximumtime 7' = N At. n measuesfrequeng
in intervalsof Av = 1/T up to a maximumof the samplirg frequeny 1, =
NAv = 1/At. Thecomple Fourier coeficients 4, descibe the cortribution of
theparicular frequeny w = 27nAv to the original time sequence Writing 4, in
termsof modulusandargument gives

A, = Rpe'®r (2.22)

A sigral with just onefrequeng is a sine wave; R, is the maximumvalue of the
sinewave and ®,, definesthe initial point of the cycle — whethe it is truly a sine
or a cosire or somecombnation R, is real and positive andgivesa measue of
theamountthat frequeng/ contributesto the data;a gragh of R, plottedagairstn
is calledthe amplitudespedrum andits squae, B2, the powerspectum &, is an
angleanddegribesthe phase of this frequengy within thetime sequ&ce;agragh
of ®,, plottedagainst is called the phasespectrum

Consderfirst thesimpleexample of the DFT of aspike. Spikesareoftenusedin
procesing becaisethey repregntanided impulse The spike sequ@&ceof length
N has

di = Opx (2.23)
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Thespikeis attime K At. Substitding into (2.17)gives

1 .
D, = NefZW’LKn/N (224)

When K = 0, D,, = constant; the spike is at the origin, the phase spectrum s
zeroandtheamplitudespectumis flat. Thespike is saidto contain all frequences
equall. Shifting the spike to someothertime changesthe phasespedrum but not
theamplitudespectum.

1,2

0 | | | | | | | | 1 | | | | | | | |
0.0 1.0 2.0 3.0 4.0 5.0 6.0 7.0 8.0 9.0 10.0

TIME [sec]

0.0 | | | | | | | | | | I |
0.0 1.0 2.0 3.0 4.0 5.0
FREQUENCY [Hz]

Fig. 2.3. A boxcarsequenefor N = 100 andM = 10. Its amplituce spectrunis shovn
in the lower trace. The sequene definedin (2.25) hasbeenshiftedto centreit ont =
5.0 sfor clarity; theamplitudespectrunremairs uncrangedbecase of the shift theorem
(Section2.3.9. Notethezeroesandslow decreasén maxinum amplitwdefromn = 0 to
n = 50, causedy thedenoninatorin equatio (2.28).

An importantexampk of atime seqenceis theboxar, asequacethattakesthe
valuel or 0 (Figure2.3). It takes its namefrom the Americantermfor arailway
carriage andits appeaancein convolution, whenit runsalongthe “rail s” of the
seismogam. Thetime seqenceis defined as

by = 1 0<k<M
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= 0 M<k<N (2.25)

Substitding into (2.17)gives

M-1 )
B, = Z 672mkn/N (2.26)
k=0

1
N
whichis anotter geometic progresson with factorexp —2min/N andsum

1 — —2minM/N
N (1 — e~2min/N)
efm'n(Mfl)/N Sinﬂ-nM/N

B, =

= Nsinan/N (2:27)
Theamplitude andpha® spectaare,from (2.22)
sintnM /N

Bn = Nsinmn/N (2.28)

o, — _%—m (2.29)

wheree takesthevaluesO or 1, depemling on the signof sin 7n M /N.

Thenumerdorin (2.27)oscillatesasn increasesZeroesoccu atn = N/M,2N/M, .. .,
where M is the length of the (nonzeropartof the) boxca. The denaminatorin-
creass from zeroatn = 0 to amaximumatn = N/2 thendecreaesto zeroat
n = N; it moduatesthe oscilating numertor to give a maximum(height M) at
n = 0 to aminimumin the centreof therangen = N/2. The amplituce spec-
trum is plotted asthe lower tracein Figure 2.3. The larger M the narrowerthe
centrd peakof thetransform. Thisis ageneal property of Fouriertransforms(see
Appendk 2 for a similar resut): the spike hasthe narravesttime spreadandthe
broadestFouriertransform.

Inspectian of (2.27) shavs thatthe pha® spedrum is a straght line decreaing
with increasirg n (frequeng). The pha® spedrum is ambiguais to an addtive
integer multiple of 27; it is sometmesplotted asa coninuous straght line and
sometimedoldedbackin therange(0, 27) in a savttooth patten.

Cutting out a segmentof a time sequace is equivalent to multiplying by a
boxca—all values outside the boxca are setto zero, while those inside are left
unchanged.Thisis why the boxcar arises sofrequently in time series analyss, and
why it is important to undestandits propertiesin thefrequeny doman.
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2.3 Properties of the discrete Fourier transform
2.3.1 Relation to continuous Fourier Series and I ntegral Fourier Transform.

1 Thereexist anabgiesbetwea the DFT ontheonehard andFourierseriesandthe
Integrd FourierTransfam ontheother FourierSeriesandtheFIT aresummarisd
in Apperdicesl1 and2, but this materid is not a prerequiste for this Chapte. The
forwardtransform,(2.17), hasexadly the sameform asthe complex Fourierseries
(1.10). The coeficientsof the complex Fourier series are given by the integral
(1.12):

T .
A, =L / a(t)e- Mty (2.30)
T Jo

Settingw = 27n/T, T = NAt, t = kAt, where At is the samplinginterval,
andusingthe trapeziumrule to appioximatetheintegral leads to (2.17),the DFT
equaton for A4,. It is importart to notethat (2.17) is not an approimation, it is
exact. This foll ows from Nyquig's theaem (2.21) andbecaisewe choseexacty
theright frequeng intervalfor the given samping interval.

Likewise, Fourier integrals may be approaimatedby the trapezum rule to give
sumssimilar to (2.17) and(2.18). Resultsfor continuousfunctionsfrom FITs and
Fourier seriesprovide intuition for the DFT. For example the FIT of a Gaussia
function e=*** is anotrer Gaussan, (1/2\/ﬁ)e“"2/4a (Apperdix 2). This usefl
propety of the Gaussan (the only function thattransformsinto itself) doesnotap-
ply to the DFT becaisethe Gaussiarfunction never goesto zero,there arealways
endeffects but Gausgan functionsarestill used in time seriesandysis. Note also
thatwhena is largethe Gaussanis very narrow andshargy pe&ed,but thetrans-
formis very broad. Thisis anadherexamplk of a narrowfunctiontrangormingto a
broadone a geneal property of the integral Fouriertransformaswell asthe DFT.

The Fourier seriesof a monochiomatic sine wave hasjust one non-zro coef-
ficient, correponding to the frequengy of the sinewave, andthe integral Fourier
transbrm of amonochomaticfunctionis a Dirac deltafunction (Apperdix 2) cen-
tred on the frequeny of the wave. The sameis approximatly true for the DFT.
It will contain a single spike provided the seqiencecontans an exad numberof
wavelenghs. Differencesarise becaiseof the discrdisation in time andthe finite
lengthof therecad. FourierSeriesareappiopriate for analysingperiodicfunctions
andFITsareappopriate for functionsthatcontinueindefinatelyin time. The DFT
is appiopriate for sequacesof finite length thatareequally spacel in time, which
areour mainconcen in time sequenceanalysis.

1 This subsedbn maybe omittedif the reade is unfamiliar with Fourier seriesor theintegral transform
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2.3.2 Shift Theorem.

The DFT is a spedal caseof the z-transform, somultiplication by z (= e @At)
will delaythe sequaceby one samplirg interval At. Putthe othe way, shifting
the time sequenceone spacewill multiply the DFT coeficient 4, by e~ 2n/N .
The correspondng amplitude coeficient R,, remainsunchangedbut the phaseis
retarcedby 27 /N . Thisis physially reasmable;delaying in time canrot chang
the frequency content of the time sequence,only its pha®. The spike providesa
simpleillustration of the shift theoren. Equatbn (2.24)with K = 0 givesD, =

N shifting in time by K At introducesthe pha facta ¢ 27K/N py the shift
theorem, which agrees with (2.24)

2.3.3 Time Reversal

Reversingthe order of a seqlenceis equivalentto revergng the time andshifting
all termsforward by oneperiad (thefull lengthof the sequencg. Denotethetime-
reversedsequenceby a sothataj, = any_. Theright hard sideof equation(2.17)
thengives,with the subsitution/ = N — k,

1 N-1 1 N-1
N Z an_pe RN — N Z are” I INO/N g (2.31)
k=0 1=0

Time reversd therebre complex conjugateghe DFT.
Time reversd yieldsthe z-transfom of 2z~ with adelay facta:

1
A(z)=any 1+any 22z+...+ apeN =214 (;) (2.32)

2.3.4 Periodic repetition.
Replacek with k& + N in (2.18):

N-1
apsn = ), AneENN = g (2.33)

n=0

Similar subsitutionsshaw thata;_n = ag, agr2n = ag, andsoforth. The DFT

always “sees the dataas periodcally repeatedeven though we have not specf-

ically requred it; the inversetransform (2.18)is only correct if the original data
repeaédwith period N.
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2.3.5 Convolution theorem.

The DFT is a spedal caseof the z-transformandwe would expect it to obey the
corvolution theorem provided z hasthe samemeaningin both seriesandwe se-
lectthe samefrequenciesw,,, which meanghe samesamplinginterval andnumber
of sampledfor eachseries. Thereis one important differenceresuting from the
periodc repettion implicit in the DFT. In deriving (2.7) we omittedtermsin the
suminvolving elemets of a or b with subscripts which lay outside the spedfied
ranges0to N — 1 for a and0 to M — 1 for b. Whenthe sequ&cesrepea periad-
ically this is no longer correct. We canmale the convolution theaemwork in its
original form by extendng both sequacesby adding zerces(“padding”) to length
N + M + 1 ormore. Thereis thenno overlgp with the periodicdly repeatedparts
of thesequaces(Figure?2.4).

The effect of corvolution is often difficult to undestard intuitively, whereas
the equivalent processof multiplicationin the frequency doman canbe simplet
Conside theexample of corvolution with aboxcar. Thisis amoving average (pro-
vided the boxcar hasheight 1/M). A moving average might be thought suitable
for smoothng out high frequenciesin the data,but this is not the case.Corvolu-
tion with b in thetime domainis equivalentto multiplicationby B in thefrequeng
domain.Theamplitudespectumin Figure2.3 showsthatthe procedurewill com-
pletely eliminate thefrequenciesN/M,2N/M, ... butwill notdoavery goodjob
of remaoving other high frequencies. The zeroedfrequencescorrespondto oscilla-
tionswith anexactintegernumbe of wavelengthswithin thelengt of the boxcar.
Thusa moving averagewith alength of exactly 12 hours will bevery effective in
reducihg a signalwith exactly that periad, (thermal effectsfrom the Sunfor exam-
ple), but will not do agoodjob for neighbouing frequencies (tides, for example
which do not have periods that are exacty multiplesof 12 hourg. In geneal we
do not know the periodsin advanceso we canrot desgn the right moving aver-
age,andfew physcal phenomenahave a single precis frequency. Theredudion
of other frequenciesis determired mainly by the slowly varying denomirator. In
Chaptert.1we shallexplore moreeffective waysto remove thehigherfrequencies

2.3.6 Cyclic Convolution.

If nopadlingis appiedtheproduct of two DFTsgive the DFT of the cyclic convo-
lution. The sameformula (2.7) appliesbut valuesof the sequencewith subscipts
outsice the range(0, N — 1) arethe periodcally repeatedvalues rather than ze-
roes. The cyclic corvolution is periodic with period N, the sameasthe original

sequeces.
The cyclic corvolution for thetwo sequence a andb definedin (2.10)is quite
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different from the ordinary convolution. First we make themthe samelengh by
addirg onezeroto b, then apgy (2.7)while retairing elementsof b with subscipts
outsice therange (0, 4), which arefilled in by periodc repetition (e.g.b1 = by =

0,b_3 = b = 5). Equatbn (2.11) is replacedby

co = agbo+aib_1+ab_s+asb_s+asb_y =33
c1 = aoby +aiby +asb_1 +azb_o 4+ asb_3 =22
¢ = agbs +ai1by + asby + asb_1 + asb_o = 28

¢c3 = aobsz + aibs + asby + asby + asb_1 = 27

¢4 = aobg + ai1bs + asbs + asby + asby = 34

2.34)

The corvolution is of length 5, the sameasboth contiibuting series, andrepeds
periodcally with periad 5. It is quite differentfrom the non-gyclic convolution in
(2.11):(1,5,14,27,34,32,17,14).

2.3.7 Differentiation and integration.

Differentiationandintegrationonly really applyto coninuous functionsof time,so
firstlet usrecoveracontinuous function of time from our time sequenceby settirg
t = kAt andw,, = 2rn/N At in (2.18)

N-1 .
a(t) =) Anpe™nt (2.35)
n=0
Differentatingwith respetto time gives
da N-1 )
pri 1;) iwp Ape™nt (2.36)

Now discrdisethis equaton by seting t = kAt and

da

AT RY
to give
N-1
a = Y iwp Apemikn/N (2.37)
n=0
Thisis exadly the sameform astheinverseDFT (2.18),s0¢, andiw,, A,, mustbe
transbrmsof ead other
Differentiation with respet to time is therebre equivalentto multiplication by
frequency (anda pha® fador ¢) in the frequengy domain integrationwith respet
to time is equivalentto divisionin thefrequeng/ domain Thesamepropertieshold
for the FIT (Apperdix 2).
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Fig. 2.4. Cyclic corvolution of along tracewith a shorterone. Thelong traceis actually
aseismogamandthe shorterone(F) a“filter” (Chapte 4.1)designedo enhancespecific
reflectiors within theoriginal seismogre. Thesequencghave beenplottedascontiruous
functionsof time, aswould nomally bedonein processing seismogren. A, B, C' shav
thelocationof the shorterfilter usedfor calculatingdifferert valuesof the convolution (p
in equation(2.7)). Whenonetime sequeneis shortcyclic andordinary corvolutionsonly
differ nearthe ends. They canbe madeidenticalby addingzeroe to both sequenes,as
shawn in the lower figure. In this examge, if the seismogamis outlaststhe durationof
significart groundmotionthereis little differencebetweertyclic andstandaraonvolution.

For example, we sometimeseedto differentiae andintegrateseismogamsto
corvert betwveendisplacement,velocity, andaccderation. The chang in appe&
anceof the seisnogramscan sometimese quite dramatc becaisemultiplication
by frequengy enhareshighe frequenciesrelatve to lower frequencies thusthe
velocity seisnogramcan appea noisier than the displacementseismogam [Fig-
ure2.5].
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N
o

Velocity
[micron/s]

N,
o

=
o

Displacement
[microns]

-15 1 1 1 1 1 1 1 1 1 1 1
0.0 0.5 1.0 1.5 2.0 2.5
TIME [min]

Fig. 2.5. Broadland velocity (upper trace)anddisplacemen(lower trace)seismogrms
obtanedfrom the samerecod on Stromtoli volcaro. A depessionis mostnoticeablein
thedisplacemet) thedisplacerenttracealsohasmuchlesshigh frequeng/ noisebecase
of theintegration Neubeg (200).

2.3.8 Parseval’s Theorem.
Substitding for 4, from (2.17)gives:

1

N-1 ) N-1 ]
F Z ake—2mnk/N Z ale—2mnl/N (2.38)

k=0 =0

IAn|2 =

Summingover n, usingthe Nyquis theoem, andthe sulstitution property of the
Kronecler deltagives

N-1 1 N-1 )
Z |An‘2 — m Z aRay Z e—27rzn(l—k)/N
n=0 k,l n=0

1
= =) apady
N
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N-1 1N—1
3P = 5 3 el (2.39)
n=0 k=0

Thisis calledParseval’s theorem;it ensuesequality of “energy” betweernthetime
andfrequency domans.

Parseval's theorem applies gengally to ary orthogonad function expansion It
equates the energyin the time sequence(sum of squaresof element} to that of
thefunction coeficients. Nyquiststheoem(2.21) ensuesthatParseval’stheaem
applies exactly to the DFT.

2.3.9 Fast Fourier Transform.

Equation(2.17)for the DFT requresa sumover N termsfor eachof N frequengy
valuesn; the totad computaion required is therefore N2 complex multiplicatiors
and additions (operationg, assumiig all the exporential fadors have beencom-
putedin adwvance. A clever algoiithm, called the fast Fourier transformor FFT,
accompishesthe sametaskwith subsantialy lesscomputaion. To illustratethe
principle of the FFT supmseN is divisible by 2 andsplit the sum(2.17)into two
parts:

N-1
NA, = Z ak6727rmk/N

k=0
N/2-1 N-1
R L UL S L
k=0 k=N/2
N/2-1
> (ak + apynype ™M) 2rINRN (2.40)
P

This sumis achieed by first forming the combiratiors a;, + ak+N/2e—’”'" (N/2
operaions) andthenperfarming the sumof N/2 terms.Thetotal numberof ope-
ationsfor all frequeng termsis now N - N/2+ N/2, aredudion of almosthalf for
large N whenthe additonal N/2 opeiations may be negleded. Thereis no need
to stopthere provided N canbedividedby 2 againwe candivide the sumin half
oncemoreto obtaina further speedup of almosta factor of two. When N is a
power of 2 the summay be divided log, N times,with afinal operdion court for
large N of abaut 4N log, N.

Themodernversim of theFFT algarithm datesfrom Cooley andTukey (1965) It
wasknown muchearlier but did notfind widespreadappication until theadwent of
digital compuersledto large scaledataprocessing The power of 2 fastalgorithm



2.3 Propertiesof thediscreteFourier transform 41

is the mostwidely used but fastalgaritms are available for N contaning larger
primefactrs.

The speedadwantageof the FFT is enomous. Consicer the caseN = 1¢f ~
220 anda ratherslow compute perfarming a million opemtionsperseond. The
corventioral sumrequires N? = 10'2 operaions, which take 10° sor 11.5daysto
dothetrandorm. TheFFTrequres4 x20x 10° = 8 x 107 opeations or abaut 80 s!
An 80 s compuation could be usedrepededly in a dataprocessirg experiment,
while an11.5day computdion is only practcal for aone-off calcuation.

TheFFT not only madeit practical to comput spectrafor large datagts, it also
reducel the time required to convolve two sequencesof roughy equd length us-
ing the corvolution theaem. We transbrm both seqenceswith the FFT, multiply
the transbrmstogetter, then transform back using the FFT. Despte its apparent
clumsiness, this procedure is faste than using equation (2.7). Like a corven-
tional (“slow”) DFT, convolution using equation (2.7) also requres O(N?) op-
eratimswhen N = M andis large. Using the corvolution theoren, we pad
eachsequace with zeroes to avoid the prodems of periodc repdition, take the
DFT of both (16N log, N operdions), multiply the transfamstogetter (N opefa-
tions)andinversetransbrm (8 N log, N operdions), to produwcethesameresult If
N > 24log, N thetransformmethodwill befaser. Whenonesequenceis much
longer thantheother NV > M, thetime doman calculationwill usualy befaste.

2.3.10 Symmetry of the transform.

Equatiors (2.17) and (2.18) give a meansof transforming a sequenceof lengh
N into another sequenceof the samelength and back againwithout ary loss of
information. The two formulae are quite similar, the only differences being the
normalisng facta 1/N in (2.17) andthe signof the exporent, both of which have
beenchosenarbitrarily by corvention. The mathemats works equally well for
exponents with the other sign corvenctian, providedthe signsaredifferent in the
two equaions and we apply them consstently, for a normalsationfacta N in
front of (2.18) instead of 1/N in front of (2.17). Someauthors usea normalsing
factor1/y/N, which givesa symmetrc transfam pair with thesamefacta in each
formula. Whatever the corvention, it is fixed by the definition of A4,.

This symmetrymeanghat, apartfrom signs andnormalisations, ary statemat
we make abaut the time sequenceandits trangorm can also be madeabou the
transbrm codficientsandits time seqence.For example,we found the DFT of a
boxca to bearatio of sines Symmetryrequiresthatthe DFT of atime sequence
madeup of the ratio of sineswould then also be a boxcar. Anotha exampleis
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givenby the corvolution theoren:
a*xb<+ AB,

which statesthat corvolution in thetime domainis multiplication in the frequeng
domain. It follows that corvolution in the frequengy doman is multiplication in
thetime domain:

AxB < ab
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SUMMARY: PROPERTIES OF THE DISCRETE
FOURIER TRANSFORM

(i) Forwardandinversetransbrms:

N-1
ap = Z A, e2mikn/N
n=0
(i) Amplitude and phase spedra: R, = |4,]; @, =
arg An;
A, = R,expi®,.
(i) Ao = averageof thedata,the zerofrequeng comporent
or “DC shift” ”.
(iv) Maximumfrequeny 1/At
(v) Periodt repettion: Ay, = A,
(vi) Shifttheorem: agp > Ape 2minM/N
(Vi) Noy < 1 (alln);
Né;u & Ane—2m'nM/N.
(viii) Timereversal «+» comple conjugation
(ix) Differertiation andintegration :
a(t) < iwpAp;
fa(t)dt < An/(iwp)+ congant
(x) Corvolutiontheoem: a*xb <« AB
(xi) Corvolution with a spike retums the original seqwence
shifted

2.4 DFT of random sequences

Noise in a time seqienceshodd sometimesbe represente as a randan vari-
able, representirg a quantty thatis itself unpralictalde but which hasknown or
knowable statigical properties The expedation operdor expectdion opeator £
is applied to functions of a random varigble to yield its statistical properties The
expectdion is normdly takento be the average of mary reaisations of the vari-
able. A random varialle X hasan expeded value £ (X) andvarianceV (X) =
£ [I(X - & (X))2] derivablefromits probability distribution. For two randam vari-
ablesX andY we candefinea covariance

CX,)Y)=¢[(X-E(X))(Y -£(Y))] (2.41)
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NotethatC (X, X) = V (X). Thecovariancemeasureshe deperdene of X and
Y on eachother if they areindependentthenC (X,Y’) = 0 andthey aresaidto
beuncarelated Givenacollectionof N randan varigbles(Xp, X1, Xo,...,Xn)

we may definea covariance matrix

Cij = C(Xy, Xj) (2.42)

For independern randbm variadesthe covariancematrix is diagonalwith variances
onthediagonal. Covariarcesaredisaussedn moredetal in Chaper5.

In time seriesandysis the expedation operdor may be replaed by an average
overtime providedthestatigical propetiesdonotvarywith time. Suchasequence
is calledstationary. We defineastatianarystochasticsequience Xy, X1, Xo, ..., Xn)
asonewhosecovariarcesaredepender on thetime differencebut not thetimeit-
self,i.e. C(Xy, Xj1p dependson suffix p but not suffix k. Suppsethe sequence
{ag; k=0,1,... N —1}isonerealsation of this stocha&tic sequenceandthe X
have zeromean.Replaing the expedation operabr in the covariancewith atime
average givesanestimde of the covariances

1
¢ =38 1 Xk:akakﬂ) (2.43)

Thesequeceg, is called the autoorrelaion andwill bedisaussedurtherin Sec-
tion 4.2.
The DFT of the autacorrektionis the powver spedrum:

bp & |Anl? (2.44)

(theresut follows from the corvolution theoremandis not thathardto prove. It
is given morecompldely in Section4.2.) The statigical properties of the power
spectum of a statinary stochastic process cantherefore be estimatel becaseit
can be derived directly from the covariances. This allows us to manipuhte the
spectaof random signak andputstime seriesanalsisonafirm statigical footing.
A pracical exampleof noiseestimaton is givenin Section 3.4.3.

A usdul randan noiseseqencen hasuncarelatal individud elemens. The
covariarcesare therebre zerofor all lagsp excep for p = 0, andthe autacor
relation approximates to a spike at the origin. The DFT of a spike at the origin
is a consant, so the expectal values of the power sped¢rum of n areall the same
constat. Sucha spectum is saidto be white becawseit cortainsall frequences
equall, andtherandomnoisesequ@cen is saidto be a sampk of white noise
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Exercises
Write down the z-transfom A(z) of the seqience

ar = {6, —5, 1).

Obtainthefirst threetermsof the time sequencecorrespondng to thein-
verseof this z-transform A~1(z). [Hint: factorise A(z), usepartal frac-
tions on A1(z), expand eachterm by the binomial theaem and collect
powersof z.] For whatvaluesof z doesyour expressionfor A=1(z) con-
verge?

Obtainthe corvolution of thetwo time sequ&ces

ap = {6’ _5a 17 Oa _1a 37 _2)

11
b, =< —,=—¢.
k {2’2}

Why is this operdion called a moving average?
Userecusionto shav thattheresut of demnvolving thetime sequace

and

c=(1,5,14,27,34,32,17, 14)
with
a=(1,2,3,1,2)

b=(1,3,5,7)

Investigateelementf b beyondthe given sequace.
Shaw thatthe DiscreteFourier Transbrm of the sequence

(07 17 _17 0)

1 11
(AOaA1’A2’A3) = 0’ Z(l - Z)? a5 Z(l + Z)
(a) Verify thegeneal relaton Ay_, = A},.
(b) Plottheamplitudeandphasespedra.

Sketchtheamplitudeandphasespectaof aboxcarwindow with samplirg
rate At, total lengt of seriesN, tape fraction f (i.e. the numbe of non-
zerotermsin the boxcar seqeenceis M = fN. Shav on your plot the
valuesof n atthe zeroes of theamplitude spectum. You mayassumd / f
is aninteger.
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2.6

2.7

2.8

2.9

2.10

Mathemdical Preliminaries:the z— andDiscreteFourier Transforms

Obtainthe ratio of the valuesof the amplituce spectrumatnf = 1.5
to the cental peakatn = 0. Find the numertal value of this ratio for
M =10.

Find the cyclic corvolution of thetwo time sequaces
a, = (6,-5,1,0,-1,3,-2)
and

1
= 5(1,1,0,0,0,0,0)

Compareyour resut with the ordinary corvolution obtanedin quegion 2.
Find the DFT of thetime sequa&ceq;, = (1,—1,0,0) by (a) direct calau-
lation and(b) usingthe shift theoremandyour soluion to quegion 4.
Verify Parseval’'s theaem for the time sequencesin questons 4 and 9
above.

Find the DFT of the seqence(1, —1). Compareits amplitude spedrum
with thatof the seqence(1, —1,0,0), found in queston 9, andcomment
on the effect on the amplitude spectrum of adding zeroes to a time se-
quence.

Giventhat the Fourier Seriedfor aninvertedparatmlaontheinterval (0, 1)
is

by,

1 cos 2mnt
2 _
t-t= 6 Z n2m2

find, by differentiation or otherwise, the Fourier Seriesof the savtooth
function ¢ in the sameinterval.

In both case sketchthe function andits Fourier serieson the interval
(—1,2). (SeeApperdix 1).
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Practicalestimationof spectra

3.1 Aliasing

Thetransbrm pair (2.17)and(2.18 areexactandtherdore no informationis lost
in perfarming the DFT: we canmove freely betweerntime andfrequeny domairs
ascircumstancerequre. However, before digitisingwe hada continuousfunction
of time a(t) with acontinousFouriertransform A(w). We shauld thereforeexplore
exactly whatinformationis lost by digitizing.

It follows from the periadicity of the DFT that

AN+n = Ap (31)
For realdatawe cantake the complex conugateof (2.17)andshow alsothat
AN_n = A}, (3.2)

Physically this meanshatFouriercoeficientsfor frequencieshighe thanN/2 are
determired exacty from thefirst N/2 + 1; above N they repeat periadicaly and
betweenN/2 and N they reflectwith the sameamplitude anda phasechange of
w. Equatian (2.17) allows usto trandorm N real values in the time domaininto
arny numberof complex values 4,,, but theseonly cortain N independent realand
imaginay parts. Thereis anirritatingcompication with 4y, whichis realbecase
it correspond to zerofrequengy, and Ay /o, which is alsorealbecaiseof equaion
(3.2). If N is eventhere aretherdore 2 real coeficientsand N/2 — 1 comple
coeficients, giving atotal of V independet realnumbesin thetransform.

Equatons(3.1)and(3.2) definealiasing, the mappingof higherfrequenciesonto
therange [0, N/2]: afterdigitisation highe frequencieswill masqeradeaslower
frequencies Thehighestmeanimful coeficientin theDFTis Ay, correspomling
to the Nyquistfrequency

vy = 1/2At, (3.3)

The sine wave as®ciated with Ay, pass through zero at all the digitisation

a7
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-0.2

-0.6

milliseconds

Fig. 3.1. If thesamplinginterval is too large cyclesareskippedin the original signal,giv-
ing theimpressiorof amuchlongerperiod. Large dotsderote valuessampledat 500Hz;
they lie onthesinewave with frequengy 417Hz (solidline, the aliasedfrequeng) aswell
asthesinewave with truefrequeng 83 Hz (dashedine).

points (Figure 3.1): any compaentof this sine wave in the original continuous
function will not appea in the digitisedsequace. Higher frequenciesarealiasel
becasecyclesare“missed” by the digitisedsequ@éce,asillustratedin Figure3.1.
A usefl illustration of aliasirg is the apperanceof spokeson awheel,eachan
anglea apart capuredon film. A film madefrom imagesevery, say 0.025s (At)
appeas to usto rotate with angubr velodty Q2 becaisethe spoke movesthrough
anangled = QAt betweensuccasive frames As thewheelspeed up it reactes
apointwhereé exceed half the angke betweenthe spolkes,andif the spolesare
identical we cannd tell from the digitisedfilm whethe the wheelis rotatng for-
wardsat a rate /At or backwards at a rate (« — 6)/At. The brain interprets
theimageasbackwardsrotaion. Reversalof the sen of rotaion correponds to
complex conjugation in (3.2); periadic repettion stats for thefader rotetion speel
Q = o/ At, wheneachspde comesinto line with the next betweerframes
Figure 3.2 gives a graphcal methal for finding the aliasedfrequeng by plot-
ting the frequeng of the original coninuous function, the input frequeny to the
digitisation process, agairst the frequency of the digitised seqience the aliasal
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Fig. 3.2. Digitising frequencieshigherthanthe Nyquist frequeny v y = 1/2At backinto
therange (0, vn). Thefrequeng in the digitisedsignalis calculatedrom this graph with
the examge in which both frequencies583=90+83and417=%0-83 areboth aliasedto
83 Hz. TheNyquistfrequeng is 250Hz andthe samplingintenal 2 ms.

frequency. This apgdies only to the amplitude of the coeficients; thereis a phase
change of = for eachof thenegative slopesectimsin thefigure. In this examplethe
samplinginterval, At, is 2 ms,typical of a seismicreflection surney. Thesamplirg
frequency is thereforey, = 1/At = 500 Hz. The Nyquist frequency is half the
samplingfrequency, or 250Hz. All frequenciesarealiasedinto theband0—250Hz.
Equation(3.2) shavs that417 Hz is aliasedto 500 — 417 = 83 Hz, while 517 Hz
is aliased from (3.1)to 517 — 500 = 17 Hz.

It shodd be clear from this examplethat aliagng can have disastrouseffects
Very high frequencies can enterat very low frequeng and compldely maskthe
signalof interest. Thereis noway to undothe effectsof aliasing after digitisation:
the information allowing us to discriminatefrequenciesabove the y from those
belov vy is lost. It is thereforeessetial to remove all enegy above the Nyquist
beforedigitising. Thisis usudly done by ananti-alias filter appliedto theanabgue
signal

It is sometimeglesirdle to redue the volumeof databy resampihg atalonger
interval. For example,a broacdandrecordmay have a sampling intervalof 0.01s
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but a study of surface wavesonly need a samping interval of 1 s. In this casethe
original digitisedsequencemustbe preprocesgdto remove all frequencies above
the new Nyquist (0.5Hz) before making the new sampling

We have seerthatinformationis lost by digitising attoolarge atimeinterval. We
now aska similar quegion, canwe recover the original signd from the digitised
samples? The answver is yes, provided the original signal contaned no enegy
above the Nyquig frequency. Recorstrucion of the original time seriesa(t) from
its samplesa;, = a(kAt) is an interpolation, the predse form being given by
Shanmn’s samping theoem

K-1 .
B sinmvy (t — kAt)
alt) = kE::O O vy (t — kAt) (34)

A prod of Shanna’s samplirg theoremis givenin Appendk 3. Equatian (3.4)
hasthe form of a disaeteconvolution of the digitised time sequencewith the sinc
function sinz/z, wherez = muyt, which vanishesat the digitising times kAt
exceptfor t = 0. Thecorvolution (3.4) perfomsthe interpolation betwee points
in exactly theright way to force frequencesabove vy to be zero.

Symmetryof the Fouriertransformallows usto make the samestatemenin the
frequency domain if afunction of timeis truncated(f (t) = 0 for|¢| > T') thenits
Fouriertransbrm canbe recoreredfrom its values at a setof discrde frequences
n/T = nAv. We sometimeseedto addzeroesto atime sequence for exampleto
increaseits length to apower of 2 in orde to usean FFT or to improve resoution,
andwe shauld know how this changesthe spedrum. Consicer onetime seqience
a, of length M andasecad, ¢, of length N > M, with

Cr = aQg; k=0,1,..., M -1
=0; k=M M+1,... N—1 (3.5)
Clearly
¢, = bray (3.6)

whereb is the boxcar sequacegivenin equdion (2.25). Multiplication in thetime
domainis cornvolution in the frequengy doman, in this casewith the DFT of the
boxca:

Cn = Z ByAn—p

_ = s1n7rpM/N o~ Tip(M—1)/N
= Z sinmp/ N Anp (3.7)
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Thisis aninterpolation of the A spectrumfrom M to N points over the samefre-
queng range. It is analgousto the continuouscasein (3.4). By addirg zerces
to the end of a sequacewe have implicitly kept At the same thetotd length is
increasedto N At, andthe frequeng/ spadng of the transform hasdecreasedto
1/NAt. “Padding by adding zeraesis often a usefulthing to do. No informa-
tion is lost or addel, andthe addtional frequeng/ points canmalke the plot of the
spectum clearer

3.2 Aliasing
3.3 Spectral leakageand tapering

Examiningthe spectumto determire the frequeng charaterisics of the signalis
ausefulpreiminary to processing An accuatespedrumis es®ntialif we wishto
identify periadicitiesin thedata, for examplethe Earth’s normalmodes.

Ideally our seismogam would be a continuous function of time extending for-
ever; the spectum would then be the integral Fourier transbrm. In practice we
have a disaetisal seriesof finite length, which introduces two fundamentallimi-
tations on the derived spectum. Thefinite length T' limits the frequeny spaciry
Av = 1/T, andthe samplng interval At limits the maximummeanimgful fre-
queny vy.

In the previous secton we found that adding zeroes to atime series redwcesthe
frequency spadng of the spectum without changdng its content. Adding zerces
therebre improves the spectum’s appearane without introducing ary spuious
new information; it is alsoa cornvenientdevice for lenghthening the time seriesto
thenext power of two whenusing the FFT.

The DFT usesafinite numberof termsto representthe time seriesandis there-
fore suseptide to Gibbs’ phenomenorshauld the original time seriescontain ary
discortinuities, just as Fourier seriessuffer from Gibbs’ pheromenonwhenrep-
resening discantinuous functions (Apperdix 1). The DFT treatsthe time series
asperiodicdly continued,soa“hidden” discatinuity will exist if the lastvalueis
markedly different from thefirst: this mustbeguadedagairst, ustally by redwcing
theearly andlate valuesof thetime seqence.

It is uselll to congder a finite time sequencelasting time T' asa sedion of an
idealsequaceof infinite length. Selectirg anintervalfrom alongertime seqwence
is calledwindowing, andit canbeachievedmathematally by multiplying theideal
sequaceby aboxcarfunction thatis zeroeverywhee outsdetherange (0,7") and
equalto unity insidetherange

Suppsewe have anided time sequace whosespectum contains somelines
andother strucure, andwindow it in time. Multiplication in the time doman is
eqguialentto cornvolution in thefrequency doman, sowe have convolvedtheideal



52 Practical estimationof specta

100

50

20 HOUR RECORD (HANN TAPER)

20 HOUR RECORD (BOXCAR)

S S S S
1007 02 0710 020 030

50

INFINITELY LONG RECORD

0 T T T |
1 2 3 4
frequency (mHz)

Fig. 3.3. Syntheticboxcar window power spectrafor an explosive sourcerecorad at a
distanceof 95°. Reprodiced,with permissionfrom Dahlen(1982).

spectum with the DFT of a boxca, B,, givenin equdion (2.27) and shown in
Figure2.2. This function hasa centrd peakandmary sidelobes A line in the
ideal spectrum at frequency w will corvolve with B, to returnthe sameseqence
shifted to w (“convolutionwith aspike”, page43). A sinde peakis therdore sprea
acrossarange of frequencieswith mary spuious secomlary peaks This is called
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spectal leakage spectal leakagebecasewindowing in time sprealstheenegy in
the spectum acros a range of frequencies It makesit moredifficult to identify
the centrd frequengy of a peakin the spectum or obtaina correct estimateof its
width. In mary caseit is impossible to idertify the peakatall. The bestsolution
to the probem of spectral leakageis to measurealonge time sequencein thefirst
place,but this is not alwayspossilie.

An exampk is given by Dahlen(1982 for a synthetic normalmodespedrum
from an explosive sour@ at a distanceof 95°. The ided spedrum is shovn in
Figure 3.3 at the bottom. It was calcuated theaeticdly andwould be obtaned
from arecordof infinite length, if sucha recordcould be measwed. The middle
spectum of Figure 3.3 correspomsto a boxca window; the spectum s the same
aswould be obtaned from a 20-haur recad of the samegrourd motion The
peakshave beenbroadnedby the finite length of recad. Prominen side lobes
appea asthe fuzzy in-fill betweenthe major peaks they overlap throughaut the
low frequeng (long periad) partof the spectrum.

Shortaning a recad broadensspectral peals and introducesside lobes partic-
ularly at low frequencies correspondng to periodsthat are shoter than the total
lengthof recordby only asmallfacta. Thisis afundamentallimitation placedon
the databy thelimited recading time.

It is possgble to reduce the side lobesby charging the window function, but
at a price. Instead of using a boxcar window we can use someother function
with a more favourable Fourier transbrm, onethat hassmalleror no side lobes
Oneexampk is the triangular or Bartlettwindow , in which the time seqienceis
multiplied by afunction like:

W(t) = t0<t<T/2
= (T—t) T/2<t<T (3.8)

Notethatthis is theresut of corvolving a boxca function with itself. The Fourier
transbrm is therebre the squae of that of the Boxca in Figure 2.2. The side
lobesarestill preset but arelessof a problem becawgethe certral peakhasbeen
increassedat their experse. As agereralrule, side lobesarereducel by smoohing
the shap edges of therectangular boxca window. Thisis called tapering.

An extremecaseis the Gaussia window, which hasno sidelobes. Theintegral
Fouriertrangorm of the function exp (—t2/72) is proportional to exp (—72w?/4)
(Appendx 2), which deceasesmonotaically asw — +oo. 7 deteminesthe
width of the Gaussiana smallvalue of 7 indicatesa narrowfunction in the time
domainbut a broad function in the frequeng/ domain,andvice versa. Thisis a
generéproperty of the Fourier Transfom, sometmescalled the uncertairty prin-
ciple (seebox). Idedly, for resdving spectal pe&ks, we want a harrowfunction
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in thefrequeny domainandtherdore a broadfunction in thetime doman, but its
breadh is againlimited by thelength of thetime series

Gausganwindowsareusd in time-frequerty analysisof seismogamsDziewon-
ski etal. (1969), in which oneseelsto idertify the chang in frequengy with time
of adispesedwavetran. Theoriginal seismogamis divided up into intervalsand
the sped¢rum found for eachinterval. It is thenpossble to contaur the enagy in
thewavetrain asafunction of the cental time of eachwindow andfrequeng. For
surface waves,the centrd time is proportional to the inverse of the group velocity
of thewaves. The Gaussanwindow is the obviouschoicebeauseit hasthe same
form in bothtime andfrequeng/ domans; it putsboth axesof the contaur plot on
anequd footing.

THE UNCERTAINTY PRINCIPL E

Heisenlerg’s uncetainty principle statesthe impossibility of
knowing accuately both posiion and momentumof a particle;
onecanonly improve the accuagy of the determiration of one
of thes two quantties at the experse of the accuagy of the
other Positionand momentun of, for example an eledron are
descibed by the wave function or probability dersity functions
(pdf). Mathematcally, the pdfs of postion and momentun are
integral Fouriertransformsof ead other. In thesimple casewvhen
the positionis confinedby a Gaussan pdf, themomentun is con
fined by the transbrm, whosewidth is inverselypropational to
the width of the postion’s pdf. Thisis thetheay undetying the
rough statenentthat the product of the uncetainties in postion
andmomentumnis congant.

In time seriesanalysis the uncertairty principle givesa compro
misebetwea theacairacies of the height andlocation(or centra
frequeng) of aspectal peak.We canimprove ontheaccuacy of
the location of the peakby makingthe peaknarrower but if we
do sowe introducea larger errorin the spectum, which makes
the height unrelable. Similarly, we cansmooththe spedrum to
deteminetheheigh of apeakmorepredsely, but this spreadsthe
peakandmalkesthedetermirationof its cental frequencgy lessac-
curak. The product of the errors remairs roughly constant,and
would beexacty consantif thepeakhadthe Gaussia bell-shape.

Sofar we have only beenconcernedwith resoltion of the spectrum, the need
to separge neighbouring spectal peaks or to be surethat a high pointin a con-
tinuous spectum s within ameasued frequencgy range. Thereis alsothe prodem
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of unwarnted noisein the original time sequ&ce, which will mapfaithfully into
the Fourier trangorm through the DFT formula (2.17). Cornvolution with a broad
function is a smoothng opeation, andcanactto redwce noisewhenit dominaes
the rapidy varying part of the spe¢rum. Time-windowingcantherdore smooth
thespedrumandredue noise but atthe expenseof spectal resolution. Thisis yet

anotrerinstanceof arecuring tradeoff betwee noiserediction andresdution in
dataprocessing.

01 Boxcar window
023
05 oS 0330
026 057

Hann window

S~ Boxcar window

Hann (Hanning)
window

Fig. 3.4. Detail of effect of Hanntaperon spectralpeaks,and shapeof Hannwindow
(lower figure) Reprodiced,with pernission,from Dahlen(19&).

A whole menagee of windows with different statstical properties hasbeen
usedin geoghysics All windows suffer the sameunavoidalde probem: reduwcing
sidelobes broadensthe cental peak.The chadce of windowis determiredto some
extent by whatwe wantto measure If the peals arecleaty sepaatedandeasly



56 Practical estimationof specta

identifiable then side lobesare not a problem: a boxcar window will prodwce a
goodnarrow peak If thenoiseis large abroaderwindow will beneede to separate
them.

Returring to Figure 3.3, thetop trace showsthe spectum for the sameidedised
time seriesusing a 20-hour long Hannwindow. This sped¢rum could be obtaned
from the samelength of recordasthe middle trace (boxcar tape). The spectal
peaksare broader but the side lobes are muchredwed. The effect is shavn in
more detal in Figure 3.4; note that the boxca hasthe greder spedral leakage
(infill betwea the peak$ andnarrowercental pe&s.

Other popular windows are BlackmanHarris, also studed by Dahlen(19&),
andthe cosire taper in which the boxcar is tapaed at eachend by a half cycle
of acoshne. | find this apprach to tapeaing unsatisfactory. it is arbitrary and
involvesa loss of databy dovngradng dataaway from the cente of the recad.
Modernoptimisedmulti-taper methodsavoid this problem. They aredisaussedn
Section10.3.
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TO DIGITIZE A CONTINUOUS TIME SERIESAND
PRODUCE A SPECTRUM

(i) Filter the analogie recordto remove all enggy nearand
above the Nyquist frequengy. The signal is now bard-
limited.

(ii) Digitize using a sampling interval sud that the Nyquist
frequeng lies above the highest frequengy in the original
data. The samplng theoren ensuestha no information
is lost

(i) Windowthe datawith afinite-lengthwindow. In practice
this may be imposedby the durdion of the experiment,
or you may be choasing a suiteble piece of a cortinuous
recoding (e.g. afixedtime of a continuousseismomer|
recoding staring at the origin time of the eartiquale).

(iv) Detrend (e.g. by removing a bestfitting straidht line).
Slow variatons acrossthe entre time sequ&ce containg
significantenergyatall frequencesandcanmaskthehigh
frequency oscillations of interest.

(v) Taperto smoot the endsof thetime series to zero. This
reduesspectral leakaye but broadensary certral peaks
It alsohasthe effect of equalising end points of the data
to zerg thusavoiding ary discmtinuities seenby the DFT)|
from periadic repdition. Taperirg is equivalentto corvo-
lution in the frequeng/ domain it smootts the spectum.

(vi) padwith zeoeswith zerces,usualy to make the number
of sampks a power of 2 for the FFT. This redues the
spacng in the frequengy domain and smootts the spect
trum by interpolation.

3.4 Examplesof Spectra
3.4.1 Variationsin the Earth’s Magnetic Field

The Earth’s magneticfield is influencedby the Sunandits postion relative to the
local postion on the Earth’s surface. Thesechargesarebrought abou by a com-
bination of factbrs, including ionisation of the uppe atmosgnere,which changes
the eledrical condtctivity, andmovementof the ring currentwithin the magneb-
sphereby theangleof incidenceof the solarwind onthe Earth’s maindipolar field.
The changesrangefrom a few naroTesla(nT) during quiet daysto mary thou-
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sandsof nT during a severemagneic stormandare easily detectabé by a proton
magnetmeter.

Thetime seqlenceplottedin Figure3.5wasobtanedby running a proton mag-
netometefor severaldaysto recad thetotd intensity of the Earth's magnetidield
every 10 minutes.The proton magnebmeteris atrue absdute, digital instrument.
It works on the principle thata proton posessests own magnetiomoment,which
is known from laboratory experiment. The proton precesesin amagneic field and
the precesionfrequeng is proportional to thefield strendh. Theamplituce of the
precesiongradially decgs until the proton’s momentis alignedwith the applied
field. Theinstrumentaligns protons with an appliedfield which is thenremoved;
theprotonsthenprecessunde theinfluenceof the Earth’s magnetidield until they
realign with it. Eachprecessionis counted andthe totd numkber divided by the
time to give the precesion frequeny andhence the magneticfield strergth. The
instrumentis digital becawseit courts aninteger numberof precessim cycles, and
is ablute becasethe resut depems only on knowing the magnetc momentof
the proton: theinstrumentneedso calibration

The magnetoneterwas coupkd to a simplerecomer that printed out the time
andfield strength every 10 minutes. The datawererecorded on floppy disk. The
raw dataand amplitude sped¢rum are shavn in Figure 3.5. The sped¢rum was
calculatedby first removing the meanvalue of the data(otherwisethe sped¢rum
is compldgely dominged by the zerofrequeng/ valueandit is impossble to see
arything in the plot), paddng to 1024 points, and multiplying by a cosinetaper
with the coshe occupying 10% of the full length of the time series Finally, only
thelow-frequeng partt of thespectumis plottedto shav thetwo interestingpeaks

Thesamplngintervalis 10 min andsamplirg frequeny 1.667mHz. TheNyquist
frequency is half the samplirg frequengy, or 0.833 mHz. The segencecontains
625samplesatotal duraion of 4.34days Thesequencewaspaddedto 1024 val-
ues,sothe frequeng intervalin the spectumis 1.623uHz. Therearetwo peals
in the spectum, one at abou 11.5 yHz and one at abou twice that frequeng.
Thesecorrepondto periods of 24 and 12 hours respetively. They are probably
an effect of the Sunon theionosphee. Oscillaions are apparat in the raw time
seriesin Figure 3.5, but onecould not detemine the presenceof two frequences
by inspectingthetime sequacealone

3.4.2 The Airgun Source

We do not know the time function for earhquale souresin advance;we need
to detemine it from the available datg andit is often difficult or impossble to
separte the effectsof a complicatedsouice anda complicatedEarth strucure on
the seisnogram.Explodon seismobgy is different, becuseit is often possble to
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Fig. 3.5. Protonmagnetmeterdata. Top pané shows the raw data, middle panelthe
spectrun, lower parel the low frequeng portion of the spectrumshawving diumal and
semi-durnal peaks.

run sepaateexperimentsto measue thesoure function. Theideal souceis adelta
function in time, sincethis would corvolve with the grourd strudure to produce
a seisnogramthatreflectsthe strucure exadly, but sucha sourceis impossble to
realisephysicaly.

A timefunction for anairgun sour@in waterandits sped¢raareshovn ontheleft
in Figure3.6. Theinitial pulse is foll owed closely by areflecion of oppositesign
from thewatersurface,thelag being deteminedby thedepthof theairgun bene#h
thewatersurface. This doule pulse leadsto interfererce at certan frequencies v,
whenthetravel timesof the directandreflecedwavesdiffer by (n —I—%)/v, where
n is aninteger Thesefrequenciescorrespomn to the zeroes in the power spedra,
which canbe seenin Figure3.6to vary with the depthof the soure.

The airgun also releasesa bubble of air that oscillates, producing secomary
pulseswheneer the pressue reactesa maximumor minimum. The pulsesocaur
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Fig. 3.6. Variationof thetime function of anairgunsourceasa function of depthbelow
watersurface,andpower spectra.

at an interval detemined by the natuial frequeng/ of oscillation of the bubble,
which in turn dependson the sizeandtype of the airgun. Thetraceon theright of
Figure3.6is for a70cubicinch gun. Thebubbe pulseimpartsalong charateristic
time (hereabaut 100 ms) to the time sequace, which mapsinto low frequeng
strucure (10 Hz) in the power spedrum.

3.4.3 Microseismic Noise

It is commonto condLct a noise surwey in both eartlguake andexplosion seisnol-
ogy by simply recoding incoming enagy in theabseie of any source Figure3.7
shaws specta from a broadbandseismaneteroperding in New Zealand where
microsesmscanbelarge. Eachcurve representsthe power sped¢rum of 15 minute
samplesfrom the Z comporenttaken every 3 hous. The samplingrate was 25
Hz. Note the broad peals at periodsof 6 s and3—4 s typical of microsesms. Re-
moving microsesmic noiseis animportant stage in processitg modernbroadand
seismogams.

Exercises

3.1 You dedmate a seism@ram from 25 Hz sampling to 1 Hz samplirg in
ordertoreduecthevolumeof datarequredin astudyof surfacewaveswith
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Fig. 3.7. Pawer spectraof microseismicnoise from a broadbandseismometein New
Zealan. Eachcurweis derived from 15 minutesof dataat 3-hourly intervals. Eachcurve
hasbeenoffsetby theamouwnt indicatedby thearronvs onthey axisfor clarity. FromStuart
etal. (1994).

3.2

3.3

20 s periad. Give theold andnew Nyquig frequencies What previously
meanngful periodshave beenaliasedinto 20 s period?

A time seriesis samplel at 250 Hz. What arethe samplng interval and
Nyquist frequeng? The original signal, befare digitizing, was contam-
inated with noise at abou 400 Hz. At what frequeng/ would this noise
appearin the spectrum of the digitized seqence?Repeathe calculation
for noise contaminationat475Hz.

You hopeto find two pealsin thespectum of agravimeterrecad. Theory
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predctsthey will have periods of 6.2 hours and6.6 hours with goad signal
to noiseratio.

(a) For how long must you recad in order to resdve two distinct
peals?

(b) Whatis asuiteble samping frequeng, assuming no significanten-
engy arriveswith period;j 6 hours?

(c) How mary valueswill yourtime seriescontaing,

(d) Whatelsewould you do to obtan a practical estimateof the peak
frequencies?

3.4 Sketchthe spectum you would expect from seismogamsrecadedunder
thefollowing circumstancs. Labelthe axes.

A noisestudyrevealsa geneally white baclgrourd of amplitude 3 x
10~% ms™!, plus microsésmic noise of amplitude 10~3 ms~! in the pe-
riod range 4-11s. Teleseismidbody waves have typicd amplitude 3 x
10~* ms™! andfrequeny 0.5-10Hz; sufacewavesdshawe typical ampli-
tude5 x 1072 ms~! andperiod 10-100s.

3.5 Computer exercise: The Spectrum
Usethepi t sa program(seeAppendx 7) to genentea setof sinusadal
time serieshy using
Uilities — Testsignal — sin/cos
with a sampling rateof 20 Hz, length of 51.2s, andary amplitude. Start
with afrequeng of 1 Hz andcalcuate the spectawith
Advanced tools — Spectrum — FFT — Boxcar taper (ta-
per fraction = 0.)
(Choasingtheboxcartape option with taperfraction zerodoes es&ntialy
nothing.)

(a) Explainwhy thespedrum lookstheway it does.

(b) Now gradually increasethe frequency of the sinewave by 1 Hz at
atime,upto 9 Hz, taking thesped¢rum eachtime. Explainwhy the
spedrum chargesin theway it does

(c) Now jumpto 11 Hz. Explan theresut. Go on with highe fre-
guercies

(d) What hapgensto the sped¢rum at 10 Hz? Try compaing 10 Hz
signalswith phase zeroand90.

3.6 Computer exercise:Normal Modes
Readthe ASCI!I file cro. x (seeApperdix 7). Theheadkrhas30linesand
thesamplirgintervalis 20s(i.e. thesamplirg frequency is 0.05Hz=50mHz).
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Therecordng is from agravimeter(acing hereasaverylong pefiod seis-
momete) at College, Alaskaof avery large, shalow, eartlguake in Oax-
aca,Mexico.

(a) Thesurface waveswereso large theinstrumentwassatuatedand
took abaut 2 hours to recover. Note the nonlinear behaviourbe-
foreit settlesdowvn. ZOOMout the baddataat the beginning of the
recad. Canyou seethe Earthtides? Take the spectum anddesign
a suitabe highpassfilter to remove the tides. (It is bette to cal-
culate themfrom theay andsuliractthem,but pi t sa cannd do
this).

(b) Filter outthetidesandexamineyour “cleari’ seismgram.

(c) Thebursts of enegy aresurface wavesthat have travelled repea-
edly round the greatcircle paththrough Oaxacaand College. See
howv mary you canidenify. Remembethat every othe burst of
energyhastravelled in oppasite directions; if ¢z is the Rayleigh
wave speed rg the Earth’s radius, and A the anguar distance
betwee event and statim, the first wavetrain arrives after a time
rgA/cr, the secand after time rg(2m — A)/cg, the third after
time rg(2m + A)/cg, etc. Although you have lost the first few
arriving wavetrans becaisethe instrumentsatuated you canstill
estimae the distanceA and,givenrg = 6371 km, the Rayleich
wave speed Find these2 values

(d) Take the sped¢rum and identfy the peals in the frequeny range
2—-3mHz. Thesearethe fundamentalSplreroidal normalmodesof
the Earth. They are labeled, by corvention ¢S; wherethe first
zero denoges a fundamental(overtores have this “quantum num-
ber” greaerthanzero)and! is the “angular ordernumbef, giving
essatially the numter of cycles of the mode (or standng wave)
betwee North andSouthPoles.Thus! is a sortof wavenumbe.

Measue thefrequencisof the modeshetweernl.95and3.00mHz
andcompareyourresutswith thecalcuatedvaluesfor Earthmodel
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1066b:
0512 1.98917
0S13 2.11170
0514 2.23017
0S15 2.34521
0S16 2.45712
0517 2.56612
0518 2.67241
0S19 2.77617
0520 2.87764

(e) Repeathe procedurewith the file esk. x, which is for the same
eartlgualerecadedat Eskddemuir, in Scotland. Thereareglitches
towardsthe endof therecord thesecanberemoved with
Routine Tools — Edit — glitch editing
or you canjust ZOOM out the last part of the record(this wastes
datg.
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Processingf time sequences

4.1 Filtering

Filtering of a time sequ&ce is corvolution with a secoml, uswally shorte, se-
quene. Many important linear processesake theform of a corvolution; for exam-
ple the seismanetercorvolvesthe ground motion with its own impulserespnse
andcantherdore be thought of asa filtering opeiations. We shall conaentrateon
bandmssfilters, which aredesighedto eliminate wholerangesof frequenciesfrom
the signd. Filters that eliminate all frequenciesabove a certan value are called
low-passwhile those eliminating all frequencies below a certan value are called
high-pass A notd filter removesall frequencies within a certainbard. Therange
of frequenciesallowedthroughis calledthe passband andthe critical frequences
arecalledcut-df frequencies. Theséfilters areparticularly useul whensignd and
noisehave differentfrequeng charaderistcs.

An exampleof filtering is shovn in Figure4.1. Exactly the sameseismogam
shown in Figure 1.2 hasbeen high-passfiltered to remove enegy at frequences
belowv 1 Hz. Thisremoveslarge surfacewavesto revealbody waves. Surfacewaves
have typical periodsof 20 s while body waveshave muchshotter periods of abaut
1 s, sothey are quite widely separged in frequeng. An afterdiockis concaled
in the surface wavesgener&ed by the mainevent A high-passfilter doesa goad
job of removing surface wavesfrom the recad, leaving the body wavesfrom the
afterstlock unchanged

Consderfirst amoving average,in which eachelement of the time sequenceis
replacd by anaverageof M neighbouing elemerts. Thisis a corvolution of the
original time sequacewith aboxcarfunction, andis therebreafiltering opemation
We might exped the averaging processto smooh out the rapid variaions in the
sequace and therefore act as a low-passfilter. To examinethe effect properly
we mustexaminethe operdion in the frequency domain Corvolution in thetime
domainis multiplication in the frequeny doman, so we have multiplied by the

65
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Fig.4.1 Thesamealataasdisplayel in Figurel.1Butterworthhighpasdilteredwithw . =
1 Hz and 4 poles. The surfacewaveshave beencompletelyremored andan aftershak,
which hadpreviously beenobscuredy the surfacewaves,canbeseen.

Fourier transbrm of the boxcar, the function shownin Figure 4.2 and given in
equaton (4.1). Its shgeis nowherenearthatof theideallow-passfilter becaiseof
the sidelobesandnarrowcental peak.Theamplitude spectumis idenically zero
atthefrequencies nN/MT': thesecorrespoml to sinewaveswith exactly n cycles
within the boxcar The moving averag is therefore a very good way to remove
unwanted energywith anexactknown frequeng (adiurnal signal for example)but
is not a goad geneal low passfilter becaseit lets through a lot of energywith
frequency above theintendedcut-off.

An ideallow-passfilter shoud have anamplituce spectum thatis equalto zero
outsicethepasshandandequd to unity insideit. Thesharpdiscantinuity cannd be
repregntedwell by afinite numberof termsin thetime domainbecaseof Gibbs’
phenanenon;acompraniseis needée betweerthe shapnessof the cut-off andthe
length of the seqencein the time domain The compranmiseis similar to thatin
taperngwindowsfor spedra. A large variely of tapera cut-offs arein use,but we
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n=:
1 T T T T T 1

Fig.4.2. Variationof theamplitude spectradefinedby thefunction givenin equatia (4.1)
with n. Thecut-off frequeny is keptat 1 Hz; notethe shargr roll-off asn is increased

shallconcentrae on the Butterworth, which for low-passfilters hasthe functional
form:

1

FWwPP=—"
R =

(4.1)

wherew, is the cut-off frequeng/ at which the enegy is reduwcedby half, andthe
index n contrds the sharmessof the cut-off. n is the numbe of polesof the
amplitude spedrum. Examplesof the shapeof this function areshawvn in Figure
4.2.

Otherfilters may be congructed from the low-pas function F(w). A high pass
filter hasamplitude spectrum Fy, (w) = 1 — F; (w). A bardpasdilter maytherefore
be congructed by shifting the samefunction along the frequeng/ axisto cente it
aboutwy:

_ 1
1A [(w— wp) Jwe] ™

|y (w)]? 4.2)
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Fig. 4.3. A broadlbandseismogranirom a regional evert which ocured on 20 February
19 at 40.818°S, 174.26°E, depth74 km, magntude m; = 4.0, andwasrecodedin
New Zealand.Butterworth low-passfiltered with the samecut-df frequeny (1 Hz) and
vatying nunberof poles(n). P andS wavetrainsarevisible. Notethe furtherredictionin
highfrequeng/ contentasthe numberof polesis increased.

andanotchfilter by F},(w) = 1 — Fp(w). F; (w) mustbesymmetic abautw = 0,
becasethe correpondng time seqenceis real,and

To constuctthetime sequacewe mustalsospecify the phasethentake thein-
verseFouriertransform. Thesimplestchace is to make the phasezeroandsimply
inverttheamplitudespectum. Thisgivesazeo-phaszerophasdilter. Zerophase
filters obviously do not chargethe phaseof the original time sequ&ce,which also
meanghey will notin geneal shift pe&s of theoriginal signal. Thetime seqwence
of a zerophae filter mustbe symmetricé abaut the origin becawse the Fourier
transbrm is real. Thefilter will therdore be acawsal: the output of the filter at
time ¢t depemls on input values earlier thantime ¢. It is not possibleto constucta
physicd device to perform suchafiltering opemtion, but it is quite easywhenpro-
cessig atime sequenceafter recordng. Suchfilters arealsocallednon-realisabe.

An easyway to prodwce a zero-phag filter in the time doman is to convolve
first with thechosenfilter, thentime-reverseit andcorvolve again Thefirst opema-
tion multipliesby F' (w) andthe secaond by F* (w) becasetime reversal comple



4.1 Filtering 69

conjugatesthe Fourier trandorm (Sectian 2.3.3), giving a net multiplication by
|F (w)|?, whichis real. Thesearecalled2-passfilters.

T T T T T T T T T T T T T T T T T T

minimum phase

zero phase (shifted 2 s)

| | | | | | | | | | | | | | | | | | |
0.0 1.0 2,0 3,0 4,0 5.0 6,0 7.0 8.0 9.0

Time (seconds)

Fig. 4.4. Two filtersin thetime domain with the sameamplitudespectrungivenby equa-
tion (4.1) with n = 4. The upper filter is causalandminimum phase.Thelower filter is
zeraphaseandshouldbe symmetricaboutt = 0: ???it hasbeenshiftedby 2.0sto shav
theshapein relationto the minimum phasdilter. It is acausal.

A causd or realisable filter is definedas one prodicing outpu for time ¢ that
depems only on input values from time ¢ or later It canrot be zero-phase. An
infinite numbe of cawsalfilters canbe producedfrom a singleamplitude spedrum,
depenling on the choice of phase The mostusefd chadce is minimumphase
giving atime seqencewith enegy conentratd at the front. A minimum phase
filter hasthe desirdle property of being“shortest” filter with the givenamplituce
spectum. Examplesof zeropha® andcaushaminimumphasdilters with thesame
amplituce spectum areshavn in Figure4.4.

Theminimumpha® or minimumdelay filter maybe congructed by factorising
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the z-transfom:
N-1
F(2)=fn-1 [] (2= 2). (4.3)
=0

Eachfactor (z — z;) hasa phase¢; (z) > 0 andthe phaseof F (z) will betheir
sum,which is minimised by minimising the pha® of eachfactorwhile retaning
thesameamplitude. A gereralfacta a + bz, with z = = + iy, hassquaredampli-
tudea? + 2abx + b%; keepig this condantfor all = requiresfixing both & + b2
andab, which is only possble for the combnation + (a, b), £ (b,a). The minus
signsaretaken up asa = pha® chang in makingthe pha positve, leaving only
thealtematives(a, b) and(b, a). We cantherebrechargeamaximumphasefactor
with b > a to a minimum phasefacta by swappirg ¢ andb. Eachfactor of the
z-trandorm (4.3) is therefore either minimum or maximumphase, depemling on
whetherz; > 1 or z; < 1. Thewhole z-transformis minimumpha only if all its
consttuentfactors aremimimum pha®. We canthereforeform a minimumdelay
sequaceby charging all the maximumphasgadorsfrom z — z to 1 — z;z. The
amplitude spectum is unchanged Note thatthe z-transform of a minimum delay
time sequacehasall its zeroes outside the unit circle. This methal of finding a
minimum delay time seqenceis impracical for long sequacesbeauseof nu-
mericaldifficultiesassaiatedwith finding rootsof high orderpolynomials amore
practical methal basedon Kolmogaoff spectal factaisation will be desribedin
Section4.3.

We now shaw thata minimum-phasesequencehasall its energyconcentrated at
thefront. Thisinvolvesproving thatall the partial sumsof the squaesof termsin
aminimum-phaeseqencer'.

p—1 )
El = E)lfkl : (4.4)

aregreder thanor equal to the correspondng partial sumsfor ary othersequence
with the sameamplitudespectum.

We gereraliee to complex sequencesand introduce a secand sequace g that
differsfrom f by only onefacta in the z-transform:

F(z) = (z—2)C(2) (4.5)
G(z) = (—202+1)C(2) (4.6)

where

K-1
C(z)= Z cr2F 4.7)
k=0
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Notetha f andg have the sameamplitudespedrum, andthat|z| > 1 for f to be
minimumdelay

Thek! termin theexparsionof thedifferenceEf — B¢ isthen(|z0|2 - 1) (\ck|2 - |ck_1|2).
Summingfromk = 0 top — 1 gives

Ef = B = (|o* = 1) [epl* > 0 (4.8)

The f seqeencetherdore hasmoreenepy at the front. The samefollows for all
factos of F' (z) andtherdore the minimum phaseseqencehasmoreeneagy con-
centrded at the front that any othersequa&cewith the sameamplitude spe¢rum.
Thisresut, dueto E.A. Robin®n, is calledthe enegy-delay theaem

4.2 Correlation
Thecrosscorrdation of two time sequ@&cesa andb is definedas:
1

wherek is calledthelag, N, M arethelengthsof a andb respectively, andthesum
is taken overall N + M + 1 possble products. The automrrelation wasdefined
in (2.43) it is now seenasthe crosscorrelation of atime sequacewith itself

b= i S anaery (4.10)
Thecorrelation coeficiert is equalto the cross correlationnormalsedto give unity
whenthetwo seqencesareidentical andtherdore perfedly correlted
_ >p Opbp
\/ 2.p Apap 2 p bpbp

Notethat|yy| < 1, andthati = 1 occusonly whena = b (perfect correlation),
andy, = —1 whena = —b (perfect anticorrelation).
As anexample,constderthetwo seqiences:

[ (4.11)

a : 1,2,3,2,1; (N =5) (4.12)
b o 1,-1,1,-1,2 (M =5) (4.13)

Thecrosscorrdation ¢ of a andb is of lengthN + M —1=9:

90_4 = a4b0 =1
9¢c_3 = agbg+tagshb; =1
9c_o = agby + aszbs + ashy =2
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9c_1 = aiby + asbi + azby + asbg =0
9co = agby + a1br + azbs + agbs + agby = 2
9¢1 = agby +ai1bs + asbs + azby = 2
9¢cs = agby +ai1bg+azby =5
9c3 = agbs+a1bs =3
9cy = agby =2

giving thetime sequence

c=(1,1,2,0,2,2,5,3,2) /9 (4.14)
Similarly, the autccorrdation of @ maybeevaluatedas
$a = (1,4,10,16,19,16,10,4,1) /9 (4.15)
andfor b:
o = (2,-3,4,-5,8,-5,4,-3,2) /9 (4.16)

Thecorreltioncoeficientsare:
Y =(1,1,2,0,2,2,5,3,2) /v/136 (4.17)

Now constdercorreltionin thefrequeng/ domainwith N = M. Equatian (4.9)
is actudly corvolution of b with thetime-reversedseqenced:

N-1 N-1
%k = Z apbr+p = Z a’_pbp4p
p=0 p=0
~N+1 N-1
! !
= Y apbrp= > apbrp (4.18)
p=0 p=0

Thelaststepis possibleif theseqience areperiodic, beausethenthe sumis over
an entire period. Taking the DFT and using the corvolution theoem (2.6) and
theresut thattime reversd is equivalentto complex conjugationin the frequengy
domain(2.3.3)gives:

Cn,=A4,B, (4.19)
It follows thatthe DFT of the autocarelaion is the power spectrum:
B, = |An|? (4.20)

®,, is realandthe autocarelaion is therebre symmetricin thetime domain Fur
thermore azeropha®, 2-passfilter is the autacorrelation of the original filter.

A matdedfilter is usedto crosseorreltethedatawith anestimde of theknown
signal It is patticularly usefulin seisnology whenthe shape of the waveform is
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known but its arrival timeis not. Suppog thetime seqencecomprisesadetemin-
istic signd with addtive rancom noisethatis uncorelatedwith the signd:

ar = Sk + ng (4.22)

Cross-corelating a with anestimateof s, will redue therandm noise andleave
the autacorrdation of the signd. Thetime reversad of g, canbe usedto form the
filter, sothatcornvolution producesthe cross-corelation. Matchel filters aregoad
for seartiinganoisy time sequacefor asignal of known shage. A typica example
is to usea portion of the first P-wave arrival, which is usualy relatively clear, to
make a filter to pick out later arrivals in the seism@ram, suchas reflectians or
refracionsfrom deeperlayers.

4.3 Decorvolution

Decorvolution is the reverseof corvolution. It arises frequently in seignology,
for examplein remaoving or altering the instumentresporse of a seismomer,
or calcuating the respmsefor a different soure time function. Thereare four
methods recusion, asalready given by equation (2.14)in Sectio 2.1, divisionin
the frequeny doman, constuction of aninversefilter from the z-transfom, and
designng a suitable Wiener decawolution filter by leastsquaes, which will be
dealtwith in Section 10.2. All methodssuffer from thesamefundamentalprodems
but it is instructive to compareall four.

Corwvolutionis multiplication in the frequency domain,sodecawolution is sim-
ply division in the frequeny domain. Supposg we wish to decorvolve seqience
a from sequecec to give b; the frequengy domainprocedureis to transform both
sequaces,perform thedivision

C(w)
A(w)’

B (w) = (4.22)
andinversetransformtheresut. A majorproblemariseswhentheamplitude spec-
trum of the derominata vanistes,at frequencies up where|A (wg)| = 0, becase
we canrot divide by zera Now if ¢ is corsistert with corvolution of a with ary
otherseqeence,C(wp) = 0 andequation (4.22) will yield 0/0. However, thepres-
enceof smallamountof noisein eitherc or a will leadto wildly varying numerial
estimate®f B (w) nearwy. Inverse tranformation of theseerron®usspedral val-
ueswill mapeverywhee in thetime domain,with dissstrousconsequeaces.

This difficulty is fundamental. Conside the commoncaseof decorvolution of
aseignometerinstrumentrespase. c is the seismogamanda theinstrumentim-
pulserespase. A shat periodinstrumentmay give zerorespnsefor frequencis
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lessthan 0.5 Hz, so A (w) is zerofor w < w. Thereis no outpu from the seis-
mometeryet by decowolution we aretrying to obtainthe ground motionthatwas
never measuret

We could design the decawolution procedureto return zero whenerer the in-
strumentrespnseis zera A similar procalure,which hassimilar effects, is the

AWw)

- N—>

Fig. 4.5. Decorvolution involvesdivision in the frequaicy domain Whenthe amplituce
spectrun A(w) fallsto zerodecawolution is impossible andwhenit falls belov a certain
value e thatdependsupm the noisetheresultwill be domiratedby amplifiednoise. The
problemis alleviatedby addirg a constant to fill in the holesin the spectrun, likefilling

themwith water

waterlevel method A small constante is addedto |A (w)| (Figure4.5). We are
trying to estimatethe ratio of two uncetain quantities, C' and A, both of which
contan noisederotedby o, ando, respetively: (C + o.) / (A + 04). Provided
A > o, andC > o, thisratiowill beagoodapproimation to the requiredratio
C/A. However, at frequencieswhere A (w) is compaablewith o, the estimate
of the ratio may becane large. Adding a postive congante to A will stallise
this division, provided e > ¢,, 0., becaisewhen A = C' = 0 (asrequredfor
consigenq) theratio giveso./ (o4 + ) < 1. ¢ will alsobiasour estimateof the
ratio C'/ A towardslow valuesand chang the pha®, but thes effects areaccep-
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ableprovided e is muchlessthantypical values of |A|. Adding a consantto the
spectumis alsoreferredto as“adding white noise” to stablise the decorvolution
becawethe spectum of white noiseis flat (Section2.4).

Another way to view decawolution is division by the z-transform, or multipli-
cationby 1/A (z). If this inversecanbe expandedasa power seriesin z we can
extract the correpondng time sequ@ce from the coeficients, which will give a
causaffilter providedthere areno inversepowersof z. Firstfactoise A (z)

N
A(z) =an H (z — zp) (4.23)
n=0

thenexpard theinverse by the methodof partial fractions:

Ly o (4.24)
A(z) e (z — zn) '

2

We canexpard eachtermin the sumasa power series. Thegereraltermgives

1 1 l1+i+(i)2+...] (4.25)

(z— 2zn) Zn Zn Zn

Combiningall suchpower seriesandsubsttuting into (4.24) givesa power series
for 1/A(z). This power serieswill only corverge if (4.25 corvergesfor every
term,which requiresin gereralthat

|z| < |2zn] (4.26)

for every n. The Fourier transfam is obtanedby putting z = exp iwAt; herce
|z| = 1 and(4.26)becames|z,| > 1 for all n. Thisis exactly the condtion for a to
beminimumphase. Therefae only minimumphaseseqenceshavecausa inverse
filters.

At this point we digressto usethis property to deduce an efficient methodof
findingaminimumdelayfilter from agivenamplitudespectum. Firstnotethatthe
power spectum S (w) is obtaired from the z-transform by setting z = exp iwAt
in A(1/z)A(z). Taking the logarithm givesln A(1/z) + In A(z). Inverting this
z-trandorm produwescauwsaltermsfrom the secom termwhile thefirst termyields
only termsat negative times. Remaving acawsal termsin the time domainand
taking the z-trandorm againgivesln A (z), then exponentation givesthe desirel
A(z). a obtainedfrom inverting A (z) will be causl becaiseboth In andexp
preseve causalty: whenapgdied to power series they both prodiwce power series
with only positive powers It is minimum phasebecaisethe inversefilter is also
causal it canbe producedby the sameprocedurestarting from $~! (w). Problems
arisewhen S (w) = 0, whenneither S~ (w) norln S (w) exist, but thes zerces
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will always produwce difficulties. This methal is called Kolmagoroff factorisation
of the spectum i In pradice we startwith a given power spectrum (squae of the
amplitude spedrum), take its logarithm, inversetransbrm, discard negative time
terms,take the trangorm, andexporentiae.

Inversefilters have two potential advantagesover division in the frequency do-
main: they arecausl and,if they canbetruncated,the corvolution processmaybe
moreefficient thanFouriertransformaton of theentire input sequence.Truncatian
depemls on how rapidy the power series for 1/A (z) corverges, which depends
ultimately on the size of the roots of the original z-transform; a root closeto the
unit circle will give aslowly corvergentpower seriesandalong inversefilter. The
effectsof theserootsmay be alleviated by a numberof method akin to the water
level methal, damping asin leastsquaresinversion (Section10.2), or removal of
theroot altogdher.

Dampingis bed illustratedby a simple example. Consicer the first-differerce
filter

f=0Q1,-1) (4.27)
The z-transformof theinversefilter is 1/ (1 — z), which expands to
1
— =14z4+224... (4.28)
1-=2

with radius of corvergerce 1 becaise of the root lying on the unit circle. The
inverse filter is therdore of infinite length and of no practical useasit stards.
Claerbou (1992 recommendreplecing z with pz wherep is slightly lessthanl.
(4.28)thenbecanes

=1+pz+p2%+... (4.29)

1—pz

which will corverge quite rapidy even when p is only slightly smalle than 1.
Claerbou (1992) callsthis “leaky integration”, integration becaseit is theinverse
of differencing, a discrae analgue of differentiation, andleaky becase at each
stepafraction 1 — p of the contibution to theintegralis lost.

This fundamentaprobdem with inverting thefirst differencefilter arisesbecasse
it removesthe meanvalue of theinput sequ@ce: this average cannever berecov-
ered. The zerofrequency Fourier codficient of f is zero( y + f1 = 0), and
therebre divisionin the frequengy domainwill alsofail. The waterlevel method
leadsto division of the zerofrequeng termby e ratherthanzera Notethat(4.29)
with z = exp iwAt leadsto division of thezerofrequeng termby 1— p ratherthan
zero,pointing to aconnestion betweerp andthewaterlevel paraneter Recurson,
usingequadion (2.13),is an effective way to decowolve the first-differene filter,
leadirg to the sameformulaastheinfinite length inversefilter.
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Thefourth methal of decawolution, designof a causl filter by leastsquares,is
treatedasa probemin inversetheoryin Section10.2

Exercises
4.1 A low-passButteworth filter hasamplitude sped¢rum

9 1

|A(w)| - 1+(w/wc)n
For w, = 2x find theamplitucesatw = 4x, 67,87 forn = 1,2,3. How
does the value of n affect the frequency content of the output above the
cut-off?

4.2 Find the corvolution of thesequace{ f;; ¥k = 0,1,..., N — 1} with (a)
the spike {6m0; m = 0,1, ...} and(b) the spike {§,g; m = 0,1,...},
with @ fixed.

4.3 (a) Is theseqeence(2,-3,-32) minimum pha? If not, find the mini-

mum phasesequencewith the sameamplitude spectrum.

(b) Verify by directcalcuation thatthe auto®rrelaions of thetwo se-
qguercesarethesame.Thisis ageneal resut: why?

(c) Foreachseqlencecalcdatethepartid sums

p
Sp = Zai; p=20,1,2,3
k=0
to shov the minimum pha® sequencehasmoreof its enegy con-
centatedatthefront.

4.4 Shaw thatatwo-passfilter (in which cornvolution is donefirst with thefilter
codficients,thenwith the samecoeficientsreversedin time) is the same
ascorvolution with the auto®rreldion of the onepassfilter.

4.5 Computer exercise:Butterworth filters using pitsa.

(&) A corvolution of ary sequencewith a spike retums the original
seqence. To seethefilter characteristic in thetime domain sim-
ply filter a spike, thentake the FFT to seeits amplitudeandphase
spedra. Usingpi t sa, the procedureis to genentea spike in the
cente of therecad with
Uilities — Test signals — Spikes.

You canuse1024 points with the spike at point 512.

Filter the spike with a Butterworth low passfilter using

Advanced Tools — Filter — Butterworth Low Pass
Usel Hz, answerno” to theoneor two passguegion, andchocse
afew differentof sectios (betweenl and9).
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Examinetheresuting filtersin thetime domain
Comparethe onsé of thefiltered signals.

(b) Take their FFT and examinehow the stegnessof the amplitude
spedrum varies with the numberof sectians.

(c) Varythecutoff frequeny andexamine thedifferencein bothtime
andfrequeng/ domairs.

(d) Usethe forward-baclkward (“y”) option for the 2-secton Butter
worth Low Passfilter andcomparewith the one-massfiltersin both
time andfrequeny domans. Comparehe pha® specta.

(e) Filter theseismogamin thefile nov1. Readthe datawith
Files/Traces — Retrieve Files — ASClI
Skip the first 80 points (this is headkr informationcontaning e.g.
eartlguale locaton, time, charaterisics of the seisnometeretc.);
the samplirg frequengy is 50 Hz. You should now have a seisno-
gramlasting 20min. Idertify theP, S,andSurface Waves.

(f) High passfilter with a Butterworth, 4 sectons,cut-off frequeng 2
Hz. Canyou seethe afterdock?

(g) If thisis indeedanaftershockit will have the sameP-Stime asthe
mainshock Measurethe P-Stimesby
Routi ne Tools — Zoom — unt apered
UseDoubl e Cur sor andnotethetime apperingin thewindow
asyou move the cursor arourd. Zoomin if you wantto readthe
time moreaccuately.

(h) Selectthefirst P wave ontheoriginal broadbard traceby zoomirg
in. Filter thetrace with a bandpass0.5-1.5Hz, 4 sectim filter.

(i) Compareheonse of theresuting tracewith the high pas filtered
trace(above 2 Hz), andtry to readthe onse timein eachcase.You
shodd find a big difference(10s).

(i) Thisisanexampleof dispesioncause by awavetravelling through
a thin, fastlayer (in this cas the sulductedPacific crug). Thel
Hz arrival (seen on the bangpasstrace) travels at moreor lessnor-
mal velocity. Think aboutwhetheryou shoud have usedone-or
two-passfilters for ary interpretdion.

4.6 Calcubtethe crosscorreltion of the seqeences(1,2,3)and(1,-2,1) their
autacorrdations, andtheir corrdation codficients.
4.7 (a) Verify the sequence(6,-5,1) is minimum phaseby factaizing the
z-transform.
(b) Constuct the inversefilter by expressng the reciprocal of the z
trandorm in partid fractionsandexpandng eachterm.
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(c) Calculae thefirst 10 termsof the inversefilter (usea calcuator),
andfind the ratio of the lasttermto the first. Hasthe series con-
verged well enowgh for 10 termsto make a reasmabledecorvolu-
tion filter?

4.8 Computer exercise:correlation.
Youwill find crosscorreltionunde the Advanced t ool s menu.Use
theunscal ed option.

(@) 1. Generag aRicker waveletby
Uilities — Test signals — Ricker
Youwill find thewavelet fills the screemicely at0.3Hz.

2. Find its autccorreltion. Note that pitsa doesnot plot the
negative termsbut they appear (symmetically) at the far
end: note alsothe total time hasdoubled. You can move
thezerolag of theautacorreltionto themiddle of thetrace
by
Uilities — Trace utilities — Single chan-
nel — Cyclic shift

3. Now gereratea noisy Ricker wavelet and cross-corelate
with the noisefree Ricker wavelet (they shoud both have
the samedominant frequeng). Obsere the noiseredic-
tion. Try shifting the noisy Ricker waveletin time andre-
peatthe crosscorrelation.

(b) Thel SAMfilesin directory prac8/ sei s1. * containtherestut
of ahammerseismicexperiment. Thereare 24 traces,ignore trace
24. Thegeomonespadng was2 m.

1. Idenify thefirst arrival, air wave, andsurfacewave. Note
thatautcscalirg makestraces16 onwardslook rather differ-
ent. This is becaisethe surface waveshave moved off the
right of the plot. You needto zoomin onthefirst arrival to
seeit properly.

2. Estimatethe phasevelocity of the surface waves roughly
by eye. Thenfind it moreaccuately by cross-corelating
traces For example crosseorrehting traces6 and 1 (do
it that way round or you will geta negative time for the
maximum)givesa peakatthetime takento travel 10m.
Whatcausesthe othe peaksin the crosscorrdation?

3. Repeafor thefirstarrival. For this you needfirst to remove
the larger surface wavesby filtering out frequenciesabove
abou 150Hz.
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4. The air wave lies betweenthe first arrival and the surface
wave. Isolateit asbestyou canby zoomingin time andfil-
tering, andmeasue its phasevelocity by cross-corelation.

5. What are those other waves betweenthe first arrival and
surfacewaves?Try somefiltering, phasevelodty measue-
ments.etc. to invedigatetheir properties.

4.9 Sketchthe wavelet given by the time seqwence(0, 6,0, —5,0,1,0). The
wavelet repregntsa seismicsoure time function andyou wish to deca-
volve it from a seismicreflectonrecad.

(a) Find its autacorrdation. Explain briefly why cross-corelating a
seism@ramwith theinput waveletis usefu in finding later arrivals.

(b) Write down the z—trandorm of the original wavelet

(c) Factorizthez—transbrm,shaw it is notminimumdelay andcon-
strud the minimumdelaywaveletwith the sameauto®rreldion.

(d) Shawv how to constucttheinversefilter using partid fractions(there
is no needto do the exparsion). Explain why the procedureonly
worksfor aminimumdelay wavelet

(e) In this case what is the differencebetweenconvolving with the
minimum delay wavelet rathe than the original wavelet? How
wouldthisbeexpectedto influencethedemrvolvedreflecion recod?

4.10  Write down the (infinite-lengh) inverse filter for the 2-point moving av-
erace filter %{1, 1}. Discusshow bestto constuct an approximatefinite-
length filter to do the samejob.

4.11 (Computrexercise)

Youwill find decowolutionundertheAdvanced t ool s menu.pitsa
doesdecowolution by division of Fouriertransforms.It asksfor the“w ater
level”, which is the “white noise” addal to the spectum to stabilze the
processandessetially preventyou from dividing by zero. It asksfor the
waterlevel in arathe obsareway, andpartof this practicaliis to work out
for yourself how to chosethe waterlevel apprqriatdy.

(a) First geneate sometling thatlooks like a seisnogramwith some
reflectonsandnoiseby thefollowing procedure.

1. Generatarapidy decayng sinewave: frequeng/ 3 Hz and
exporentialfactor 6, in themenu
Uilities — Test Signals — M xed Signal
Default samplirg rateandrecod length will do. Keepthis
trace.

2. Generag a noisy seriesof spikes, using variade ampli-
tudes both positive andnegative, on the sametrace.
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3. Corvolve the dampedsinusad with the noisy spikes. You

cannow imaginethis seriesasa seismogamwith anumber
of noisy arrivals.

(b) Now decorvolvethethird tracewith theoriginal, noisefreedamped

sinusoid. Choo® the apprqriatewaterlevel to give thebeg result
Add noiseto the derominata andrepeat

(c) Finally, investigatea rangeof signd-to-noiseratios

Discuss the effectivenesof stahlising decawolution by the water
level method
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Processingwo-dimensionatiata

5.1 The 2D Fourier Transform

Sofarwe have dedt with seqenceghataredigitised samplesf afunction of one
variable, the time. The sametecmiques apply to functions of distarce, whenit

is apprgriate to refer to wavenunberratherthanfrequeng. A gravity traverse,
for example yields dataasa function of distarce along the traverse. Time series
methodscanbe gereralisal to sequacesderived from digitised functions of two
or moreindependen varialdes. For example gravity datacollectedonanz, y grid

canbedigitizedas

ay = a(kAz,lAy) (5.1)
or seismicdatafrom anequally spacel arrayis afunction of bothtime andspace
ag = a (kAt,lAz) (5.2)

We candefinea 2D disaete Fourier transfam (2DDFT) by taking two DFT’s.
In the caseof equdion (5.2), thefirst 1D transbrm is taken with respet to time
andthesecand with respet to distance:

K-1L-1

Ap = Z Z e 2milkn/ K+im/L) (5.3)
k=0 1=0

wheren courts frequeng in units of 1/ K At andm counts wavenumberin units
of 1/LAz. In the caseof equation (5.1), for 2D spatid data,the 1D transforms
arewith respetto z andy, andn, m arewavenunbersfor the z- andy-direcions
respetively. The 1D trandormsmaybetaken in ary orde.

Sincethe 2D trandorm is madeup of two sucessve 1D trangorms, theinver
sionformula canbe derived simply by inverting each1D transformin turn, using

82
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equaton (2.18):

1 K—-1L-1 )
ag = ﬁ Z Z Anme27rz(nk/K+ml/L) (54)

n=0 m=0

Properties of the 2D trangorm may be derived from thoseof the 1D transbrm:
therearetwo-dimersiond shift, corvolution , and Parseval theaems. Differentia-
tion with respet to « is equivalentto multiplying thetranform by 2min/K Az and
differentiation with respectto y becomesgnultiplication by 27im /K Ay.

| n
.
\ A\

SO rapidly varying iry
v\ linear features slowly varying inx
NNy

\ AR RN wavevector

region of linear
features

rapidly varying inx
slowly varying iny

long wavelength

k m

Fig. 5.1. Two-dmensionaldatacancomhne high andlow wavenunbers,depeuling on
theorientationof thestructuresLinearpatterrs arecharactdsedby constantvavenunber
ratiom/n, eventhoudh they containa rangeof wavenunbers. They mapto aline in the
transfam domainatright anglesto thelineation

Therelationshp betwee spatal anomalesandtheir transbrm is complicated
by the preenceof two wavenumlers. Datathat vary rapidly in the = direcion
may not vary muchin y. Suchdatawill look like lines paralel to the y-axis; they
mapinto the lower right part of the trangorm domainbecaisethe z wavenumler
is large and the y wavevecta is small (Figure5.1. Generallineaions shae the
sameratio of wavevecbrs, m/n =constant. The waveredor is definal ashaving
componats (n, m); for linear featwresthe wavevecta points perpemlicular to the
lineaiities, in thedirection of arayif thedataarerecordng wavecress (Figure5.1).

Aliasingin two dimensonsis slightly differentfrom aliasng in one. TheFourier
transbrmis periadic in bothdirections:

An+K,m+L — An+K,m - An,m+L — An,m- (55)

We cantherdore “tile” thefrequeny-wavenumbe spaceasin Figure5.1. For real
data,half thetrangorm coeficients within eachtile aresimply relatedto the other
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Fig.5.2 Periodc repetitionof the2D DiscreteFouiier Transfom causesliasingasin one
dimersion. Similar patterrs in the basicrectamgle setby the two samplingwavenunbers
“tile” thewhole (k,!) domain(left figure) Foldingoccurswhenthe sumof wavenunbers
is above the sumof thetwo Nyquistwavenunbers.

half:
AK*H,L*m — A;’m (56)

exactly aswe shoud expect, having replaced K L real valueswith K I comple
coeficients within eachtile: half of the complex numbes are redundant The
symmetryof this form of aliasingis shavn in Figure5.1. Interestirgly, it means
thatwavenumbes above the usud 1D Nyquistin the z-direction (1/2Ax) arenot
aliasal provided the wavenunberin the y-direction is sufficiently belowits 1D
Nyquist(1/2Ay), andvice versa

5.2 2D Filteri ng

Filteringin 2D involvesmultiplication by afilter function in thefrequeng/-wavenumber
domain. Simplelow pass,bandpass,high pass,andnofch filters may be defined
usingthelengh of the wavevecta |n| = vm?2 + n2. Thusalow passfilter with
cut-off N, allows through all wavevectbors inside the circlev/m?2 +n?2 < N; a
high passfilter all wavevectas outsice the circle; abandpasilter all wavevectas
within an anndus; and a notchfilter excludesall wavenumberswithin the anru-
lus. The sameconrsiderdions of roll-off apdy asin one dimensia; for example
we could condruct a 2D Butterworth filter by using the function (4.1) with |n|
replagng w.

In 2D we arenot resticted to circular filter functions but any depature from
circles meansthat onedirection is filtered preferentally over anaher Thereare
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sometimesgood reasos for this: to clean up linear features, for example It is
sometimeslesirdleto look atthegradentof thedatain agivendirecton, whichis
equialentto multiplicationby awavenunber or combindion of thewavenumlers,
in thewavenumher domain Anothe exampleof anisotropc filtering is to separate
wavestravelling at different speels (Section 5.3).

2D filters areimportantin processingpotential data The magneic or gravita-
tional potential, V', above the Earth’s surface satidies Laplaces equaion:

V2V = 0. (5.7)

Take the Earth’s surfaceto be at z = 0 in a Cartesia coardinat sysem with z
pointing upwards; equaton (6.3) is solved by sepaation of variablesby assumig
aform

V(z,y,2) = X(2)Y (y)Z(z) (5.8)
Substitding into (5.7) leadsto
XII YII ZII
5d + a + - = 0 (5.9)

Sinceeachtermis afunction of adifferentvariable, ead mustbe constat. Choos-
ing X"/X = —m? andY"/Y = —n? leadsto

X"+m?X = 0 (5.10)
Y"+n%Y = 0 (5.11)
Z"—(nP+m»Z = 0 (5.12)

Theequatonsfor X andY give sinuoidal soluions while thatfor Z givesexpo-
nentids. Werequire V to decaywith heightbecasethe source arebelowground,
andwe thereforeeliminatethe exponentilly growing solution. Thusonesoluion
of (5.7)is

X (@)Y (y)Z(2) = Ve Plmmzgilmetny) (5.13)

wherep(m,n) = vm?2 + n? is the postive deay ratewith heigh. The geneal
solution of (5.7)is a supepositon of all suchsolutions:

Vz,y,z) = Z Vinne PZellme+ny) (5.14)
m,n
Thecoeficients V,,,, mustbefound from boundarycondtions, which areprovided
by measuementsPuttingz = 0 in (5.14)gives
V(2,y,0) = Y Vippe!(metmy) (5.15)
m,n

This hasthe form of a 2D Fourier series. If we make measureentsat grourd
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level, z = 0, we canfind the V;, , from V(z,y,0) using the theay of Fourier
series Putting these backinto (6.11) we can,in principle, find V' at ary height.
This processis called upward continuation; it is useful for example in compaing
datamadefrom anaircraft with grourd data

Fig.5.3. (a) Bougergravity anomaliesatgroundlevel and(b) the sameanonaliesupward
cortinuedto H =16 km. Redravn from (DuncanandGarland,1977).
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Clearly, equdion (5.15)maybedigitisedto form a 2D Fourierinverse trangorm
of the form (5.2)]. The V,,, thenform the 2DDFT of spdial datameasued at
z = 0. Upward continuation to height H involvesmultiplying eachFourier coefi-
cientby exp —pH = exp — |n|* H. Thisis aform of low passfiltering: the high
wavenumbes aresuppesse by the decreaing exponentid. This is a very effec-
tive methodfor upward continuation. As the height H increasesve move further
from the soucesof the magneic or gravitationalanomalesandsmall scaledetal
is lost. Theanomalymapat altitude therebre contans muchlessfine scaledetal
thanthe correspondng mapat ground level (Figure5.2. Downward continuatian
is similar to upward continuation but suffers from instablity. High wavenumbers
areenharcedrathe thansupressed. Sincehighwavenumbersaregeneaally noisy,
thenoiseis alsoentanced

5.3 Travelling waves

v FAST
N_ vik=constant velocity
(reflection
SLOW
(back
scattering) Surface waves)
4
k

Fig. 5.4. The 2D discreteFouriertransfom separatesignalsby phasespeed.Fastwave
enepy (e.g.reflectionsylotsnearthe v axiswhile slow (e.g.surfacewaves)plot nearthe
k axis. It is therebre possibleto separateéhe two evenwhenthey overlap in frequeng:
1D filtering fails. Backwards-tevelling wavesplot with v /k negaive.

A seismic reflection line providesdatathatis equdly spacel in both time and
space. Techni@l detaik of acqusition and processingof seismicreflection data
is disaussedfully in texts on exploration geophysicssud as(Yilmaz, 2001). The
2DDFT mapsthetime-dstarce plare into the frequency-wavenumberomain of-
tencalledthe f-k plare. It is adecompsition of thewavefieldinto planetravelling
wavesbecaisetheexponential facta is adigitisedform of theusud travelling wave
form exp ik (x — ct), wherek is the wavenumbe and ¢ the phasespea. Plane
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wavestravelling at the given speed ¢ have congantk /I in the space-timedomain
and congantn/m in the frequency-wavenumberdomain amplitudesassoéted
with wavestravelling at a given speed therdore apper on straight lines passimg
throudh the origin, their slopedependirg onthe phasesped (Figure5.2).

The 2D transform separatesthe wavesaccoding to their speedaswell astheir
frequency andwavelergth, giving literally anaddtional dimenson for processing
We can therdore desig filters that passonly waves travelling at certain phase
speed. Aliasing in the f-k domaincanalso be thought of asaliasirg the wave
speedseeFigure5.1with axesreplacedby f andk). A wavetravelling sofad that
onecrestpasestwo geghone during onetime sampk interval will be aliasel to
awave tha travels moreslowly. We canfilter wave speea by excluding wedge-
shapel regions of f-k spa®. Figure5.3 shovs a wedgebourdedby two lines of
constat v/k, or constantwave speed. Theseare sometmescalled fan-filters for
obvious reasms;they remove all wavestravelling betwee two wave speed.

Figure5.5givesapracical exampk of an f-k filter applied to seismicreflection
data.(a) showvs therecordof a noisetestwith spacirg 10 m; the horizontal scaleis
distarce from the sourceandthevertical scde is in seconls. Slow wavesshow up
assteefdines,sothehighenegy seeratA is travelling moreslowly thantheenegy
seematC or D. A is surfacewavesor “groundroll” , energytrappedin nearsurface
layerstravelling at something like a Raylegh wave speel, slover thaneither P or
Sbodywaves. B is backscatteed enepy; it arrivesvery late at shat distanceand
musttherefore have travelled somedistancebefore being reflectedback by some
anomalas structure. C is dispesive enepy that alsotravelsthrough nearsurface
layers It travels fast becawse it follows the direct path from the sourceto the
recevers at nea the P-wave speed D is the primary reflectian, the maintarget of
interest. It travelsvery quickly andis representedoy neaty-horizontal linesthatdo
notintersectwith theorigin. Thehigh speel is caugedby nearverticd incidenceof
thereflectedrays;this makesthe wavefron sweepacrasthe ground very quickly.
The lines do not pass through the origin becawe of the time taken for the wave
to travel down to thereflecbr andback at normalincidencethe wavefront travels
acrosghegrourd atinfinite speedandsoappeas asa horizontd line attime ¢, the
two-way travel time from surfaceto reflector

(b) showsthe 2DDFT of (a), with f along the vertical axisandk alongthe hor-
izontd axis. The grourd roll is at A, with low values of f/k becaiseof the low
wave speed B apparsat negative valuesof & beauseit is travelling backwards.
ThedispersedwvavesC arehigh wavenunberandhigh frequengy; they travel faser
thanA andareatahighe valueof f/k. Fasterstill, andwith lower f andk, arethe
primaryreflectiors. (c) shonstheapplicationof a“dip” or fan-filter designedto re-
move thegrourd roll A. (d) shavstheinversetransbrm of (c) with theground roll
removed. Thefanfilter hasdone nothing to remove thedispersive wavesC becase
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Fig. 5.5. Exampe of f-k-filtering of a seismicreflectionwalk-avay noisetest. Seetext
for details.

thesetravel at spe@soutsidetherejection wedgeof thefilter. Thereis noreasm to
restrid the filter shapeto a simple wedge(or circle, asin the exampleof low-pass
filtering). In this examplewe could desgn afilter to remove the dispersive waves
also, leaving the primaury reflectiors, by excluding a polygon shage cortaining C
andE. Modernprocessimg software allows the operdor to draw afilter shapewith

themousebefare invertingthetrangorm.

2D filtering suffers the sameresrictionsas1D filtering. Theedgesof thewedge
mustnot be too sharpbut mustbe tapeed to avoid ringing effects and leakaye,
justasfor the Butterworth filter in 1D. Thefanwidth mustnot betoo narrow; if it
is the effect is the sameasa very narrov bandgassfilter, which prodiwcesa nea-

monochomaticwave thatcanonly berecovered accuately with a very long time
series
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Exercises
5.1 Take the 2D Discree Fourier Transfom of thearray:

k=0 k=1 k=2
=0 0 0 1
=1 0 1 0
=2 1 0 0

(a) Sketchthepatternof aliasel frequencies.

(b) Computeall 9 values of the transbrm and point out the aliasel
values. [Beware: mary values are coincidenglly the samebut are
notaliased.]

(c) Findtheamplitudespectum.

5.2 A wave travelling at speed: with wavelergth 27 /k hastheform
Acos2wk(x — ct)

By writing thecosirein termsof complex exporentiak, find the2 non-zero
codficientsof the complex 2D Fouriertransformof the wave.

5.3 You collectdatafrom alinear array of geoploneswith spacng 1 km and
samping interval 25 ms.

(a) Calculaethe Nyquig frequency andNyquist wavelergth.

(b) A wave sweepsacrosthearraywith plane wavefront andapparent
velodty 5 km/s. Shov with a diagram wherethis wave enegy
would apperin the 2D Fouriertransformof the data.

(c) Shawv alsowhereyou would exped the aliasel wave energyto ap-
pear

(d) Youwishto desigian f — k filter to remove microsesmic noisebut
retan body waves. The microsésmstravel slower than3 kms™!
with periodsin therange2—8s. The body wavestravel faser than
3 kms™! andhave frequenciiesin therange0.25-5Hz. Sketch the
regionsin the 2D transbrm domainwhereyou expect to find the
body waves and microsesms,and outline the charateridics of a
filter to sepaatethetwo.

(e) Discuss the effectivenessof this filter whenthe microsismsare
larger in amplitudethanthe body waves,beaing in mind the need
for roll-off atthe cut-offs.

5.4 You carryoutamagnett surey of asquaefield with side 100m in seart
of signds from buried Romanbuildings Theambientnoisehasadominant
wavelength of about0.3m.

Give your choice of samplng interval (in metres)andoutline how you
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would desgn a 2D low-passButtemworth filter to enharce the signd from
the buildings andstreets. Give the matheméical expressionfor the ampli-
tude respaseof thefilter in thewavenumberdomain.
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6

Linear ParameteEstimation

6.1 Thelinear problem
Whe parametese the modelwith a setof P paramegrsassenbledinto a model
vector

T

m mi,Ma,...,mp). (6.1)

The paraneteriséion dependson the spedfic problem: examples will follow. The
dataareputinto a datavecta of lengh D

d” = (dy,da,...,dp) (6.2)
with correspondng errors alsoplacedinto avectorof length D:

e = (e1,e3,.--,ep) (6.3)

Notethatall scienific measuementshave an error attactedto them. Without the
errorit is notascientific measuwement.

When the forward problem is linear the relationship betveendataand model
vectorsis linearandmaytherebre bewritten in the matrix form

d=Am+e (6.4)

whereA is a D x P matrix of coeficientsthat areindependent of both dataand
model. Theelemerts of A mustbefoundfrom theformulation of theforward prob-
lem: they depend on the phydcs of the problem andgeametry of the experiment:
thetype of measuementgatherthantheir accuagy. Equatiors (6.4) arecalledthe
equatonsof condtion; they maybewritten outin full as

P
j=1

In the languageof inverse theay, the # row of A is called the data kernd; it

95
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Problem Data Model A

Gravity interpretation g density Newton’s law
of gravity

Geomagatic main field compaments geonagnetic poterial theory

field mocklling XY, Z coeficients

Downwardcontinwation V' (H) V(0) poteriial theory

Decorvolution desiredoutpu filter coeficients  convolution

Seismometerespmse  seismometeoutput  impulserespose convolution

Findingcoremotiors seculawvariation fluid velocity Maxwell’'s
equatims
Heatflow tempeature heatsource heatconduction

Table6.1. Manyimportantgeoghysicd inverseproblemsare linear. In some
cases linearity depemlson thetypeof data measued. For example in
geamagnetic mainfield modeling therelationshipbetweenthe geomanetic
coeficients andthe compamentsof the magnetic vectoris linear but that with
declimation, inclination, or total intersity is nonlinear. Someof theseproblemsare
discussedin detail later in the book.

descrbeshow the P datum depemis on the model. Somereal examplesof geo-
physicd linearinverseproblemsaregivenin Table6.1.

If D = P the numberof equdionsis equd to the numbe of unknowns, A is
squareandprovideddet A # 0 themodelmay befound by the usualmethod for
simplesimultaneousequatonsor formally usingthe inverseof the matrix. Sucha
problam is saidto be equidetemined If D > P andthere aremoreindependent
equatonsthanunknowns the problemis saidto be over-detemined If thereare
no errors the equdions mustbe compdible for a soluion to exist. For example
theequatonsz = 2 and2x = 4 arecompatble; x = 2 andz = 3 arenot. In the
presewe of errorsa rangeof solutionsare possible. In Section6.2 we minimise
the errorsto find an optimal soluion. When D < P there are fewer lineary
independen equaionsthanunknovnsthe problemis saidto beunde-determined
It is not possibleto solve for all the modelparametersuniquely. Solution requires
inverdon prope, asdescibedin Chapter?.

Thebast ideas areillustratedby avery simpleinverse problan. Givenmeasue-
mentsof the Earth's mass(M) and momentof inertia (I), what canwe discover
aboutthedensty? Therearetwo data,D = 2:

M = 5974 x10** kg (6.6)
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Fig.6.1. Themodé usecto invert massandmomentof the Earthfor dersity. The Earthis
assumedphericallysymmetric;coreandmantlehave knowvn radii andunkrown uniform
dersities.

I/a® = 1.975 x 10** kg (6.7)

wherea is Earth’sradius. Theerrors are+3 in thelastdecimalplace in eachcase
Next we needamodelfor thedersity. We shallmake a numbe of restridive as-
sumptians, noneof which arestrictly true andsomeof which areclearly unrealis-
tic, but they seneto illustratethe method. We assimethatthe Earthis sphericaly
symmetric,sothatdensty is afunction of radius alone (Figure6.1),thattheradius
is known exacty (6371 km) from other measuementsandthatthe Earthhastwo
distinct regions,the mantleandthe core,whoseradiusis alsoknown exacty (348
km). For the presentillu stratonswe alsomake the unredistic assumptionthatthe
densites of mantleand core are congants,independen of radius and for some
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modelsthe two dersitiesareequa, giving effectively a uniform Earth. Thereare

six different problems,given in Table6.2. Problens 1, 2, and4 areequdimen-
M assuminguniform Earth M=1
I/a? assuminginiform Earth

M andI/a? assuminguniform Earth
M andI/a? assumingwo-layerEarth
M assumingwo-layerEarth

I assumingwo-layer Earth

Il
—

SOOOUU
IR
SRERR

OUONWNR
I
NN DN =

Table6.2. Differentproblemsto find the Earth’s densiy fromits massand
momenof inertia

sionalandwill be solved here problem 3 is unde-determinedandwill be solved
in the next secton, andproblems5 and6 areundedetermired andwill be solved
in Chapte 7.

The forward problemis given by the simpleintegral relationships betwee the
massandmomentof inertia andthe densgty asafunction of radius:

a
M = 471'/ p(r)rdr (6.8)
0
8t [e

32 /0 p(r)ridr (6.9)

For anEarthof consantdersity p, (6.8) gives

L
a2

4
M= ?ﬂﬁa?’ — 5.974 x 10 kg (6.10)

whichis easilysolvedto give

3
47ad

Theerroron M mapsto p by the sameformulato give

p= M =5.515 x 103 kg (6.11)

p = (5.515 £ 0.003) x 10 kgm 3 (6.12)

Thisis the solution to the equidetermired problem 1.
Problen 2 needsthe formula for the momentof inertia of a uniform sptere,
derivedfrom (6.9):
I 87r 3
2= 1570 0 (6.13)
with solution
151

o5 = 4.558 x 10° kg (6.14)

kel
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Theerrorin I mapsto p by the sameformulato give
P+ (4.558 £ 0.007) x 103 kgm 3 (6.15)

Clearlysomething is wrong here—tte two independen estimateof densiy differ
by abaut 103 kgm 3, a hundredtimesthe larger of the two errars! Obviously the
dataareincompatible with the model The modelis too simple. Densityvariesas
afunction of radiusthroughaut the mantleand core. This illustratesthe difficulty
with most geoghysical problems: dataerror is often unimpatant in relation to
errorsarising from uncetaintiesabou the assumgbns behird themodel.

We nov make the modelmore complicatedby allowing different dersities for
coreandmantle,andusebothdata.Thisis problem4, alsoequi-cetermired. Equa-
tions(6.8) and(6.9) give

am 4am
M = ?c3pc+?(a3—c3)pm (6.16)
I 8 8w [ 4
ol Eﬁ””ﬁ(“ —a)em (6.17)

Theseequaions arein the form of (6.4). Thedat vecta is d = (M, I/a?); the
modelvectoris m” = (p., pm), andthe equaions of condtion matrix is

A c3 (a3_c3)
A=— 6.18
R o

Notethat A depemls only on the two radii, not the densties nor the data. Solving
thesetwo simplesimultaneows equdionsis straghtforward andgives
pe = 12.492 x 10° kgm 3 (6.19)
pm = 4.150 x 10 kgm 3 (6.20)
Thecoreis derserthanthemantle aswe knowit mustbefor gravitational stablity .
Thereis no incompdibili ty and the model predicts the dataexadly. Thereis no

redurdang in the dataandwe cando no furtherteststo detamine whetherthis is
arealigic modelfor Earth’s densty. Theerrorsareestimatedin Section6.4.

6.2 Leastsquaressolution of over-determined problems

In the over-determired case thereare more equationsthan unknowns. The least
square soluion minimizesthe sumof squaesof theerrars. From(6.5):

P
€; — dz — Z A,-jmj (621)
j=1
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andthe sumof squaesis

D D P 2
=) e=) (di - ZAijmj) (6.22)
i=1 j=1

i=1

We chocsethe unknowns {my,} to minimize E by settirg 0E?/dmy, = 0

D P
2) |di — Y Aiym;| (—Ai) =0 (6.23)
=1 j=1
which may berearangedas
P D D
> AwAifmi =) Ad; (6.24)
j=1i=1 i=1

In matrix notaion this equaton maybewritten
ATAm = ATd (6.25)

Thesearecalled the normalequdions.

If D > P thenATA is symmetic and positive semi-ddinite (all eigervalues
arepodive or zero). If thereareno zeroeigervalues then AT A hasaninverseand
(6.25)maybe solvedfor m. Writing theleag squaessolution of (6.4) as

m = (ATA)1ATd (6.26)

we canregardthe P x D rectangubr matrix (AT A)~*AT asa sort of inverse of
the D x P rectargularmatrix A: it is theleag squaesinverseof A (Appendx 4).
When D = P the matrix is squae andthe leag squaes soluion redwcesto the
usualformm = A 1d.

Now apply the leag squaes methodto prodem 3 in Table 6.2, for a uniform
Earthwith two data.Thetwo forward modelling equationsare

4
M = §a3ﬁ+eM (6.27)
I 8w
; = Ea?’ﬁ—l—e] (628)

wheree,y, ey aretheerrorson M andI/a? resgectively. We wish to find g such
that B2 = €2, + e is aminimum:

4 2 I 8 2
E? = <M — —Wa3,3> + (ﬁ — £a3ﬁ> (6.29)
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Differentating with respetto the unknown p gives:

0E? 4 4
- = _9= 3 M- = 3—)
ap 37 ( 3P
8r 5 (1 8w 3_)__
152 (a2 59P =0 (6.30)

which may be simplified to give
(M + 2I/5a2)

P = " s) 20
3 25

= 5.383 x 10%kgm 3 (6.31)

The2 x 1 equationsof condtion matrix is

4
A= (—”a?’, 8—%3) (6.32)
3 15
Thenormalequdions matrix in (6.25)becanesthe 1 x 1 matrix (or scala):
29 (/4w 2
ATA =" (— 3) :
5% ( 3¢ (6.33)

Theright handsidesof the normd equatonsmatrix become

4mad 2 M
T _ 2
wa = (5) (43) (1)
4mad 21
_ ( : )(M+5?) (6.34)
SinceAT A is ascalar matrix inverson is trivially divisionby ascalarleaving
2
m = (M +21/50%) (6.35)

(5)8
in agreenentwith (6.31).

Sofarwe have beenusingI/a? asdata.Whathappensif we usel instead?For
theequi-determiredprobdemsthis obviouslymakesno difference;theonly effectis
to multiply oneof the equdions by a?> andthe solution is unchangel. For theleast
square soluion there is a differencebecaisea different quantty is minimised
Multiply ing equaton (6.28) by a? changes(6.29) to

4 2 2
B = (M - —7ra3/3> T (I - 8—”&”,5) (6.36)
3 15
Working throughto the solution with this new definition of E gives
M + 2Ia?
po MA20/E) e 108 kgm ® (6.37)

%’ra:‘ (1 + 24—5(14)
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Verificationof this formulais left asanexercise

Thesolution (6.37) is differentfrom (6.31)above. It is thesamefo theaccuray
preseted,as(6.14). Comparirg (6.29 and(6.36) explainswhy: the contribution
of thesecod termin (6.36) hasbeenmultiplied by a* in metresor 1.895 x 102!
Thefirsttermin (6.36), thecontribution from M, is negligible in compaisonto the
secoml contibution, thatfrom I. M contributesonly to the final solution (6.37)
afterabou the 20" significantfigure! 5 is deteminedonly by I, aswas(6.14).

Scalirg the equadions of condtion makesa differenceto the soluion of the nor
mal equdions, andthe scaing musttherdore be choencarefdly. In this example
we mixed different typesof dataof different dimensons. Dividing I by & gives
aquartity with the dimersionsof mass.Thisis agoad geneal guide beforeper
forminganinversionrediwcethedatato thesamedimengon using someappopriate
scalesof length masstime, etc. In the next secton we shal seethe value of di-
viding all databy their errorssothat eachmeasuementcontibutes equdly to the
solution of thenomal equdions. Thisremovesary problemswith inhomogneos
datases.

In theformalism, corvertingthedatafrom I to I /a? involvesdividing bothsides
of equdion (6.28) by a?. Theelemeits of the equaions of condtion matrixin row
2 aredivided by a2. Thesquareof the elemen in eachrow contiibutes to all the
elementf thenormalequatons matrix A A. Reducirg thewholerow redwesits
contribution to the normd equationsandreduesthe importarce of that particular
datumto the solution.

6.3 Weighting the data

Estimatingthe error on a measuementis a vital part of the expelimentalprocess.
For inversion the “error” is ary contibution to the datathat doesnot satify the
forward modelling equatons. Many different souwrcescan contribute to the error.
The mostohvious, and easiat to dealwith, is instumenterrar. As an example
in 1623 JacqiesI’Hermite travelled from SierraLeonevia CapeHorn obsewing
declination with two compasss, one calibratedin Amsterdamand the other in
Rotterdan. Thetwo instumentsdriftedby 1°12' on average.This valuewastaken
by Hutche®n and Gubbirs (1990) to be representaive of the errorin decination
atseaduring the 17thcentuy.

Geoplysics suffers particularly from errorsthat are not directy related to the
measurememrocess.The accuray of the onsettime of a seismicphasemay de-
pendonthe pulseshape or the presaceof other arrivals in the sametime window,
aswell asthe ambientnoiselevel, which itself canvary dramatcally with time
(Figure6.2. In this casewe might estimatethe errars at 0.02sfor P, 0.05s for X,
and0.1sfor SPandS. In pradice onewould develop a rough ideaof thereldive
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Fig. 6.2. Seismogranrecodedin North Island, New Zealanl, from a local earthgiake
bereathCook Strait. Errorson arrival time picks depeid on the type of arrival andsignal
strengh in relationto the backgourd noise. Here the P wave will be mostaccurately
on the vertical (Z) compnent,the S wave on the Eastcompaent, andthe intermedate
phases(probablycorversionsfrom S to P at a refractirg interface beneattthe station)on
theverticd. Error estimateon the picks shouldreflectthis: S wavesareusuallygivena
larger errorthanP simply becaseof theirlongerperiod

errorsfor thesephasesover a numberof seisnogramsandapply the sameerrorto
each.

A measuremet of thegeomagetic mainfield will beaffectedby themagnédisa-
tion of neighbouing crudal rocks. Neara seanountthe contiibution from highly
magnetidavascanbe several degrees; anaveragefigurefor typical rocks is neaer
onequarerof adegree. Thisis lessthanJacqesl’Hermite’sinstrumentalerrar, but
not by much,andit limits the addtional value of modern moreaccuate, marine
datain detemining the mainfield.

Thenthereare blunders: transcription errors suchas a wrong sign in the lat-
itude of a marine measurment, misrealing the seismogaph’s clock by a whole
minute, or wiring the seisnometerup with the wrong polarity, thus charging the
signof eachcompaent. Theseblunderscanhave a disastrows effect onthewhole
inverdon if they arenotremovedfrom the datagt altogether

Errorsarecorrectly treatel asrandam variades. Their actualvalues remainin-
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X X-X
0.73 -0.080
0.76 0.004
0.7 -0.005
0.797 0.036
0.772 0.011
0.74%6 -0.015

X =0.761 V(X) = 0.000528

Table6.3. Computing the meanandvariancefroma setof 6 measuementdy
averging.

determirate;we canonly find certan staisticd propertiesof therandam variables
suchasthe expecedvalue,variarces,andcovariancesof pairs of randomvarisbles
[Chapter2, (2.41) and(2.42)]. Forindepen@ntrancom variadesthe covarianceis
zero. Thecorrelation codficient is a normalissdform of the covariance:

C(X,Y)
V(X)V(Y)

which is equalto unity whenthe two variables are equalandtherdore perfectly
correlted,zerowhenthey areuncarelated.

The expectation operdor is precigly definedin the theay of staistics but for
our purposeswe shal either (a) estimateit by taking averagesof measuements
in which casethe expeded value is alsothe mean,or (b) imposeit a priori from
theory In Chapte 2 we usedthe averageover time. This kind of error estimation
oftenredwesto little morethangueswork, but it hasto bedone.

Thesquae root of thevarianceis calledthe stardard deviation andis ameasue
of the“scatier” of thedataabou themean;for usit will betheerror. If thevariarce
is to be estimaed by averagng a numberof data{X;;: = 1,2,..., N} themean
is X = N~ Y X; andthe standhrd deviation is

(X, Y) = (6.38)

1 N
— . X)2
o=\ N7 (X; — X) (6.39)
=1

Thedivisor (N — 1) is usel rather than N becaisewe have usedup one“degree
of freedan” in estimatirg the mean.If the meanis knowna priori then N shoud
beusedinsteal. Thestardarddeviationof the meanis redwedby (appraximately)
the squae root of the numbe of data. Table 6.3 givesexamplesof compuing the
meanandstardarddeviation of a setof measuements.

Table 6.4 givesa calcuktion of the covariancematrix. The data are artificial:
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Fig.6.3 Firstdifferercesof annuameanof geormagneticeasttompmentmeasuedatthe
Antardic obseratoryDumort D’Urville from 1960to 198). The steepchangen slopeis
believedto be causedy sudderchangsin the Eartlis corg andis calleda geoma@netic
jerk. Measuremat errar is estimatedrom the scatterabou the pair of straightlines.

X Y X-X Y-Y (X-X)(Y-Y)

0.0881 0.7%5 -1.3609 -2.9869 4.065
1.0181 2.969 -0.4309 -0.8355 0.360
1.9308 4.6156 0.488 0.872 0.1
2.7588 6.6805 1.308 2.948 3.861

X =14490 Y =3.7414 VY =1.320 YV =6.358 C =2.902

Table6.4. Estimatirg the covarianceof databy averaging. Thesenumbes were
madeup fromtheformulaY = 2X + 1 using randan numbesfor X. They
therefore correlateperfectly.

the numbes have beencalcdated from the formulaY = 2X + 1 using randam
numberdor X to prodwce perfectly corrdateddata The covariancematrix is

1.329 2.902
Cxy = < 2.902 6.358 ) (6.40)



106 Linear ParameterEstimation

andthe correlation coeficient is
2.902

1/1.329 x 6.358

Another geophysicd exampleof errorestmationis shownin Figure6.4. Perma-
nentmagneic observataieslik e this onerepat annwal meansof the geomagetic
vector A sudden change in the secom time derivative was noted worldwide in
1969-70; it wascalledageomagetic jerk (Ducruix etal., 1980)It shavs up well
when plotting first differencesof the annwal means,an estimae of the local sec-
ular variaton. The accuacy of the individual differencescan be estimaded from
the scdter abouta smoothtime variaion beforeand after the jerk. The stardard
deviation of theresidual after the straicht line predction hasbeensubtratedfrom
the datato give the estimateof the accuacgy of eachannwal mean. A typical ob-
senatay annud meanerroris 5nT/yr. The contibution from magnetsedcrustis
constant in time andwill beremovedby the differencirg.

Themeanof thesumof 2 ranrdomvariablesis thesumof themeans E[ X +Y] =
E[X]+ E[Y]. Thevariarce of the sumdepemison the covariance:

=1.00

VIX+Y] = E|
:E[

X +Y) - E[(X +Y)])?
(X — E[X]) + (Y — E[Y]))*]
DY — E[Y]) + (Y — E[Y])’]

Py

= E[(X - E[X])* +2(X - E[X))
= E[(X - B[X))?] +2E[(X — E[X])(Y — E[Y])]
+E[(Y — E[Y])’] (6.41)

So
VIX+Y]|=V[X]+2C[X,Y]+V]Y] (6.42)
Forindependenrandomvariablesthevariarcesaddbecasethecovarianceis zero:
V(X +Y)] =V[X]+V[Y] (6.43)

Theseideasapgdy to anarbitrary numberof data.Let X bean M-lengh vecior
whoseelemens are the random varialdes X, X5, ..., Xy, anddefinea seconl
vectorz with zeromean

z =X — E[X] (6.44)
The covariancematrix beammes,in matrix notation
C(x) = E[xaT] (6.45)

Another view of variarceis through the likelihoodfundion. Consicer a singe
randam variable z. The likelihood function L(z) depends on the probability of
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the varialde taking on the value z. It is a maximumat zr,, whendL/dz = 0.
Expandngin a Taylor seriesabou x = zy, gives

d’L )
+ ) (x—zp)*+... (6.46)

ZL

L(z) = L(zL)

Thevarianceof z may thenbe definedin termsof the valueof + — x;, whenthe
likelihood function readiessomecritical value. Provided higher termsin (6.46)
arengyligible, thevariancewill be proportional to thesecad derivative. If = hasa
Gaussiaristribution, with probability p(z) propationd to exp [—(z — 2z)?], and
thelikelihood function is definedaslog p, then(6.46)hasno highe terms.

For avecgta « of mary randan varialdes the likelihood function may be ex-
pandel in asimilar way

L(.’L‘) = L(.’L‘L)

0%L
" Orixj

+ (a:—:z:L),-(x—xL)j+... (6.47)

Ty

The covariancematrix canagainberelatedto the seondderivative
Cij < 7—— (6.48)

Furtherdetals arein (Tarantda, 1987).

It is unusial to be ableto estimae covariancedirectly for realdata; mostmea-
suremets are assumedto be independen. Correlatons enterwhenthe dataare
transbrmedin someway. For example,it is commonto wantto rotate thehorizon-
tal comporentsof a seismogam from the corventional north-sotth and eastwest
into radal (away from the sour@) andtrans\erse,or eveninto “ray” coordinates
with onecomporentparalkel to thearriving ray pat. Thisinvolvesmultiplying by
a rotation matrix, andthe new compmentsare linear combindions of the origi-
nals. This alwaysintroducesoff-diagoral elemerts into the covariancematrix and
correltionsbetwee the new comporents.

Constderanew datasetformedby linear transformaton of x:

y =Gz (6.49)

whereG is ary matrixwith compatble dimersions(it neednotbesquae) sud that
y haszeromeanwhenz has.The covariarce matrix of y is found by subdituting
for y from (6.49) to give
Cly) = E[Gz(Gz)T] (6.50)
= E[Gzz’G"]
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= GE[zzT]|GT

C(y) = GC(x)GT (6.51)

Thelastequaity foll ows becasethe covariancematrix is symmetic. The expec-
tation operator doesnot act on the elementsof G becaisethey are not randan
variablkes. The covariance matrix therebre transbrmsaccading to the similarity
transbrmation(6.51).

Theweightedaverage is a spedal caseof linear transbrmation

M
w= Zaixi =alx (6.52)
i=1

wherea is avectorof weights. Equation (6.51) applieswith diaganal G, the diag-
onalelemens beingthe weights ¢;. Thevariarceof W is therefore

V[w] = aTCa (6.53)

Anotherimportant caseis whenG = V, amatrix whosecolumnsarethe orthog-
onaleigervectasof C(x). Then

VIC(z)V =A (6.54)

whereA is the diaganal matrix of eigervaluesof C(x) (seeAppendx 4). Equatian
(6.51) showsthat the transbrmeddataset y is independent (zero covariancesor
off-diagonalelemerts of the covariancematrix) andits variancesaregiven by the
eigervaluesof C(x). The datagt A_%y is alsounivariant, the variarcesareall

equalto one,becaiseeachcompmentof y hasbeen dividedby its stardarddevi-

ation. In geneal adatavectorz maybetransbrmedto anindepender, univariant
datavectorby thetransbrmation

#=A"3VTg (6.55)
In the last section we saw how importantit is to scak the individual equaions
of condition sothatnone dominae. The bestprocedureis to transformthe datato
univariant,independen form before performing the minimisation to obtain(6.25).
Supposehe errars have zeromeanandcaovariancematrix C.. The sumof squaes

of thetrandormedunivariantindependen datais
E? = eTVA~3A 2V e = e7C e (6.56)

Settige = d — Am gives
E* = (d—Am)TC;Y(d — Am) (6.57)
= d'C;ld - 2dTC'Am + mTATCI Am
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wherewe have transposel scalas andusedthe symmetryof C;1, for example
mTATC; d = dTC; Am
Differentatingwith respetto the elemens of m gives

8E2 Ter~—1 Tr—1
5 = ~2d"C.MA+2ATC, T Am = 0 (6.58)

whichleaves
(ATC'A)Ym = ATC 1 d (6.59)

This solution differs from (6.25 by the apparanceof C;! in the matrix of co-
efficientsand on the right handside. The effect of C;1 is to scak the equatons
propely; for independent datait divides eachrow anddatumby the variances.

We endthis sectia on a technical matter on how to calcuate the final misfit.
Thesumof squaresof residualsis writtenin full as

E?=(d—-Am)'C;l(d — Am) (6.60)

E is propely called the root meansquae misfit or residual. For a succesful
inverse the rms misfit shoud be abou 1. A commonmeasue of succesof the
modelin fitting the data,particularly in tomograhic probdems,is to comparethe
original misfit, /d¥ Ce *d/ D with thefinal misfit, often asa percentageredudion
in residual.

For smallproblemsE is calaulatedby subditutingthe modelbackinto theequa-
tionsof condtion, calculating (d — Am) directly, but this usudly involvesstoring
orrecatulatingthebig matrix A. An easie methodis available.Rearranging (6.60)
gives

E?> =dTC;ld + mTATC;'Am — mTATC ld — dTC; 1AM (6.61)
Thelasttwo termsareequal:they canbetrangosednto eachother. Furthemore,

m satisfiesthe normd equdions, which in the mostgenenl caseare given by
(6.59). Thesecad term cantherebre be replacedwith

mTATC'Am = mTATC 1 d (6.62)
and(6.60)becanes

E?=dTC;'d — mTATC 1 d (6.63)
Thefirst termis simply the sumof squaesof weighted data, or original “misfit”;
the secom is the scala product of the modelvectorwith the right hard side of

thenormalequatons (6.59. The scala productsaretrivial to perform, and(6.63)
providesafar moreefficient methodof calcuktingthe rmsmisfit than(6.61).
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6.4 Model CovarianceMatrix and the Err or Ellipsoid
Thesoluion to (6.59)givesm asalinear combiration of the data:it hasthesame
form as(6.49 with

G = (ATC_tA) tATC !
We cantherdore calcuate the covariancematrix of the solution from (6.51):

C = (ATCIIA)TIATCIC[(ATC A IAT YT (6.64)
= (ATcIA)~1(ATCtA)(ATC A

C=(ATc;'A)! (6.65)

C descibes how the measurementerras have beenmappel into the calcuated
modelparaneters.It canbeusedto assestheuncetainty in thecomporentsof m.
The covariancematrix canbe usedto defineanerror ellipsoid sometimesalleda
confiderce ellipsoid. Constderthe randan variades xz andy with covariancema-
trix Cgy. We rotate theseinto independert variables¢, n with standad deviations
o¢, opn calaulatedfrom the eigervalues of C,,,. We mayusetheinequality

2 ,,72
25+ < K? (6.66)
Uf 0'n

to give alimit on the likely valuesof £ andn, depending on the chosen value of
theconstantK. Theequality in (6.66) definesanellipse in the zy plane with axes
alongthe eigervectors of the covariancematrix G, (Figure 6.4). The semi-mapr
andsemi-minoraxesare

% _ M

= %=1 (6.67)
_ o _ N
b= Z=% (6.68)

where Ay, A2 arethe eigervalues of the covariancematrix. K may be chognto
make the ellipse the 95% confidencelevel if enowgh is knownabou the statistics
of the error, or it may chosen lessrigorously. The theory carries over into mary
dimensims. The geometical form is a (hypenellipsoid becaisethe eigervalues
areall posiive (Appendx 4).

Figure 6.4 also shavs how to estimateextremevalues of x andy graphicaly.
Analytically, we wishto find themaximumvalue of x andy for apoint congrained
to be on the bounding ellipse. The methodworks in ary numbe of dimersions
The equaion of the ellipsein vecta formis ' C;lz = K2, wherez = (z,y)
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Fig.6.4. Thegenerakrrorellipsein two dimensims, shaving the axesfor the extremain
z andy.

is the position vector Extremevalues of z andy arefound using the methodof
Lagrangemultipliers (Apperdix 6) andminimising thetwo quartities

t — l(eTClx — K?) (6.69)
y — lL(z'Clz — K?) (6.70)

wherel,, I, areLagrang multipliers. Differentating eachexpresson with respet
to xz andy andsettng theresuts to zerogives

20,Clxe = (é) (6.71)

20,Cle = (‘1)) (6.72)
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Thesolution of thefirst pair of equationsgivesthedirection of theaxisthroughthe
maximumand minimum z valuesandthe secad the correpondng axis through
the maximumandminimum of the y values. The Lagrangemultipliersarefound
from the constaint ' C.z = K2. In pracice we would drop the consantsl, [,,
from equations(6.71)«6.72) andsolwe for the required directons, thennormalise
themto bring them onto the ellipse. Therequred extremevalues for z andy are
thenthe comporentsof this vecta.

300
4 200

4 100

4 -100

4 -200

M i -300
-100 -50 0 50 100

Fig. 6.5. Error ellipsesof the mantleand coredensityparanetersobtainel from the co-
valiancematrixin equation(6.73). Contous arelogaritimic scale.

We applythesedeasto problem4 in Table6.2for thedensty of the Earth. This
is the simplestproblem that allows calcuation of a non4rivial covariancematrix
becawse the others yield only a scala uncetainty on p. The dataM andI/d
areindependat andtheir assigred errors arethe same,+0.003 x 1(?* kg. The
covariarce matrix of the dataC, is therefore9 x 10718 timesthe 2 x 2 identity
matrix. Substitding (6.18)for A into (6.65)for the modelcovariarce matrix gives

(6.73)

C = (ATC1A)! — 9 x 10%2(ATA)~ — ( 3076 —526 )

—-526 99

The eigervaluesare 8.828 3166. The correspoming normalsed eigervectas
are (0.1690,0.9856) and (0.9856, —0.1690). The bestdetemined combindion
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is therdore 0.1690p. + 0.9856p,,, corresporing to the minor axis of the ellipse
in Figure6.5. The bestdetermired combiationis closeto p,,, asonewould ex-
pect,andits erroris 3 kgn3 (the squareroot of the eigervalue). The poorest-
determired combiationis p, with an error of 56 kgm 3. As before, theseerror
estimatesareabsudly low becaseof the overly simple2-layer Earthmodel.

6.5 “Robust methods”

However cardul we arein weighting our datg somemistaleswill remain These
presema huge prodem for the lead squars methodbecasethe squaing process
increasestheir influene on the solution. A mistale leadng to a datumthat is
effectively wrongby +10 standirddeviationswill have the sameeffectas100data
biassé by just+1 stardarddeviation, or 25 dataoutby +2 stardarddeviations. In
practice somehing mustbe done to remove these*outliers”, or reducetheir effect
toaminimum. Methods desnedto beinsensitiveto outliersarecolledively called
robust methods

Thesimplestsolutionisto calcultetheresdual (datum minusmodelpredction)
andthrow away ary datawith residuals exceedng somethresiold value, usualy
3-5stardarddeviations The methodof datarejecion hasseveral advantages:it
usually works, is easyto implemen, andrequreslittle thought. Thereis, in fact,
little altermative whenfaced with datathatlie very far from the modelprediction,
but bettermethalshave beendevised for moresubtlke difficulties. Theleag squaes
methodis derived by minimising a Gaussiarlik elihoodfunction (pagel06)andis
only valid whenthe law of errorsfor the datafollows a Gaussiarcurve. Problems
canbe idertified by plotting residwals on a histogram; the histogramshoud have
the appraximate bell-shapeof a Gaussiarfunction. All too often the histogam
shavstoo mary residwalsaway from the maincertral peak.

In theearly daysof seignology Harold Jefreys found prominentoutliersin seis-
mic arrival time data. Theseare paricularly evidentfor secand arrivals, suchas
S-waves, thathave to beidenified andreadat a time whenthe seisnogramis al-
readydisturbed This canincreasethe scater in the readngs by a facta of 10,
violating the Gaussia assumgbn. The histogram of residuals appraximatesa
Gaussiarcune in the cente but falls off lessrapidy at the extremes He there-
fore developedthe methodof uniform redudion, which is basel on alaw of errors
giving the probability p(z) of residual z asa linear combination of a Gaussia
andalinearfunction, with the linear function beingsmallrelative to the Gaussan.
This repraducesthe shapeof the distribution of seismictravel times. The max-
imum likelihood solution is developedrigorously in Jefreys classc monogaph
onthe Theoryof Probability (p214ff), wherehealsocriticisesthetheordical bass
for datarejection. Implemenation of the methodinvolvessimple downweigtting
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of outliers. The methodof uniform redwction was adoged by the International
Seismologtal Servicein location of earhquales,andis still usedtoday by its suc-
cessomrgansationthe Internationd Seismologcal Centre.Elsevherethe method
hasbeenabandned;| do not know if this is becaisemodernseismobgistshave
foundbetter method, have forgottenabott it, or never knewaboutit.

Another approachis to change the law of errors from Gaussiarto someother
probaility distribution. We shal considerdistributions of the form

p(x) = Kelz—zl? (6.74)

with p > 1. Thecaep = 2 givestheusual Gaussandistribution. Theotherimpor-
tantcaseis p = 1, the Laplaceor doule-exponentil distribution. The derivation
of themaximumlik elihood solution givenon pagel06 proceedsasbefare. Taking
p = 1 clealy downweights outliers relative to larger values of p. A single da-
tum with aresidual of +10 stardarddeviations now hasthe influence of only 10
datawith residwls of +1 standrd deviations,rathe than100asin leastsquaes.
Outliers became progressiely moreimportart for soluions asp increases,until
p — oo, whenonly the maximumresidualinfluencesthe solution.

Themodulusin (6.74) makesthe Lik elihoodfunction nonlinear andsomealgo-
rithmsfor finding the solution arevery clumsy Fortunatdy, avery simpleiterative
procedire seensto work well in mary geophysicd examples For univariate,un-
correlted,datathemaximumlik elihood soluion involvesminimising the quantity

D p

EP ="

=1

P

j=1

(6.75)

E is usudly called the £v-norm of residuals. Differertiating with resgectto the
m’s andsettirg theresultto zeroin the uswal way leads to the equdions

D P
Apdr,  2j=1 AjiAjermy
Z < ;H - = = =0 (6.76)
=1 % 1
wherer; is theresidual of the # datum
P
r; = dz’ — Z Aijmj (677)
j=1

Equatons (6.76) may be put into matrix form by defining a weight matrix W
with elemens

|ri[P—2

Wij = (6.78)
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to give
ATWAm = ATwd (6.79)

The matrix multiplying m on the left handsideis square, postive definitg and
invertible. Notethatthelead squaescasehasp = 2 andthis equaion reduaesto
the stardardleastsquaressolution for univariateuncarelated data(6.25).

Comparing equdion (6.79 with (6.59 showsthemto be the samewith data
weightedwith W ratherthanC; 1. (6.79)cannd be solvedimmediaely becaiseW
depems on the modelm through (6.77). The soluion canbe obtanediteratively.
Startfrom someinitial modelmg, perrapsby seting Wy = I. Calculae some
initial residwals from (6.77) and the correpondng weight matrix W;. Solve for
a new modelm; using (6.79 and calcuate the new residualsand weight matrix
W,, andstartagain.lteration proceedsto corvergence.This methodis callediter-
ativereweightal leastsquares(IRLS) becaseeachstepconsistsof alead squaes
solution with weightsdeteminedfrom theresidualsat the previousstep.

The iteraions are gualanteedto corverge for p > 1 provided certainsimple
condtions aremet. The mostimportant of these ariseswhenoneof the residuals
happesto lie closeto zerqg or is sosmallthatit causs numercal problemsin the
calculation. This difficulty is easily resoled by addirg a small posiive numbere
to theresidwal, replecing (6.78)with
|7“,~|2_p +€

A seisnological exampleof IRLS is givenby (Gerszenlorn etal., 1986), who
invertedthe 1D acausticappoximaton using the Born apprximation. A geomay-
netic exampk is given by (Walker and Jackson, 2000) who find a model of the
Earths mainmagneic field (seealsoChapte 12). Magnetsation of crugdal rocks
presems a majorsouceof errorin theform of smallscalefields,andthereis goad
evidencethatthe crustl field hasa Laplacedistribution, asshavn by theresiduals
in Figure6.6. An L' normappied by IRLS givesafinal histogramof residualsthat
fits theideal Lapla distribution well, whereasorventioral leag squaes(p = 2)
givesaratherpoor fit to a Gaussia distribution, evenwith rejecion of outliers.

Wij = (6.80)



116

<]
w

frequency/N
)
N

-4

Fig. 6.6. Histogramsof residualsof geonagneticmeasuremas from a mocel of the
large scalecorefield. (a) residualsfrom an L'-nom modelcommredwith the dotble-
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SUMMARY: RECIPE FOR LINEAR PARAMET ER

ESTIMATION

Establi the form of the linear relaionshp betweenthe
dataandmodelparaneters Definethedatavectorandthe|
modelvecta, andthe elements of the equation of cond-
tion matrix A.

Assignan error estimateto every datum. The error esti
mateis aninseparate partof the measuement.
Plothistogramsof theerrorsto estallish their distribution,
Form the error covariance matrix C_'1. If the datavec-
tor compisescombindion of original,independet, mea
suremets, the error estimaes mustalso be trangormed
appragriately.

Solve the normalequaions, either by trandorming to in-
dependent univariant, dataand using (6.26) or by using
the datacovariancematrixin (6.59.
Computetheresidualsfrom the modelpredctions.
Examinethe resdualsindividually (if possble) and ex-
aminetheir distributions. ldeally the weighted residualg
shoud be unity. Examineary excessvely large residuals
for blunders. Remaore outliers, or downweight them,and
comput anew setof modelparamegrs.
Computethe modelcovariancematrix.
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Exercises
Verify equation (6.37)
(a) Findthe eigewaluesandnomalisedeigawectas of the matrix

5 0 /3
A= 0 1 0
V3 0 3

(b) Verify theeigervectas areorthogonalby taking scala products.
(c) FormthematrixV from theeigernvedorsandshowit is orthogonal
(d) Verify that VI AV is diagaal with eigervalues along the diagonal
(e) Sketchthe quadatic form =T Az, indicatingits principal axes of
symmetry
Fit a straght line y = ax + b through the 3 datapoints (-1,0.1); (0,1.0);
(1,1.9)by leastsguaresusingthefoll owing methal:

(a) Write down the coeficients of the equdions of condtion matrix A

(b) Evaluak thenomal equaions matrix AT A

(c) Evaluae ATd

(d) Write down the nomal equdions and solve for the modelvector
(a,b). Verify that, in this cas, the leastsquaes solution is the
exactsoluion.

(e) Changethe last point to (1.0,1.8) andrecdculate the bestfitting
straightline.

(f) Plotyour points andstraight lines on graph pape.

A pairof randomvariables X, Y aresamplel threetimesto give thevalues
(2.2,3.%; (1.5,5.2);and(1.6,58).

(a) Estimatethe meansandstandirddeviationsof X andY

(b) Estimatethe elemens of the covariancematrixC = C[X,Y]

(c) EstimateV[X + Y] diredly from the3 measureentsof X +Y

(d) Comparethis estimae with the varianceobtaned from V[X] +

2C[X, Y]+ V[Y]

Theepicentreof aneartlquale is located by a seismicarray Thelocation
proceduregivesa covariancematrix of the epicentral coordnates(X,Y)
(referredto Cartegsanaxeswith origin attheepicentre SOE[X]| = E[Y] =

0):
C= ( f ; ) (E6.1)
(Theunitsarekm?).

X = (z,y) isapositon vecbr in thezy plane



118 Linear ParameterEstimation

(a) Findthe equaton of the errorellipsoid of the epicentrein termsof
x andy.

(b) Sketchtheerror ellipsoid (by finding eigervalues andeigervectas
of C) andfind thedirection of maximumerrorandtheerrorin that
diredion.

6.6 Computer exercise

(a) Useoct ave (Appendx 7) to verify your solutionsto questons
2(a-€).

(b) Findtheinverseof thematrixin question1 by constucting VA~1V7T,
whereA hasits ustal meanirg of the diaganal matrix of eigerval-
ues.Verify it is theinverseby multiplying with the original matrix
to obtaintheidertity. Canyou prove that

(c) Checkyour solutionto quesion 3.

(d) Usegnupl ot (Appendx 7) to produce a plot of the straght line
obtanedfor quedion 3, including points for the original datg and
compae it with your handdrawn solution.

6.7 Computer exerciseDo aleastsquaresfit of aquadaticy = aa? + bz + ¢
to thefollowing data:

T: 0 1 2 3 4
y: 01 1.2 2.7 6.9 15.0

by thefollowing method

(a) Formthe equationsof condtion matrix A; 5 by 3 matrix.

(b) Formthenormd equatbnsmatrix ATA

(c) Formthevecta ATy

(d) Obtaintheleastsquaressoluion m = (ATA)"1ATy

(e) Plotthe quadraticy(z) asa cortinuousline andthe dataon anzy
plot using gnupl ot asdescibedbelow

6.8 Computer exercise—Weighting data
The purposeof this practical is to learn how to treat data with widely
differentaccuracywithin thesamenversionandidentify baddata Idealy
youshoud haveanerror estimateon everymeasuementput mistalescan
often occu that canruin theinversion
| generted databy the formula y = az + b, added Gausgan noise
thenchanged 3 of the y values. You have to identfy the 3 badvaluesand
remove them,thenobtan the bestestimaesof a andb. Thedataarein file
prac3. dat a.

(a) Find aleag squaesstraight line fit to the data. Plot the dataand
your line togetter.
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(b) How mary obviously baddatacanyou see?

(c) Remore them, but only if you are absdutely surethey are bad
Find anew straicht line fit andplot it agairstthe data.

(d) Canyou seeary moreobviousbaddata?If so,remove them.Now
weightthe data:in adding noise | usednormadly-di stributed num-
berswith a stardard deviationo = 1,2, 1,4 repeatedin cycles
Constuct a diagonal weight matrix C;'* from the third column of
Xys, which containsthe variances. Assumethe dataareindepen-
dent Invertfor astraghtline again.Plotit againsthe data

(e) Now canyou seeary bad data? If not, construct the weighted
resicual vecior C;1/2(d — Am) andlook for ary residualssignifi-
canty greaerthanl. Remore thelastbaddatumanddo onefinal
weightedinversion.

[l useda =2,b=5.]
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TheUnderdeterrmedProblem

7.1 The null space

Now consder the casewhentherearefewer linearly indegenden equations(6.4)
thanunknowns. Evenin the absnceof erras it is impossble to find a unique
solution. Thereexists atleastonemodelmy, called a null vecta, suchthat

Amo =0 (71)

Thisarisesif D < P orwhenD > P but D — P or moreof theequatiorsarelinear
combindions of the rest,aswould happe for exampleif we repededly measurd
the samething in order to redue error on the mean. A solution my; cannd be
unique becase

m = mj + amy (7.2)

will alsobe asolution, whereqa is ary scabr multiplier. The spae spanrmed by all
null vectossis called thenull space it hasdimenson N > D — P.

It is eay to undestandthe physicd meanimg of thenull spa@. Matrix A corntains
therule for calcultingthe measuremmet from the model;it embodesthe physial
laws usedin the forward problem. A null vecta is a modelthat produceszero
measuremen It producesnothing measuable,andwe canrot therefore exped to
undestandarything abaut that particular model from the measureents. For a
linear problem theseunknown modelscan be addedto ary solution that fits the
datato produceanotter soluton thatfits the dataequally well. Attemptingto solve
thenormalequdions(6.25)whenA hasanull spa@wouldresut in failure becase
AT Amy is alsozera Thenormalequadions matrix is singuar andnon-invertible.

Problens5 and6 of Table6.2(page 96)illustratetheideaof anull spae. Equa-
tion (6.16) appliesfor problem5. Thereis oneequation for the two unknowns g,
andp,,, definingthestraightline AB onagraph of g,, agairstp. (Figure7.1). Any
vectorlike mg, with its arrowtip on line AB, is anallowed soluion, onethatfits
thedatum exacty.

120
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Fig. 7.1. The model spacefor the prodem of determinion of densityfor a two-layer
Earthusingoneof M or I. Notdravnto scale.

Thenull spacefor problem 5 is givenby the equdion (6.16) with zeroreplecing
M:

Spe+(a® - )pm =0 (7.3)

This is another line, CD in Figure 7.1, paralkel to AB and passimg through the
origin. Thegeneal solution in vecta form is

m = OM + oCD (7.4)

agrarhical repregntaton of (7.2). The sameandysis applies to prodem 6 using
only I. Equatian (6.17) definesthe straight line PQ in Figure 7.1, the null space
definesthe line RS, andms is a solution. The point of intersectio of lines AB
and PQ satisfiesboth dataand my is the unigue solution of problem 4. In this
particular examplewe have addtiona constaints the densties mustbe postive.
Theinverseproblem, asposed, does not know abou this postivity congraintand
allows solutons with negative densiy (lying on the dashe parts of the lines AB
andPQin Figure7.1).

The ideas of modelspace and null spacecarry over into mary dimersionsand
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give a usefd languagewith which to descrbe the full family of solutons. A sin-
gle measuremet for this problem redwesthe dimenson of the spae of allowed
solutions from by 1. It may not produce a unigue solution but nor is it a use-
lessmeasurenent. Massand momentof inertia were usedto good practical ef-
fect by (Bullen, 1979 to eliminatea whole class of densty modelsfor the Earth.
The modelswere based on seismicvelocities and the Adams-Wl liamson equa-
tion, andmary produceddersitiesthatgave I > 0.4M a2, the value for auniform

sphere This eniailed dense materid overlying lighter materid, which is gravita-
tionally unstibleandtherdore physically impossble. Incorporaing M andI into
the datasetresdvedthelarger ambiguties.

7.2 The Minimum Norm Solution

Satisfyirg thoudh it is to deseibe the full solution to the inverse problem, soorer
or later we needto plot a modelthatfits the data. This requresseledion, a com-
mitmentbasedon tasteandprejudce asmuchasarything else A usefd choiceis
theshatestsoluion, mathemadtally definedasthe onewith lead length or norm,
|m|. Any modelin the null spacecanbe adde to this soluion without charging
thefit to thedata,E. It is therebre not an essatial part of the modelandcanbe
omitted. The minimum norm solution is therefore the one orthogoral to the null
space.In Figure7.1this meansmodelsOM, the perpemicular from the origin to
linesAB, for probdem5 andOL the perpendiailarto line CD, for problem®6. They
arethe shotestvectorsjoining the origin to theselines.

The minimumnorm solution contans no unnecessey information which is the
philosophy justifying its popuarity. Minimising m! m subjctto the constaint
Am = d [equation (6.4) without errars] givesthe solution [seeAppendx 4, equa-
tion (4.43)]

m = AAAT)"1d (7.5)

Comparethis with the leag squaes solution (6.26). The square matrix AAT is
D x D whereasthe normal equations matrix ATA is P x P. Only the squae
matrix with lower dimenson hasan inverse: (6.26) workswhen D > P, (7.5)
workswhen P > D. Eachequaion may be thought of asdefining a gereralisel
inverse of therectangular matrix A:

AN = (ATA)IAT (7.6)
A~M = A(AAT)! (7.7)
ANA = AATM | (7.8)

A=Y andA—M canbe calledtheleft andright inverses of A respetively.
Broadening the definition of the norm can make selection of a solution more
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flexible. For example to find the soluion fitting the datathatis alsoclose$to some
precorceived modelmp, we canminimisethe norm|m — mp|. Minimising the

squareof a derivative canbe usefulin producing a smoothsolution. The solution

normis generdisedto theform

mTWm (7.9)

whereW canbeary symmetri postive definite matrix of weights W is theiden-
tity for the usua normm? m; the moregereral form allows somemodelparam-
etersto be weightedmoreheavily thanothe's (for example,we might believe, on
the basisof informationothe thanthe databeinginverted, thatthey aresmaller)
in addition to allowing for cormrelations betweenparameters. W mustbe postive
definite or certan combirationsof paraneterscould be amplified without limit.
|m| < K definesanellipsoidin P-dimensonal modelspacethesolution is there-
fore confinedto a closad volumeby plaang aanuppe bourd onits norm. Thedata
constaints (6.4) descibe a planein modelspa® becasethey area setof linear
equatons, The minimum norm solution thenlies at the point neaestthe origin on
theintersecton of the data planeandellipsoid.

7.3 Ranking and winnowing

Eigervedor exparsionsgive an altermative way of solving the normal equatons
(6.25)whenA hasnull vectors The normalequaions matrix AT A is squae and
symmetric;its eigawecibors spanmodel spaceand are mutualy orthogond. The
eigervectors may be usedasa bask, andany modelmay be expanded asalinear
combindion of them.

Multi plying (6.4) by AT gives

ATAm = AT(d - e) (7.10)

Let the orthonormal eigervectas and correponding eigewalues of ATA be u(?)
and\(®:
AT Au®) = A0 (7.11)

wherei runsfrom 1 to P. Expandng m and the right handside of (7.10) in
eigervectors

m = Z m@u® (7.12)

andsubsttuting into (7.10)gives

N u(i)TAT(d —e)

(4)
m O (7.13)
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In the absewe of error, a zeroeigervalue X¥) = 0 leadsto 0/0 in oneterm of
the right handside, which is indeterminae. Settingthe coeficient i) to zero
removesthis indeteminateterm andgivesa solution to the normalequatons that
is orthogond to the null spae. It is therebre the shatestpossble soluion, the
minimumnormsolution, the sameaswasobtanedfrom (7.5).

Consderprobdemb5, inverting M for two dersities. Thenomal equationsmatrix
is 2 x 2. Oneeigervedor olviouslycorresporisto zeroeigervalue it pointsin the
direction of line CD in Figure7.1. The othereigawecta mustbeorthogona to the
first, parallel to line OM in Figure7.1,the minimumnormsoluton.

Whenan eigervalueis small but non-zro the factor 1/)\(") tendsto producea
large but deteminate contribution on the right handside of (7.12) With perfect,
effor-freedatathatare consstentwith the modelthe numerdor in (7.13)will also
be small andthe ratio prodwcesno difficulty, but errar hasno respet for conses-
teng andcangereratea large contribution. Thusalthough |d| > |e|, theremay
becaseswhere

wTATd < uTATe (7.14)

Thesoluion is thendominatedby the error, which is amplified by the smallnessof
theeigenvalue.

Thenull eigervectas representmodek that contribute nothing to satisfing the
data. Theremairing eigervalues canbe ranked in order of their size (they areall
positive). The eigervecta correspording to the smallest(nonzero) eigervalueis
amodelcortributing leag to satidying the data;that correspondng to the largest
eigervalue contiibutes most. In the presece of errors someof thesesmall eigen-
valueswill beindistinguishalde from zeroandther eigenvedors shauld therefore
betreaedaspartof the null spae.

Theeigervaluesarethereforesepaatedinto threesets those thataregenunely
zerobecaiseof the natureof the measureents,thos thatareso smallasto con-
tribute very little to the soluion by way of reducing E, andthosethat make an
importart contibution. The gereralissd matrix inverseomits eigenvectas with
eigervaluesthatareidertically zero;it is derivedin Appendx 4, equation (4.36)
It may be extended by omitting alsothoseeigawectas with eigenwvaluesthatfall
belov somethresold that depands on the size of the errors This removesthat
partof the modelmostproneto errar. It is saidto stabiise the soluion. Choiceof
threstold is nearlyalways subjective; it is madeeaserif the spectum of eigerval-
ueshasa clea breakbetwee large andsmall.

Orderingtheeigervalueshy sizeis calledranking; removing thesmalleigerval-
uesis calledwinnowing An advarntageof this procelureis to redue thedimersion
of modelspacedown to the minimum required by the existing databefore doing
further processing.
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7.4 Damping and the Trade-off Curve

A third methodof stahlising an undedetemined problem s to repleace the rigid
minimum norm criterion with a moreflexible criterion that minimises a combira-
tion of error E andsolution norm N

T(0) = E + 6°N (7.15)

0 is calleda trade-df paramete; it determiresthe relative importance of £ and
N andis squaed only to emphasse that it remainspositive. Minimising T is
a compiomise betwea minimising E, fitting the databetter, or minimising V,
giving a “simple” model, dependirg on the choice of . If & = 0 the soluion
reduceto (6.26), the corventional solution of thenormalequdions. Whenf = oo
thedataareignoredcompleely andthe normis minimised with theresultrn = 0
in the abseiee of further congraints. A plot of FE versis N for differentvaluesof

errorkE

B=infinity

desired error

desired norm

Emin ”””””””””””””””””””””””

norm N

Fig.7.2. Thetradeeoff curve T'(9) givesthemisfit E agairstthemodel norm N, ameasue
of the models comgexity. Eachpoint on the curve represents solution,allowing usto
balarce the compomisebetweerfitting the datawell andobtaininga simplemockl.
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0 is calledthe tradeoff curve, which hasthe shage idealisedin Figure7.2. T'(8)
is monotaic andasymipotesto the minimumvalue of E (which maybe zerofor
anundedetemined problem) at one end andthe minimum value allowedfor the
modelnorm N attheothe.

The minimization may be performedby differentigtion alongthe samelines as
the derivation of the nommal equaions (6.59). Weighting the data with its covar-
ancematrix C. gives

(ATC'A 4+ 0°W)ym = ATC_1d (7.16)

This equaion differs from (6.59) only by the addtion of the weight matrix W on
theleft hard side. This methal of stahlising theinverson is called dampirg.

In the important specal caseW = | the difference amouris to adding a con-
stantto eachdiagonal elemen of the nommal equatons matrix. The eigervalues
of (ATA + 621) are () + 2. Dampingwith a unit weight matrix hasthe effect
of increasing all eigervalues by a corstantvalue. If X?) >> 62 the modelremairs
relatively unchanged but if A®) < 62 thecontribution to the eigenvecta exparsion
(7.12)is reducea. Contrikutionsfrom noisy modelvectasis therdore redued by
choosng avalueof 62 thatis apprgriatefor the noise level in the data. The effect
is similar to winnowing, but the shap cut-df is replacdby a gradial redictionin
amplituce of the noiser eigenvecbrs.

Choosng a suitable value of € is to someextert ad hoc, althaugh there are
someoptimal criteria. Thereare 3 differentphilosopheswith essefially thesame
algeba:

Mapping Herewe justwantanice modelfor interpretation purposeswe adjust
thedampng paraneteruntil we getthe desredeffect.

Data fitting If we know theaccuacy of thedatawell we adjust6 until the misfit
to theweighteddatais unity

Compromiself we have no confidencein the eithe, the kneeof the curve (Fig-
ure7.2)is acompiomise.

Problem 5, to find thedensitesof coreandmantlefrom the Earth's masscanbe
usedto illustratethe effect of damping on avery simpleproblem. We first simplify
(6.17)to the stardardform d = Am by defining

d

3M _(c
\a

3
= o —) — 0.16368 (7.17)
ma

which gives

d=2zp.+ (1 —2)pm (7.18)
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givingA = (z,1 — z) and

ATA — 0.026790 0.136886
|\ 0.136886 0.699437

We cannow congruct atrade-off curve by solving theequdion (A'A + 821)m =

ATd repededly for different valuesof the trade-off paraneterd. When@ is very
small, 103, werecoverthesolution (p., pr) = (1243.0,6351.2) kgm~3, whichis

thesameasthe minimumnom soluton to theaccuagy given Thisis expededbe-
causevenweakdampingcanremove the effect of the zeroeigevalueof AT A that
correpondsto the null space. Increasirg 6 gradually redwcesthe norm while im-
pairing thefit to thedata In thecasethetradeoff curveis astraightline; thereis no
kneeto indicatean optimal chadice of damping consant. Thisis a conequerte of
thesimplicity of this partiaular probdem: the eigervectorcomrespormling to the null
spacehasno effect after a small amountof damping leaving a onedimensonal
problem. Dampinga 1D problem simply increasesthe misfit in proportion to the
reducton in thenormof themodel until eventwally the modelis zeroandthe misfit
equalto theoriginal datum.

All solutions alongthe tradeoff curve, including the minimum norm solution,
have p,, > p.. This follows directly from (7.18), in which the coeficient of g,
greatly exceed that multiplying p.r. Minimising the sum of squaes of p. and
pm While satidying (7.18) leads to larger valuesof g, the penaty paid in the
minimisatian is smallerthanmaking p. large. p,, > p. is phydcally implausible
becawseapland with anexterior derserthanits interior is gravitationally unstalte.
A moreplausiblesolution is discussedn the next sectim.

7.5 Parameter covariance matrix
Thesolution of (7.16)is formdly

m = Hd (7.19)
wherethematrixH is P x D:
H=(ATC;'A +6°W) AT C ! (7.20)

Themodelis therebre a linear combiration of the daia. Dataerrars mapinto the
modelparaneterestimatesaccadingto equaion (6.51)with H replacingG andC
replagng C. The covarianceof mappel errorsis given by the rather complicated
expresson

HCHT = (ATCTA + 6°W) I ATCTAATC T A+ 6°W) ™ (7.21)
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but thisis notthewhole story. Equatian (7.21) givesonly thatpartof themodeler
ror mappedrom thedataerrars. It takes no accaunt of theuncerginty in themodel
arising from indeterminag of the original equdions. The probem is highlighted
by the simpleextremecasewhenthe datacontibute nothing to the solution. Then
effectively A = 0 and(7.21)giveszera In othe words,whenthere areno datathe
modelestimateis exact! Furthermoe, even whenthe datado definesomemodel
parametes well, (7.21) givessmall errorsfor other, lesswell-determinedparam-
eters. Equatbn (7.21) must always give this: eachmodel parameteis a linear
combindion of the data,andif that combiration yields zerothenthe error must
alsomapto zera

A realigic estmateof modelerror shodd contain our a priori information, the
knowledge that is independet of d and is embodia in the weight matrix W.
Franklin (1970) developed a methodhe called stodhastic inversion in which the
model paranetersthemslves are randan varialdes with given prior covariance
matrix C,,,. Identifyin g this with theinverseweight matrix:

C.l=6*w (7.22)
andmaximisingalik elihoodfunction basedon the combimation
L=—In(mTATC,'Am + m”TC,'m) (7.23)

givesthesameformula (7.16) for m butwith W replacedby C,,.t. Themaximum
likelihood solution my, is obtaired by maximidng L with resgectto m, where
0L/0m = 0. Expandng the likelihoodfunction abou this soluion in a Taylor
seriesgives the elemerts of the covariance matrix of the model as propational
to the seconl derivativesof L, since this contmls the decrasein likelihood awvay
from my, [see Section6.3, equation (6.48). Applying this to (7.23 givesthe
modelcovariarce matrix

C=(ATc'A+C ! (7.24)

amuchsimple form than(7.21).
In the undampedcasewe minimised the quadatic form m! (AT C1A)m with
resuling modelcovariance(ATC_1A)~L. In the dampedcasewe minimise

mT(ATCIA+C Hym

with resuting modelcovariarce matrix C givenby (7.24). Whenthe datacontan
noinformation C, is verylargeandC redwesto C,,, theprior covariarceestimate
asit shoud. Equaton (7.24) shoud always be usal, not the more complicated
expressonin (7.21). A rigoroustreatmemof thecovariancematrix requresBayes’
theoren. SeeBOX & TIAO or BARD.

Yet anotter persgective on damping wasfound by Jacken (1979, who shaved
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thatadding new artificial datain termsof directestmatesof the modelparameters
themseles,with assoatedweights, givesexadly the sameeqguationsasdamping.

The new “data” have the form m; = a1, ms = ag,m3 = as,..., with matrix

form a = Ilm, wherel is the identity matrix. The dataare given weight matrix

C,!. Thesea priori dataaugmenthe equationsof condtion matrix and chang

the A-matrix to the partitionedform

(1)

The normal equaions matrix ATC. A is replacedby ATC.~ A + C;1, which

hasthe sameform asthe dampel normalequations(7.16) with weight matrix W

replaed by C;!. Theright handsidesof the normalequationsarealsochanged.
Jackso's methal effectively congrainsthe solution for the modelparaneterto be
closeto the givenmodelvectora andwithin the boundsallowedby the covariance
matrix C,.

Returning to problem5, we now usesomeprior informaton to prodwce a core
densiy larger thanthe mantledensty. We could go further anduseprior informa-
tion thatthecoreis madeof liquid iron, whichlaboratoly experimentshavsto have
adersity of about10* kgm3.It is possble to build inequality congraints into an
inverdon but it is tricky andawkwardto compug, mainly becasetheinequality is
nonlinear A simplerapprachis to reddine the normto be minimised. Replaciry
|m| with \/p2 + fp2,, wheref > 1 is chose to prodwethe desredresult The
larger f, thesmalle theratio p, /p.. Theweight matrix W hastheform

"= (5 5)

A little expelimentatbn showsthat f = 16 givesa minimum norm solution of
(pe, pm) = (12283,4088). Dampingwith 8 = 0.02 givesa soluion (p., pm) =
(9974, 3185), whichis aplausibleapprocimation to the Earth’s densty. The misfit
is 1.32 x 1024 kg, muchlarger thanthe error estimateon the Earth's mass.Thisiis,
of course,becawseof theinadequay of the simplemodel.

A device relatedto dampirg is the peralty method We often neal to apdy
somehardcondraints to the model,for exampleto fix the depgh of anearhquale
becawseit is knownto lie on a certan fault, freez the magneic field to the core
fluid (anintegrd constrairt), or fix thedensty of aparicular rock unit. Thesecon-
straintsarenormaly imposel by the methodof Lagrargemultipliers(Appendix 6).
A more corvenientnumeri@l appioachis to usedampingbut make the dampirg
constant solargethatthemodelparaneter(e.g.the eartlguake degth) or constaint
(combiration of modelparamegrs)is reduce effectively to zera For example,in
earthgiake location the normal equationsmatrix is 4 x 4. Suppaethe depthis
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componat numbe 4 of themodelvecta. If ateachiteration we addabig numker,
say10” timesary othermatrix element to the diagmal elementof the 4" row of
the normalequatons matrix, that equaion effectively becanes1d h = 0 becase
the original elemeits of AT A and ATd areso muchsmallerthan10” they canbe
ignorad. Thusat eachiteration we have h = 0 andthe depthnever changesfrom
its original value.

The pendty method(seealso Appendx 6) is very easyto implemen and has
the advantage over Lagrangemultipliers that you do not have to derve ary newv
formulag just adda big numbe to the right diaganal elemen. Thereis only one
problem: decidng on an apprgriate value of the dampingconsant or penaty
paramete. It obviously depemlson the probem andthe unitsused to measue the
model parametey and mustbe found by trial anderror. If the penaly paramegr
is too large the matrix becanesunbalancel andnumeical errorsresultwhenthe
normalequdions aresolved, the effects thatensie from numeical errorare often
very pealliar andmisleadng.

Dampingcanalsobe usedto greateffect to constain ageneramodelthatis al-
readyknown. Thefollowing methodwasdevisedby Christdferssm andHusebye
(1979, who wantedto imposesomeconstaintson aninversion of seismictravel
timesusingthe known geolbogy. Specificaly, they wantedto equde all the seismic
velocitieswithin eachof a few tectoric blocks within the studyarea. They called
it their “geological modelling” option. Their formdism is rather gengal andcan
be usal to incorporae congraints into the normal equatons after they have been
formed. Sincein mostinverseprobdemswith D >> P thetime-cansumirg partof
the compuationis in doing the multiplication to form AT A, ratherthanin finding
A or solving the normalequaionst , the methodallows a large numbe of differ-
entideasto betestedwith a singlecomputtion In their example,atomograhic
inverdon of NORSAR seismicarray data,they first paraneterisethe seismicve-
locity benaththe arrayandfind the normalequdions. Their condraintsarethen
to equaise all the velocitiesin individual teconic zones effectively reducing the
numberof modelparametes andtesting the ideathat seismicvelodty canbe de-
ducedfrom the geolayy.

The original modelvectorm is redwcedto a smallervector p through the con-
strairts equaton

m = Gp (7.25)

For example to equdise 2 of the original model parametrsandzeroa third, the

t Actually forming the normal equaions in this way is not recommendd computaiona practice becauset
squarsthecondiion numberof the matrix; theapproved methodis to solve theequaionsof condtion directly
by rotational methods. The Christdfersson& Husebyemethodcan be adaped to work equally well with
eithernumeri@l method
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equatonswould be:

mi 1 0
mo 10 b1

= 7.2
ms3 00 <p2 > (7.26)
my 01

ChristoferssorandHuselye (1979) thenshaw thatthe (unweichted)normalequa-
tionsbecane

GT(ATA)Gp = GTATd (7.27)

which may be solved for the reduwced model vecor p. The weighted, reducel
normalequaions caneasilybederivedin the sameway.

7.6 The Resolution Matrix

Resoluton is the mostimportant concept distinguishing inverse theory from pa-
rameterestimation. The dampedsoluton satidies equdion (7.16) wherea the
undampd (“true”) solution mustsatisfy (6.59) Denoting the undamgd solution
in this caseby m;, combiring (6.59 and(7.16),andreplecing W gives

m = Rmy (7.28)
R = (ATCJ'A+ Y (ATCA) (7.29)

whereR isa P x P squae,nonssymmetric array calledtheresolution matrix. Note
thattheresut is not symmetricbecasethe prodict of two symmetricmatricesis
only symmetricif they commute.

Theresoltion matrixrelatestheestimateto thetruemodel notethat it canrotbe
inverted (othewise we would be ableto find the true modelandall our probems
would be over!). Resoluton is perfect when R = | andthereis no difference
betweerthetrue modelandthe estimate This hapgenswhend = 0.

Constderequation(7.28 for onemodelparaneter Written outin full it gives

P
m; =Y Rij(my); (7.30)
j=1

The estimde of eachcompamentm; is therebre a weightedaverage of the entire
true model. The i*! row of R givesthe weightsfor the #" modelparaneterm,;.

Ideally wewantR;; = 1 andall othe weightszero,whichis thecasewhenR = 1.
Thei*® row of the resoluion matrix is the averaging fundion for the £ model
paramete Eachmodelparaneterhasa different averagng function given by the
correponding row of theresdution matrix.
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Non-zero off-diagoral elements of the resoltion matrix indicatea tradeoff be-
tweenthe modelparameters:non-zero R;; indicatesfailure to sepaatethe effect
of thes*® and;j* modelparaneters.NotethatR doesnot depeml diredly on data
errors(except in sofar asC, ensuresthatthey arecorrectly weighted relative to
eachother andin the chace of trade-off paramegr ), but it doesdependon A
throuch thedatakerrels. onwherethe dataweremeasuedratherthanon how well
they weremeasuredIn a seismicexperiment,for example,the elementof R will
depem explicitly onthegeogaphical postionsof the seismomedrsbut notonthe
noiselevel in the seisnograms.Resoution is geneally deteminedby the type of
datacollected,not by its accurgy. It is thereforeanimportart considerdion when
designng anexperiment.

The trace of the resdution matrix (sumof its diagaal elemens = sum of its
eigervalueg is often taken to repreent the umber of degreesof freedomin the
model.ldeally it is P whentheresdution is unity; otherwig it is lessthan P. The
numberof degreesof freedomis alsothought of asthe numberof parametes that
canberesoled by the data®t. If the diagonalelemens of the resdution matrix
elementswere entirely onesor zeroes the tracewould correspor exactly to the
numberof parametersbut in geneal eat paramegris only partidly resdved.

Thereis an efficient way to compue the resdution matrix in the usud case
whenC,.! is diagonal. First notefrom (7.29) and(7.24) thatthe resoltion matrix
is simply the covariancematrix timesthe nommal equatons matrix:

R=CATC A (7.31)

If ;! is diaganalamuchfaste methal to evaluateR is to rewrite (7.29) in the
form

R = (ATC'A+CHMATCIA+CL -G (7.32)
= I-ccl
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The final matrix multiplication of a symmetrc matrix with a diagaal matrix is
SUMMARY: RECIPE FOR THE UNDERDETERMINED
INVERSE PROBLEM

The following proceduresare in addtion to thoselisted for pa-
ramete estimatonin thebox onpage 116.

() Establshthe extent of the null space, and preferably its
dimenson. This may be possilte from the natue of the
original problem,suchas N = P — D whenthereareno
complicatiors, but thisis usually not possille in practice.

(i) Examinethe eigenvaluesof the normal equdions matrix|

A. If thereis a clearnull spacesomeeigervalues of the
spedrum will be numercally zera Unfortunately for
large problems,thereis usually alarge setof smalleigen-
values thatmustbe stablised,andmary of thesearealsg
numertally zera
(iii) If thereis anobvious breakin the spectrum of eigeal-
very fad. ues,with acleaty distinct setof zeroes, thenwinnow by
removing them. Otherwi it is usudly easierto leave
themin andrely onsimpledampigto remove their effect
onthesolution.

(iv) Decideon the natureof thedampng. Useonly the phys-
ical properties of the problem, not information derived
from inadequay of the dataat hand Idealy corstruct
C..! from prior information.

(v) If necesaryintroducea dampingconsant. Make sureall
model paranetersare of equd dimenson and scde, or
chocsedifferentdampirg consaintsaccodingly.

(vi) Invertfor themodelparametes using (7.16).

(vii) Computethenormfor eachvalueof the dampingconsant
and plot a trade-off curve to estabish conssteng of the
prior informationwith the error estimats and model it-
self.

(viii) Computetheresdution matrix andits trace
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Exercises
Find the eigervalues andnormalised eigawecibrs of the matrix

1
G=| 0
1

O = O
—_ O

Whatis the null spae?Plotit onadiagam.
Find the null spaceof the matrix

—

11
11
11

Find, using the eigervectorexparsion,the gereral soluion of theequdion
Az = b, whereb = (6,6,6)” andA is thematrixin the previousquestion
Obtainthe minimum norm soluion. Why do (7.6) and(7.7) not work in
thiscae?

By rewriting the equaions of the previousqueston as(1,1,1)xz = 6, find
theminimumnormsolution using (7.7)andcomparewith theansverof the
previousqueston. Verify your gereralisal invers satisfiegsheappropriate
form of (7.8).

You make 3 measurementsof asygemthatdepenmison 3 varigblesz, y, z
with thefollowing resuls:

200z +4y — 2z = 202
dr+4y—2z = 6
—2r-2y+z = -3

Find, by inspection or othemwise, the combiration of paraméersyou have
not determired. Using octae, or othewise, to rank the eigervalues. Ob-
tainthecombiration of parametrscorrepondng to the smalle$ nonzero
eigenvalue. Roughly how accuate mustyour measuremats be to dete-
mine this combiration of paraneters?(Discussthe error asa fraction of
the measued value, not the absdute value of the error). Which measue-
mentneed to bevery precie? Obtainthe solution whenthis eigervalueis
winnowedout.

Now supposethe equationsin the previous queston arethe normal equa-
tionsfor alinear inverse prodem. z is themodelandd is the datavector
Eachmeasureentis assigedanerrorof 0.1.

Solve for themodelby simpledampirg.
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(a) Useoct ave to computethe soluion, modelnorm,andRMS mis-
fit for arange of dampingparameters.

(b) Plotthetrade-off curve.

(c) Choosean appiopriate value of the dampingparaneterand com-
parethe correpondng solution with thoseof the previous ques-
tion.

(d) Calculdae the paraméer covariance matrix for this value of the
dampirg paraméer.

(e) Calculae the resdution matrix for the samesoluion. How well
resdvedareeachof the unknowns?

Fit a cubic to the foll owing databy ordinary leastsquaesparamete esti-
mation (z,y) = (0, 3), (0.5,0), (1,—0.5),(2,1.2),(3,0). Errorsareall
0.5. Calculae the RMS misfit andmodelnorm. Do the data justify this
cuhic fit, or coulda smoothe curve do anadeqiatejob?

You have arough theoly thatpredcts the plot shoul be a straight line.
Dampthe solution to make it smootter with a dampirg matrix that pe-
nalisesthe highe powersof z the most. Use a diagamal dampirg matrix
with elemeirts (0, 0,4, 16) (WHY?). Plotatradeoff curve. Find thevalue
of the dampig consant that gives unit misfit to the weighted datg and
compae the correspondng solufon to the ordinary leag squaessoluion.
Computer exercise—he geoentric axial dipole The purpase of this
practical is to learn how a false assumgion (a dipole field) leadsto er-
rorsin theresuls (geomagnetic poles depend onthesiteaswell asondata
error).

It also shownvs you howto combire datain a linear inverse problem by
either (a) extendirg the A matrixanddata vecta or (b) adding thenormal
equations matricestogether

(a) The Earth’'s magnett field is representel mathematally (in the
IGRFfor example)asasplericalharmont seriesfor the magneic
potential. IGRF is calcuated from an inversion of tens of thou-
sand of magneic obsevations for several hunded geomanetic
coeficients, the multipliers in the spherical harmanic expansion
Themagnetc field is approcimately that of a barmagnetadipole
field, which is specifiedby the first 3 geomagetic coeficients,
g%, g1, Al . The geomanetic pole is the placewherethe axis of
thebeg-fitting (in alead squaresseng) dipole cutsthe Earth’s sur
face it movesslowly with time. The progampol ef i nd calau-
latesthegeomageticpole from thefirst 3 geomageticcoeficients

99,91, hi.
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(b)

()

TheUndedeterminedProblem

Plotthegeomaneticpolesfor epachs1647,1715,1845 1925,and
1980onyourmap.Usethedatagivenin thetable below Thisgives
you someideaof the secuar variation of the geomagetic pole in
histarical times.

Dipole codficients
1647 1715 1777 1845 1925 1980

g9 -35238 -34187 -33221 -32205 -30920 -2993
gt -3374 -3187 -3330 -2706 -2326 -1956
hi 2264 3471 5140 5852 5798 5603

Our knowledgeof the geomagstic field in the geologicd past
comesfrom paleomagnet measwementson lavasandsedimers
of knownage.Threecomponatsof magneic field X, Y, Z (North,
East,Down) canbeinvertedto give¢?, g1, hi asanequi-detemined
probdemandthene thepostion of the paleomagnéic pole. Several
sample from eachrock unit, eachpresumaly having somavhat
differentagesareaveragedto eliminatethesecuérvariation. Pale-
omagretistshave noted the far-sidedeffect, thatthe paleomagnec
pole usualy lies on the far side of the geogaphica pole Merrill
andMcElhinny (1983. We aregoing to examire this effect
Thegeanagnett coeficientsin thefile pal eo. nod werederived
from paleanagnett measureentson rocks with ages 0—-2.5Ma
young enoudn for plate motion effects to be negleded (Gubbirs
andKelly, 1993. Thefirst 3 coeficientsare(—30000, 415, —481).
Find thepostion of thepole.

The progran Af i nd asksfor a latitude andlongitude andreturrs
thevaluesof XY, Z usingthe field modelpal eo. nod andde-
terminesthe coeficientsof theequdionsof condition for thedete-
mination of geomageticcoeficients ¢, g1, hi using theequatons
givenbelow. The A matrixis writtento thefile Amat ri x. out —
copy it to anotter file before running the programa secand time
becaisethe file is overwritten Try it for Leeds: latitude 52N,
2°W (= —2°)

Find the podtion of the geomagetic pole from simulaed paleo-
magneic datafrom a singe site using oct ave. (For this equice-
termined problemA is squae andyousimplyhaweto invert A, you
do not nedl the least squares solution. To avoid retyping, opena
t ext edi t windowcontaining the file Amat ri x. out and copy
numbes acrosswith the mouse Finally run pol ef i nd to getthe
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pole posgtion. Again you can copy data with the mouse) Check
with this result

Lat : +52°, Long : —2°; X = 20442, Y = 3608, Z = 44084

g% = —29955, gi = 2411; h} = —3694; pole = 81.6°N,123.1°E

The poleis “farsided” beauseits longitude differs from that of
the siteby morethan9(.

Now find poles for the following volcanic sites, which may have
suiteble recert lavas. You needto run mat | an in a separée com-
mandwindow from the othe programsso you do not losethe ma-
trices.

REMEMBERTO ENTERNEGATIVE VALUESFORSAND W!

TheAzores 35°N,200W
Cameroon5°N,10°E
Bali: 8°S,115E
TheGalapagos: 0°N,90C°W
e Hawaii: 21°N,158W

e Tahiti: 18°S,150W

Plot the resuts on your map. Is there a farsided effect? Paleo-
magneists find small non-dipole fields at Hawaii; do your resuts
confirmthis?

Note thatthesesitesareall quite nice placesto visit.

Do alead squaesfit of all 6 sitesto a singlepoleusing thefull 18
by 3 A-matrix and 18-lengthdatavecta.

MAKE SURE YOU KEEP THE NORMAL EQUATIONS MA-
TRIX ATA AND THE RIGHT HAND SIDESATd.

Repeathe calaulationsfor thefollowing sites, plotting bothsingle-
siteandleastsquarespoles

o Novosibirsk, Siberia:55°N,83E

PortRadium,Arctic Canada67”N,117”W

Princes Elizabeh Land,Antarcica: 73 S,72E

e 2000km souh of Easterisland SE Pacific: 50°S,110W

Is therea far-sided effect? Could the geogaphica distribution of
paleomagneit sitesbe biasal in favour of farsidechess?
Notethattheseplacesarenot soniceto visit.
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TheUndedeterminedProblem

(g) Now combirethedatasés by addng thenormalequationsmatrices
andtheright handsidestogeterandperfam agrard inversionfor
all 10 sites (30 data). How closeis your resultto the modelvalue
obtanedin part(2)?

Equatians

The degree 1 termsof the usualmainfield representi#on (e.g. of the IGRF)
representhe 3 compmentsof a dipde. The magretic potential at the poirt
(r,0,9)is

3

V(r,0,) = —j—z(g? cosf + g] sinf cos ¢ + hi sin §sin ¢)
Differentiatirg andsettingr = a gives:
1
X:_E%_g = —¢%sin@ + g! cosf cos  + hi cos@sin ¢
1
:asinHZ_‘; = gisinfsin$ + hlsinfcos¢
8V 0 1 .. 1. :
7 = = —2(g7 cosf + g7 sinf cos ¢ + h; sinfsin @)

S o



8

NonlinearinverseProblems

8.1 Methods available for nonlinear problems

So far we have resticted ourselesto problemswherethe relatonship betwea

the dataandthe modelis linear. The vastmajority of forward problems are not
linear. thesearelumpedtogeher and descibed as“nonlinear”, an accuate but
not very usefll classfication beausethere is no gengal methodfor solving non-
linear inverse problems. Methods for inverting nonlinear forward problemsare
divided hereinto three broad classes:tricksthatwork for individual problems;for-

ward modeling, or bruteforce solution of theforward problem for mary canddate
modelparaméers;andlinearisation, or appioximating thenonlinearforward prob-
lem with alinear equaion andthe useof linear method. This is a goodtime to

remindoursdvesof the differencebetwee finding a modelthat explainsthe data
andsolving theinverseproblem,or finding thewholesetof modelsthatcanexplain

thedata.Finding themodelis anexercis in numeircal analsis,avastsubject well

treatedelsavhere, for exampk in the excellent Numerical Recipes(Presset al.,

1992) Solvingtheinverseproblem meandfinding all possible modelsthat fit the
data,amuchharcer task

Little canbesaidin geneal abaut spedal “trick s” thatwork for justoneproblam,
saveto mentin thatthecommonstdeviceis to notice thatanapparently nonlinear
problemis realy adisguisedlinear problem. A recentexampk is deteminationof
thegeamagneticfield from purely directional data(Khokhlov etal., 2001)

An all-out attackusingforward modeling stars with an efficient algoiithm for
solving the nonlinearforward problem, effectively predicting the datafrom a cho-
sensetof modelparaméers. This allows usto compue the misfit (for examplethe
sumof squaesof error9 in order to assesthe qudity of fit andsuitability of the
chose model We thenchocseanotersetof modelparametersanddetemineits
quality of fit to thedata,repeding the procedureuntil we deema sufficient number

139
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of modelshasbeenseached.This apprachmaynot beelegart but it givesagreat
dealof information.

Forward modelling might seemsimple given a large compute, but the work-
load canrapidy becomempradically large without a goodstrateyy for chocsing
suitabde models. Even a modelwith a single paraneterneed an infinite number
of forward calaulations to definethe full solution of the inverseproblem. Except
in atiny minority of case wherethe forward prodem hasan analytical solution,
it is only possble to examire a finite number of models. Two dedsions mustbe
made: how finely shoud the model spacebe sample&l, and wherein that model
spaceshoud we conentrag?

The stratgy depends on the problem at hand but there are two distinct ap-
proacles. A grid seach is a systematic exploration of model spacewith a given
incremen in model parameters staring from somecente andworking out until
a sufficient volume of the spa@ hasbeenseached,perrapswhenthe misfit ex-
ceedssomechosenvalue or the modelis deemedunphysicd for othe reasms.
An exampleof a grid seach is given in the beamfaming apdication in Chap-
ter 11, wherea seismgramis stepged succesively forwards and backwards in
time until it matctesanotter seisnogram.MonteCarlo methalsusesomerandanm
componat of seletion. The choice canbe guided by prior informationabou the
likelihoodof a particular modelfitting the data,sothe searchcanbe concentrated
in certan paits of model spae yet still retan somerandom elementof chace.
Thesemethod werepioneeredfor seismicinversionsfor earthstrudure. If aprior
probability distribution canbe attacted to a paricular choice of modelthe proce-
dure canbe put on a firm staistical footing. This approachis discussedfurther
by Tarantda (1987). A numberof modernalgorithms employ more sophsticated
stratgies for seartiing model space Most noteble is the suite of geretic algo-
rithms[SAMBRIDGE], in which canddatemodelsareselecedaccadingto a set
of rules relating themto suaessful modelscompued previously, the rules being
akinto gereticinheritarce.

Linearisation is still probably the most-ugd methodfor solving nonlinearin-
verseproblems. We first choo a likely staring model,computethe residwalsto
the data then seeka small chang in the modelthat reduesthe residuals. The
newv modelcanbe usedto form the bass of anotter smallimprovement andthe
procedire repeaateduntil a modelis found that fits the data. This compldesone
partof theinversionprocessfinding amodel. A simpleexampleof this procedure
is Newton-Raplsoniteration for aroot of a nonlinearalgebraic equaton.

Finding the modelin this way shoul strictly be called quasi-lineariséion be-
causewe arrive at the solution to the nonlinear prodem without incurring ary
errorscau®d by the linearisation process. Solving the inverse probdem, however,
involvesmappirg outall the possiblemodelsolutions does depeml onthelinearis-
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ing apprximation; it requresthaterrors on the dataaresmallin somesense Pro-
videdthe errorson the dataare sufficiently small, the linear error anaysis for our
final, bestfitting modelwill applyto the noninear prodem. We canthenemploy
thetheay developedin Chapers6 and7 to produce estimats of covarianceand
resoluion. If theerrors aretoo large for the linearappoximation to bevalid there
is rathe little we cando. A correct appioachis to consder a higher appioxima-
tion, adding quadatic termsto the linear appioximation for example,as(Sabaier,
1979)hasdone Wethenneedalsoto consder higher staisticd momentshanthe
covariarce, and the whole procedurebecanesunwieldy. It is better to returnto
forwardmodeling.

Thereremainsanaher possbility that complégely different modelssatisfy the
data. Thesewill be surraunded by their own subpacesof acceptable models
Thesemodelsubgaceanay or maynot overlap Notethatthe condtions required
for corvergerce of the quastlinear iteraions are completdy different from those
requiredfor the validity of the linearisederrar analysis. Onedependsonly on the
startirg model and the nature of the forward probdem, the other depemnls on the
errorsin the data. If the errors aretoo large, in the sensethat the lineatising ap-
proximdion ceagsto be valid, the modelcovariance matrix formula (7.24) fails
andhighea ordermomentsareneede to desribethetrueerror.

8.2 Earthquake Location: an Example of Nonlinear Parameter Estimation

Earthqu&e locationinvolvesfinding the origin time, degth, latitudeandlongitude
of an assumed point source of seismicwaves, the hypocentre. It is an example
of paramete estimation (Chapte 6) with four paraneters.Arrival timesof P and
S waves are measued from stations with a broad geogaphial distribution and
inverted for the hypocentre parametes. The forward problem involves calaulat-
ing travel timesof the waves which requres a known velocity structureor setof
travel timetables Theproblemis nonlinearbecaisethetravel timesdo notdeperl
linealy ontheendpointsof theray, the hypoentrecoardinaies.

We bggin with an approximatelocation and origin time. We cantracethe ray
from this souiceto therecei\er, using theseismicvelocity asafunction of position,
computethetravel times,andaddtheorigin timeto give the predctedarrival times.
Alternatively, given a setof travel time tables, we canlook up the travel time for
theappr@riatedepthanddistance.Subtracing the compuedarrival time from the
obsenedtime givestheresidual we wish to redwce by improving the locaton.

We now calaulatethe chargein arrival time causel by a smallchangein origin
time andhypocentre locationusingtheray geomety illustratedin Figure8.1a.We
require the take-off angleof theray, ¢, which may be compued from the tangent
to theray pathatthe hypocentreor, in theusud casewhenthe seisnic velocity de-
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pendsonly ondeph, from thetravel time tables usingstardardmethod descibed
in, for example, BULLEN AND BOLT.

H 3lxl X

Jlxlsini

ray

6h

z
ray Y
z H

Fig. 8.1 Ray geomety shaving how to compue the partial derivatives for hypocente
improvenent. (a) hypocerral coordnates(b) ray shortenig with changsin depth(c)
ray shorteing with changsin epicentrallocation(d) planview for resolvirg epicental
movemer alongz andy directians.

Chandng the origin time Tp by §To simply chargesthe arrival time by §7p.
This part of the probem is linear: the change in arrival time is linearly related
to the origin time. Changng the depgh ~ by a smallamountdh shatensthe ray
pathby dh cos i, from the triangle in Figure 8.1a,which shatensthe travel time
by éh cos /vy, wherevy is the seismicvelocity atthe hypocentre Thelinearised
chang in arrival time correspoming to unit changein hypacentredept is there-
fore — cosi/vy. Changngtheepicentre(z, y), whereaxesz, y maybetaken, for
example,north and eastwith origin at the epicentre, by smallamoun (§z, dy) =
dx shotenstheray pathby |dz|sini andthe arrival time by |dx|sini /vy (Fig-
ure 8.1a). The ray pathlies in the planeof the source andthe recever, making
anande Z with the z axis (Figure 8.1b). Z is the azimuthof the recaver from
the soure, which may be compued from the geomety. The redudion in arrival
time causel by asmallchargedz in epicentreis thensin ¢ cos Zdz /vy andfor dy
is sinésin Zdy/vy. Thechargein arrival time correspording to unit chang in
andy arethen—sini cos Z /vy and—sinisin Z/vy respetively.
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We have effectively calaulatedthe partial derivatives of the travel time with
respetto eadt of the4 hypocentralcoardinaes. In the next section we write down
a geneal form for the forward problem and compue thesepartid derivatives by
differentiation. For earhquale locaion the geneal form of the travel timesis a
complicaedintegrd andit is easierto work out the partid derivativesgraphicaly
aswe have dore: the linear approximation amourts to assuming theray pathis a
straight line in thevicinity of thehypoentre

The pattial derivativesarefunctions of the ray pathandare therdore different
for eachdatum.Thepredictedchange in arrival time at station 1 is then

STy = 6T0 — COS i1 Sh— sin iy cos Z; 5
VH VH VH

We now form the stardard equaion for a linear inverseproblem (6.4) by placing

thearrival time residwalsinto adatavectordd, the smallchangsto the hypoantre

into a modelvecta ém = (7o, dh,dz,dy), andthe partial dervativesinto the

equatonsof condtion matrix A:

sin 41 sin Z1

oy (8.1)

5d = Adm + e (8.2)

Thent® row of this matrix is then

(8.3)

cosin, sini,cosZ, siniy,sinZ,
Ao = (10 - )
VH VH VH
Subscrip n comrespomisto a particular staton andtype of arrival (P or S for exam-
ple). It labek theray path which is differentfor eachstation and in geneal, for
eachwave type. A is amatrix of partial derivatives it is rectangular of size D x 4,
whereD is the numberof data. Thefirst columnof A consbtsentrely of ones.

The standad leag squaessolution is found asdescibedfor linear problemsin
Chapter6. Theresuting smallchargesto the hypoentreareaddedto the original
estimateto give the new estimag, which in turn canform the staring point for a
secomr iteraion. The parial derivativesmustbe recanputedbecaisetheray path
hascharged; i, Z, andvg will all be different. The proces is deemedto have
corvergedwhenthe hypocentre estimateceagsto chang significantly. Deciding
on what“significantly” meansmay prove problematic: a logical choice would be
whenthe charge in residwals falls significantly below their estimaéed error. The
last stepin the processmay be used to derive the covariarce matrix for the small
chang ém. If thedataerrorslie within thelinear range the linealisedcovariance
matrix givesanaccuateerrorestimae for thefinal hypocentre.

It often happensthatequatons(8.2) areill-conditioned,prohibiting anumerial
solution. For example the datamay not constain the degh, or thereis a tradeoff
betweendepth and origin time, ustally becaise of aninsufficient densiy of sta-
tions closeto the eartlqualke. Theiteration procalurefails to corverge. In these
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casegdampingtechiques similar to thosedescrbedin Chaper 7 may be usedto
stabiise the solution. We mustbe careiul to distinguish this type of steplengh
damping which is usedto make the iterative procedurecorverge, from dampirg
usedto stabilisetheinversion Thetwo formsof dampingsene fundamentaly dif-
ferentpurposes,despte sharing the samemathematal formulaton. Step-length
dampingis essetially anumeri@l device to aid corvergerce;it mayhave nothing
to dowith dataor modelerror.

8.3 Quasi-linearisation and Iteration for the General Problem
Write the geneal relationship betwea dataandmodelas

d=F(m)+e (8.4)

where F' dendes a nonlinear function or formula. For the example of eart-
quale locaton, F' representsthe whole process of ray tracing or table look-up
to detemine the travel time followed by addtion to the origin time to give an
arrival time at eachstation. We initiate the iteraion from somestartihg model
my and seeka small improvementdmyg by linearisedinversionof the residuals
(5d0 =d— F(mo)Z

ody = Agdmgy + e (8.5)

The matrix Ag mustbe derived from the norlinear formula F(m) for eachit-
eratin; subscript zero dendes the first iteraion. The elemens of A are partial
derivativesof the datawith respet to the model,andmaybe written formally as

_ 9OF,
N ij

(Ao)sj (8.6)

m=my
In the earthquake location exampleit waseasierto derive the elemens of A from
first principlesusingthe geomery of the ray path It is uswally more straightfor-
wardto write down theforward prodem andcarty outthenecesarydifferentigion
of F. For theeartlquale location problem F' is a pathintegra andwe would have
to differentiae with respet to the endpoint, the lower limit of theintegral.

The linearised equatons of condition (8.2) aresolved for §my, using (6.25) or
(6.59)in the sameway asfor thelinear inverse prodem. Theimproved solution is

If m, does not provide a goad enowgh soluton the whole procedue is repeagd,
startirg with m; insteadof my. Thegereralequatonsfor the I*® iteraion are

sm; = (A7C'A7)TTATC[d — F(my)] (8.8)

mri1 = my+dm; (89)
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In gereral the iteration procedureis repeateduntil |my1 — my| is lessthan
somepre<sribedvalue, whenfurtheriterationsfail to prodwce significant changein
themodel.An alterrative corvergencecriterion is to requre | F (my 1) — F(my)|
to be lessthan someprescibed value. This is the improvementin fit to the data
achieved by the I*® iteration. It is betterthanusing corvergerce of the modelfor
two reasms. First, we have a clearideaof how smallthis numbershauld be from
our estimaesof the errorsin the data. Secondy, thereis little point in continuing
to iterate whenthere is no further improvemert in fit to the dataeven thoudh the
modelis still charging: further changeshave no usell effect

8.4 Damping, Step-LengthDamping, and Covariance and Resolution
Matrice s

Having found the bestf{itting model,the covarianceandresdution matricescanbe
found in the sameway asfor linear inverson usingequdions (7.24) and (7.29)
Essentily we perfarm alinear inversionabou the final modelm anddiscad the
modelchange dm =~ 0, and calaulate the uncetaintieson ém. The procealure
will only bevalid providedthe allowedspae of modelsdefinedby the covariance
matrix lies within thelinear regime, in othe wordsthe linear approimation (8.2)
is accuate in prediding chargesto the datafor chargesto the model within its
uncerainty.

In alinear prodem dampirg detaminesthe modelthatminimises the combira-
tion of error andmodelnom:

T =e'C e + >mT"Wm (8.10)

[cf equaion (7.15—(7.16)]. If we simply applythelinear formulae to eachnonlin-
eariteraion we would dampnotthemodelitself, m, but thesmallchargeimposel
at eachiteraion, ém (steplengthdamping). To solwe the inverse problem posel
by minimising (8.10) we mustuse(8.5) for e andmygy + dmg for m. The basc

differencewith the linear problemis illu stratel by the simple case of unweichted
dataandunweigtted modelparametes. We minimise

T = efe+6mTm (8.11)
D P D
= > (8d; =Y Aijdm;)® + 67> (moi + 6mo;)? (8.12)

i=1 j=1 i=1
by differentiaing 7" with respetto the unknownsém to give

orT
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In matrix form this equaton rearangesto
—(ATéd — ATAImM) + 8*(mg + 6m) =0 (8.14)
andtherebre ym satisfies
(ATA + %1)om = ATé6d — 6°my (8.15)
andthe solution for the modelafterthisiteraion is

m; = mg+dm
= mg + (ATA+621) L (ATSd — 6%my) (8.16)

Thelasttermon the right hard sideis new; it mustbe includedin orderto damp
thefinal modelratherthaneachlinear step.Minimising (8.10)gives

om = (ATCIA + W)~ (ATC1od — 62°Wmy) (8.17)

Comparingwith the solution for the linear problem (7.16) shows the additional
term —92Wmy. If a model covariancematrix is used?W shoutl be replaced
by C..! in theseequaions. The covarianceandresdution matrices needno extra
termsin the nonlinearcasebecaisethey assune a one-gep linear inversion from
thefinal model: equations(7.24)and(7.29)stard.

8.5 The Err or Surface

A usefu geometical andogueis the error surface, the errar plotted asa function
of themodelparamegrs:

E(m) = [d — F(m]T[d — F(m)] (8.18)

The geometical shapeof the error surfacetells us the natue of the minima we
seek,and can explain the behaviour of the iteraive apprachto the bestfitting
model.

Theerror “surface”for aoneparametemodelis aline. For alinear problemthe
errorsurfaceis a parabda (Figure8.2a). The bestfitting modelis at the minimum
of the paratwla, ms. The dataerrors setanallowed misfit, atlevel A in thefigure,
which defines therange of allowed models,m_ tom..

For a nonlinearprodem the error surface canhave ary shape but we hopethe
problem is reasmably well posal so that the error surface hassomewell-defined
minima andthe errar increasesstrorgly whenthe model parametes take on ex-
tremevalues Many possbilities exist. The most corveniert is whenthe error
surface hasa single minimumwith a quadatic-like shage, andthe data errors con-
fine the allowed soluonsto be close to the bottom of the minimum. Underthese
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Error

Error
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Fig. 8.2. Possiblel-dimersionalerrorsurfaces.(a) quadatic, alinearprodem (b) 2 local
minima (c) mary local minima (d) a relatively flat surfacewith one well-definedlocal
minimum

condtions the linearisaton descibed in the last secton is valid; this is the sce-
nariowe hopefor in mostnonlinearexamples If the dataaregoad enaugh, these
condtionshold.

A more seriaus probdem ariseswhen thereis more than one minimum to the
error curve, asin Figure8.2h The iterative procedurecould endup in eithe of
theseminima; in particular we coud have arrived in the shallower one without
knowing abou the existenceof the deepe minimumto the left. The “bed fitting”
modelis only alocal bestfit; the globa bestfit is the soluton to the left. There
arethree possble outcanesto the errar analysis, depanding on the dataerrors |If
the errorsare small, at the level C in Figure 8.2b, and we hapento have found
the globd minimum, thenwe have the right solution andan accuate estmateof
theuncerainties. If theiterative procedurelands usin the shallowerminimumwe
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would conclude from the error analsis that the modelwas inconsistent with the
databecasethe misfitis greaerthancC.

Suppee we have noisier data,level B in Figure8.2h Thenboth minima are
consigentwith the dataandwe shauld accept all modelslying within eitherpoten-
tial well. Thelinearisederrorandysis in eachpotertial well will be basedon the
parabdaeendirgin D' and E’, which give reasmableapproximationsto thetruth.
With evennoidser dataat level A, thewholewell will defineaccepablemodelso-
lutions. An error analysis basel on oneof thetwo locd minimawill be a seriows
undeestimatebecaisethey will follow oneof thetwo paralwlaelabdled I or E'.

Figure 8.2c gives anotter possbility: multiple minima of equaldept. This
situaion arises frequently whentrying to matchoscilatory time series—two seis-
mogramgrom the samesoure for example.Eachseismogam consistsof anum-
ber of oscilations with the samefrequency or similar shapebut different phase
An idealsation of this problemis given by the two functions f;(¢) = cos wt and
fa(t) = cos (wt + €). Wewishto find thetime differencee by minimising theerror

B(e) = [1(t) ~ falt +e)at 8.19)

wheretheintegral is taken over the lengthof available time series probably mary
periots 2w /w. The error hasa minimum (zer in this case)ate = 0 and other
subsidary minima when e is a multiple of the period 27 /w. Thesesubsidary
minimaoccurwhenthewrong peakin onerecordis lined up with oneof thepeals
in thefirst recad. It is calledcycle skipping andgivesriseto error surfacesof the
form shown in Figure8.2c.

Finally, avery flat error surface will meanthe iterative procedurewill corverge
very slowly. Figure 8.2d shavs anexample in this case the inverse prodem has
a satishctory solution provided we canfind the smallestminimum. If the whole
errorsurfaceis ratherflat andthereis no distinctminimum, thedataerrors will map
into large errarsin themodelparameter In this case we shauld probably spend our
time makingnev measuementgathe thantrying to invertthe oneswe have!

The geometical andogy stards up well in highe dimensons whenwe have
more model paraneters. To find the modelwe needto find a hollow in the er-
ror surface, and once there we appioximateit with a multidimensioral quadatic
surface and use the dataerrors to determire the dept and acceptable spa@ of
models. Mary iterative procalureshave beendevisedto solve nonlinear prob-
lems;the onedescibed hereis frequently usedbut is not alwaysthe best Modern
subs@cemethod, suchasthe conjugate-gadient algorithm aremoreefficient for
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large problems. Again, this is the realm of numertal analysis rathe thaninverse
SUMMARY: RECIPE FOR THE NONLINEA R INVERSE
PROBLEM

The following procedures arein addtion to thos listed for pa-
rameterestimaton in the box on pagel16 andundedetermired
inverdon on page 133.

(i) Isthereananalytic soluion? Is it adisgusedlinear solu-

tion?

(i) Probally not Decideonwhetherto useaquas-lineariseq
iteration or forward modeling. This dependson whether
you think you have a goad estimateof the final answey
in which casequastlinearisation is best andon the diffi-
culty of solving theforward problema very large number
of times. You maydecice to usea hybrid methal (seeex-
amplein 11.1), andstartwith forwardmodelling to obtain
astating modelof quasi-linearisaton.

theory (iii) If you decide on forward modeling, you needa straegy
for choosing sampe models This depemls critically on
the specificproblem. New methods suchasgeretic algo-
rithms,maybeapprqriate.

(iv) Linearisethe praoblem by carrying out the necessarydif-
ferentiation to obtainthe matrix of partial derivatives.

(v) Employ step-engthdampirg if asingleiteration prodwceq
anunaceptate changeto the model. The charge shauld
typically be smallerthanthe original modelparamegrs.

(vi) Dampingfor thefinal iteration deteminesthe errar anal;
ysis.

(vii) Determire the size of the model paraméer error ellip-
soid in relation to the size of the linear regime. If mod-
elswithin the spaceof allowedsolutionsaretoo far from
the minimum norm solution for the linear approximation
to predict the dataaccuately the error analysisis usekess
andyou mustrevertto forward modeling.
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8.1

8.2

8.3

8.4

8.5

NonlinearInverse Problems

Exercises

Investigateheeffect of the startng guesson the simpleprobdem of finding
therootsof aquartc by Newton-Raphseniteration. Firstplot thequadatic

f(z) = 3z* — 1623 + 182>

and idenify the appraimate locations of the 4 real roots (soluions of
f(z) = 0. Next solve for therootsandstaionary points analytically.

Now solve for the roots using Newton-Raphsn iteration using stat-
ing valuesrangng from -1 to 4. [You may find the FORTRAN prog-am
newt fi nd. f onthewebsiteusdul]. Draw up atablewith 3 columns,
onecontainingthe startirg value,onethe root found (if ary), andonethe
numbe of iterations taken to read 4 significant figures. Pay particular
attention to the behaviour with stating points nearthe stationary values.

Explore waysto improve on the corvergerce of the difficult cases Try
steplength dampirg by redwcing the changein z at eachiteration. If this
doesnotwork well, try reducngthe chargesfor thefirst few iterationsand
thenproceedwithout damping
How would you determire the parametera whenfitting datad with errars
e to amodelwith paranetera giventherelaionshp

d(z;) = expaz; + €;

Solve thefollowing nonlinearinverseproblemusingtheformalismin Sec-
tion 8.3.

d; =ad’z +ar;+1+e

wherea is the (one-dimensonal) model,e the errorvector andz andthe
datavectorsaregivenby
¢z 00 01 02 03 04 05 06 07 08 09
d 101 122 157 201 239 297 3.71 433 520 6.00
For the previous quesion, find the covarianceof a. Plotthe error surface
arownd your soluion. Doesthe covariance estimae lie within the linear
regime?
Thefirst stepin ary inverseproblemis to solve the forward problem. For
LINEAR inverseproblemsthis involvesfinding the form of the equatons
d = Am. Findtherow of theequaionsof condtion matrix A correspord-
ing to eachof the foll owing datafor the giveninverseproblem.

(a) Thegeomageticfield is repregntedby a modelvectorconsiging
of the Gaussor geomagetic coeficients:

m” = (7,91, 11,95, 93, 03,93, ...)

1.0
7.02
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Thegeomaneticpotentialis given by
a1
V(r,0,¢6) =a Z (—) (97" cosme + hj* sinm¢pP™(cos 6)
r
lym

andthe cartesiancomporentsby

1oV

r 00

_ Lo
rsind 0¢

o
or

Shaw thata datum Z(r = a,6;, ¢;) (vertical comporent of mag-
neticfield atthe Earth’'s surface)hasA-matrix row:

7 =

Aij = (l + 1)]317"'(91) CcOs md),
for a g™ modelparamegrand
Ayj = (I +1)P™(6;) sinme;

for anh]® modelparaneter Heresubscipt j(/, m) is asinglelabel
for themodelparametes.
(b) Repeafor the othertwo cartesan compaents X andY'.

8.6 NONLINEAR inverseprodemscanbe solvedby lineaiising anditeration.
In this case therows of the A matrix arepartial derivativesof the datawith
respectto themodelparamegrs.

(a) Inthegeanagnett problemabaove, totd field dataarenonlinear:
X2+Y24 22

Obtainthe partial derivativeswith resgectto g™ for somestartirg
modelmg by usingthechan rule:

OF Xo0X Yo 0Y  Zy 0Z

g Fy g Fy o9 Fp Og™

andsubdituting from queston (1) for the X, Y, Z derivatives.
(b) Repeafor declination: D = tan~!(Y/X)
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8.8

NonlinearInverse Problems

You form a beamof P digitizedseismogamsy;(t); ¢ = 1,2,...,P by
delay andsum:

D
B(t,t) = Z:yz(t - 7)

wherer is a P-length vecta of time delays. The beamis madeto fit (in a
leag squaessen®) to a sigral s(t). The numbe of datais the numbe of
digitized time pointsin the seismogams.Find the elemens of onerow of
the parial derivatives(A) matrix. SeeSection11.1.

Computer exercise—arthquakelocation

The purpose of this practical is to solve a horlinear inverse problem
by iteration. We assumean initial guessat the location and linearise the
eguations, solve themin the usualwayto find a bette location, thenstart
again. lteration stops whenthe location no longer changes. Thisis not
guaranteal to work or to find theright anawer!

In OctobefNovember1992JurgenNeubergandDave Francis our field
seignologig, took PhDstudetsTim PointerandRichaid Luckett to Strom-
boli to measue volcanictremorwith our new broadbandnstruments.They
obtainedthefirst-ever array measuementsof long periodvolcanictremort
Theperiods(4-109 aretoolong to bedetededon corventioral seisnome-
ters

First look at an exampleof the datawith pi t sa. Load event 16332
with
Files/Traces— Retrieve Files — ISAM
Thesetraces arethe eastwestcomporenetsof the seisnogramsat the 9
staions shownon the map and have been bardpassfiltered 0.1-0.7Hz.
Measue the relative arrival timesto the neaestfew milliseconds by the
foll owing methal:

(a) ZOOMin to deteminethetrace with the earliestlarge dip

(b) using thistraceasreference perform the crosscorrdation with ev-
ery othe trace(whenit asksfor a pair of traces, ente thereference
tracesemnd)

(c) useZOOM againto pick thetime of thepeakof thecrosscorrdation.
This is the arrival time relative to that of your referencestation (it
shoud bebetwee 0 and1000msif thereferencetrace wasrealy
the earliestarrival)

Now locatethe sourceof the tremor The array wassitedto study the
nature of thetremor, andis notidealfor location (seemap). Thelocation
programs_| ocat e assumesa verticd line souce (e.g. magmaconduit)
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sothereareonly 3 modelparaneters(origin time, z andy). Arrival time
datafor thelargestpeakis in thefile ar r t i me. Thereare6 events, oneto
aline. Thefirst numberis atime asseiatedwith thestat of therecord the
remairing numbesarearrival timesin millisecond. Thelastone'111111’
is a syrthetic example Thetop row givesthe station numkbers,asshovn
onthemap.

To locateanevent:

(@)
(b)

()

Loadoneline of datainto afile (exampk: | ocat e. i n), theline
just above the data line mustbelike in arrti me: '##. If you
wantto creak your own syntheticexampleuset i me_f i nd.

Types_| ocat e. It asksfor aninitial gues to the location; use
-1500 for the origin time andcommonsensdor z andy. If your
initi al guessis too far away from thefinal location the methodmay
notcorverme. lterateuntil thesolutionceassto chang. Thecond-
tion matrix A of thelinealisedproblemisin thefile | ocat e. out .

Plot the locations on your map. How far do they move during the
iteration process?

Useoct ave tofind thecovariarce matrices, ther eigernvaluesand
eigawectas for 2 or 3 of the events. The modelparametrsarein
the orderorigin time, z, y. Identfy the combindion of modelpa-
rametes thatarebestdetermired: thesearegiven by the eigervec-
tor corresponling to the smallesteigervalue Likewise the largest
eigenvalue givesthe combination of modelparamé¢ersthatarede-
terminead the worst You shoud find the origin time to be the best
deteminedparamegr.

The covariancesdepeml on the event location relative to the re-
ceivers. Examinethe covariances eigervalues, and eigervectas
of 2 or 3 eventsandtry to understam themin termsof the event
postion relative to thearray
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ContinuausInverseTheory

9.1 A linear continuousinverse problem

The object of this chaper is to explain how to invert a finite numberof datafor

propetiesof amodelthatis a confnuous function of anindepenentvariable, and

how the continuoustheay relatesto discreteinversion.
Consderinverseproblemsof theform

b
d; :/a Ki(z)m(z)dx (9.1)

whered is theusual D-lengh columnmatrix of datavaluesd;; i =1,2,... D and
m(x) is asuitally well-behaved function of theindependet variade = descrbing
the model Thefunction K; is called the data kernel for the#" datum. Equation
(9.1) consttutesthe forward problem it providesthe theory for compuing the
datumfrom the model. Theinverse probleminvolvesfinding m from d; it is linear
becawetherelationshp (9.1) is linear.

The illustrative examplewill be, asin Chaptes 6 and7, the determinaton of
the Earths densty from measurenentsof its massandmomentof inertia. We now
assumehedensty canberepresente asapiecavisecontinuous function of radius.
Theforward problem is the samepair of equdions (6.8) and(6.9):

a
M = 47r/ p(r)rdr (9.2)
0
I 8m @ 4
poli @/0 p(r)r*dr (9.3)
Thedataarescaledfor algebraic corvenierceto theform
M 2
dy = ara?’ Ki(r) ==z (9.4)
3I 4
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)O 1000 2000 3000 4000 5000 6000
radius (km)

Fig. 9.1. Datakerrelsfor massandmomaent of inertiaprodem, from (9.4)-(9.9. A 4, A;
arethe averagirg functions designedo deternine the dersity at half the Earths radius
usingDirichlet andquadatic spreadunctionsrespectiely.

wherezx = r/a.

The datakemel defineshow the measurementsamplesthe data;if K(z) = 0
for somevalueof z (9.1) shawvs thatthe datumcontans no information aboutthe
valueof m atthatpoint. In this particular examplethe datatell usnothing abou the
densiy atthe Earth’s very centrebecawse both K; and K, vanish there. Plotting
the datakerrels for a particularinverseproblemtells us which measwementsare
bestfor detemining oneparticular aspet of a model Figure 9.1 showsthatboth
M andI samplethe densties in the outer regions of the Earthmorethanthosein
thedee interior, but I sample the outer regions morestrondy than M .

9.2 The Dirichlet Condition

Eachdatun samples someaverage, weighted with the datakemel, of the model
We candete@mine othe average propertiesof the modelby taking linearcombira-
tionsof thedata From(9.1)

D » D
Zaidi :/ ZaiKi(x)m(x)d:c (9.6)
i=1 ¢ 4=1
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The {o; } arecalled the multipliers andthe combiration of datakernds the aver-
aging function A(z):

Aw) = Y aiki(o) 9.7)

Thelinear combiration of datanow givesanaverageof the modelweighted by the
averagng function A(z).

The multipliersmustbe chasenso that the averaging function yields somede-
siredpropety of themodel Idedly wewouldliketo knowthemodelatevery point
x. Thatis clearly impossble asit would require aninfinite numberof data,but we
proceda to seehow well we cando with a finite numberof data The averaging
function mustbe shaply pe&ed at the chosnvalueof x, which we call ay. The
Diracdeltafunction doesexadly whatwe wantbecawseof its subdgitution property
(Appendx 2):

/ab 0z — zo)m(z)dx = m(z) (9.8)

To this end we choosemultipliersacarding to the Dirichlet condtion and min-
imisethe meansquareddifferencebetwea the averaging function A andthedelta
function:

b
S— /a [Aq(z, 70) — 6(z — @o)2dz 9.9)

[The alelt reacerwill notice this breaks oneof therulesof the Dirac deltafunction
(Appendx 2), thatit shoud alwaysmultiply anotter function andnever adistribu-
tion, but never mind, the problem disagpearammediatly.] Theaveragng function
in (9.8) hasbeenwritten explicitly asdependirg on a, the desred cente of the
average; subgript d indicateswe areusing the Dirichlet condtion.

Differentiating with resgectto eachunknown multplier in turn and settirg the
resultto zeroto obtan the minimumgives

b
aS / lz o Ki(z) — 6(z — z0) | Kj(z)dz =0 (9.10)

Ba]

Rearran@ng givesasetof D simplesimultareousequdionsfor the unknown mul-
tipliers:

ZL (2)dwa; = K;(wo) CEEY

The matrix whoseelementsare the integrals on the left handside is someimes
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calleda Gram matrix
b
Kij = / Ki(2)K;(z)de (9.12)
a

K is symmetricandpostive definite, ensuring (9.11) alwayshasa solution for the
multipliers. After solving for the muItipIiers,thesumEi';1 a;d; givestherequred
estimateof m(zy) and(9.7) givesthe averaging function.

Returnng to the exampleof finding dersity from massand momentof inertia,
we seekan estimateof densiy at half the Earth's radius and put ay = 0.5 into
equatons(9.11) The Grammatrix elemens arefound by subsituting from (9.4)
and(9.5) for K; and K, into the integralson the left handsideof (9.11). These
integras areof simplepowersof z. Equation(9.11)becanes

< )(gi):(éﬁ> (9.13)

whichis readily solvedto give

==
O~
|

o = 10.391 (9.14)
ar = —12.797 (9.15)

Thedensty estimae is then
pla/2) = 2 (al 4WMG2 + o 8%4) = 7432 kg m™3 (9.16)

andthe averagingfunction is
Ag(z, o) = a(10.391z2 — 12.797x%) (9.17)

Ag is plottedin Figure9.1. It hasa maximumin someavherenea the right place
x = 0.5 butis very broa, indicating poor resdution for determirning thedensty at
preciely themid point. Thisis only to be expededwith just 2 data The estimate
itself is lower than the bestestimae of the dersity at this degth (1033 kgnr3a
from PREM) becaisethe averaging function is biasse towards the oute half of
theEarth. Thesolution for thedensty averagedwith theknownfunction 4;(z, zo)
is very preciseandagreeswith PREMalmog exactly becaisePREM alsofits these
two data.

9.3 Spread,Err or, and the Trade-off Curve

Theresoldion of a continuousinversionmay be deteminedfrom the “width” of
theaveragingfunction. It is often corvenient to defineresolution by a singe num-
ber, suchasthe width of the averagng function at half the maximumbheight. The
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averagng function A, in Figure 9.1 hasa resdution of abou half the Earth’s ra-
dius,asmightbeexpededfrom justtwo data If, asis thecasean mary geghysial
inverse problems,resdution is moreimportantthanerrorredudion, we shoud de-
sign the inversionto optimise resolution. This requres a suitade mathenatical
definition of resdution, which the Dirichlet condtion (9.10) fails to provide be-
causdt is impossble to evaluae theintegral in (9.9).

Backws and Gilbert (1968 propaseda numkler of definitions of the spread s,
eachwith the dimensias of length and involving the produwct of the averaging
function with a spreal function with minimum at the estimatiom point ay. An
exampleis

b
s? = / (x — x0)2A%(z, zg)dx (9.18)

Thefunction (z — 2)? hasaminimumatz = zy, sowhenwe minimises? to find
A themultiplierswill adjug soasto make A large nearz = xy andpendise values
of A elsavhere. A normalsation condition is neecedfor A to prevent minimisdion
of s? leading to thetrivial solution A = 0. The obvious choice is the areabeneth
A:

b
C= / Az, 0)dz —1 =0 (9.19)

The averaging function correspomling to sprea s and estimation point @ is
found by minimising the integral on the right hard side of (9.18 sulject to the
constaint (9.19) This is accanplishel corveniertly by the methodof Lagrang
multipliers, minimising the quantty

b b
24+ N0 = / (x — x0)2 A%(z, zo)dz + /\[/ Az, z)dz — 1]
a a

where) is the Lagrarge multiplier. Substitding (9.7) into (9.18) anddifferentia-
ing with respet to the multiplier o, givesa netsetof linear equaions:

D b ) A\ b
Z/ (x — ) Ki(x)Kj(z)dza; = —5/ K;(z)dx (9.20)
j=1"¢ ¢

Theconstaint (9.19)becanes

D b
Z a,-/ Ki(z)dz =1 (9.21)
i=1 a

This equaton is needkd to solve for the Lagrarge multiplier A. The full set of
equatonsis mosteasly solved by dividing (9.20) by A/2, solving for the 2¢;/ A,
thenfinding A usingthe nomalisaton condtion (9.21).

The exampleof massandmomentof inertia will illu stratethe method Integras
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of the datakernds enter all equaions; theseinvolve simple powersof z. The
elementsof the matrix involve integralsof higher powersof z. For example,
2o .’L’%

1 1
K1 — —zo)ztde = - -2+ 20 9.22
1 /0(37 zo) "z dw 773 + 5 (9.22)

For zog = 0.5 the Grammatrix is

0.02619 0.2183
B ( 0.02183 0.01869 ) (9.23)
The multipliers now becane a = (8.7266, —9.544) andthe corresponling den-
sity estimatep(0.5) = 7339 kg m~3. The new averaging function, 4,(z,0.5), is
plotted in Figure9.1.

Comparng with the resuls from the Dirichlet condtion (9.15), (9.17) shows
quite close agreenentin the multipliers and,in Figure9.1,the averagingfunction.
The densty estimateis also similar, the differencearisng becawse this estmate
applies to a different average. Again, the average would agree with the PREV
value. The spreal itself is large: s = 1.257, or morethan an Earthradius We
shout not readtoo muchinto this, s is arather pessiistic estimateof “width” .

For noisy datawe constructa tradeoff curve by minimising a combindion of
spreadanderror. Thesumof squaesof theerrasis, from (9.1)

D b 2
E = Z ld,’ —/ Kz(x)m(x)d:c] (9.24)
i=1 @

andthetradeoff curweis congructed by chocsingmultipliers soasto minimisethe
combindion

T(0) = Scosf + Esinf

with 0 < 8 < w/2. As before 8 is thetradeoff paraneter andthis choice givesthe
full rangeof the tradeoff curve from 8 = 0, whereonly the spreadis minimised
andwe optimiseresdution attheexpeng of fitting thedata to § = 7/2, whenonly
theerrar is minimisedandno accaint is taken of resoltion. Thetrade-off curve
is amonaonic function of 8, shaving thatrelaxing thefit will always improve the
resoldion, andrelaxing the resoltion will alwaysimprove thefit.

9.4 Designingthe Averaging Function

Thetechnque usal in Section9.2 to apply the Dirichlet condition canbe gene-
alisedto obtan anappioximation to any averagng function. We might, for exam-
ple, wish to determinethe average property throughouta layer, such asthe mean
densiy of the Earth’s core, in which casewe shoud use an averaging function
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equalto onein the core and zerooutdde it. Supposehe desiral averagng func-
tion is Ag(z). As before we take a linear combiration of the data to producean
averagng function given by (9.7). This time we choosethe multipliers {¢;} to
minimise

b
E- / [A(z) — Ao(z)de

Differentating with resgectto eachof the ¢; in turn gives equations similar to
(9.11)whichreducesto the setof linearequations

Z z)dea; — / K;(2)Ao(z)de (9.25)
i=17a
Theonly differencewith equdion (9.11)is theright handside.
Consteragainthe exampk of finding densty from massandmomentof inertia.
Supposewe now wish to estimde the massof the cores(outer+inrer), M,. The
desirel averagng function is propationa to 2? for z = z. =< c/a, wherec is
the coreradius anda the Earth's radius,andzerooutsice. Theright handsidesof
equaton (9.25 become

T .’175
/ sy = Ze (9.26)
0 5
Tc $7
/ 25dy = Ze (9.27)
0 7
Thecoremasss then,usingequations(9.4) and(9.5),
I
= 4ma® / Ac( x)dx = Aradaidy + asds = a1 M + a22—2 (9.28)

Settirg . = 0.5470 andsolving the matrix equdion givesogy = 0.4351, as =
—0.5406. Theaveraging function is plottedin Figure9.2 alongsidetheided aver-
agingfunction. A.(z) is too small and peaksat too large a radius. The estmate
of the coremassis, from (9.28), 2.065 x 10** kg, which compaeswell with the
estabishedvalue of 1.92 x 10?* kg. Theresut is thereforequite goad for themass,
althowghtheaveraging function is very poar becasewe only have two datakernds
to combire to form anaveraging function with a discontinuity.

9.5 Minimum Norm Solution

A minimum nom soluionindexnorm!minimum may be obtaired for the continu-
ousinverse probem (9.1) asit wasfor the discrete undedetermired problem in
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Fig.9.2. Averagng function A .(z) designedo give anestimateof themassof the Earth’s
core(solidline) andthedesiredaveragirg function A ¢ ()

Chapter7. Thenormof themodelis

b 3
|m| = [/a mz(x)da:] (9.29)

We first shav thatthe minimum nom solution is a linear combiration of the data
kernds , thendetermire the modelfrom the coeficients multiplying the dataker-
nels. Minimising the norm subject to satidying the datais achiewed by applying
(9.1)asasetof congraints usingthemethodof Lagrargemultipliers. We minimise

B2 — /b m?(z)dx + i 2 ld,’ - /b K,(x)m(:v)d:v] (9.30)
a i=1 a

wherethe {); } areLagrang multipliersto bedeteminedfrom thedataconstrairts
(9.1) (thefactor 2 is includedfor later corvenierce). We make a small, arhitrary,
changin themodelto changeit to m(x) + ém(x) andsetthechangein E to zero:

b D
B — / 2m(z) + 3 2\ Ki(w)lom(z)dz = 0 (9.31)
a i=1
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Theresultholds for ary §m(x) andthereforetheintegrandmustbe zero:

D
= XiKi() (9.32)
=1

This provesthe minimumnormsoluion is alinear combiration of the datakernds
It remairsto determire the Lagrange multipliersby subdituting (9.32)backinto
(9.1)to give

& = Z (z)dz)j (9.33)
j=1"¢

This is a matrix equation for the {);}. We introducevectorsd andA. The La-
grange multipliersarethen

A=K (9.34)
andthe minimumnormsoluion
D D
Z Z Diid; Ki(z) (9.35)
=1j5=1

The minimum norm solution defines its own setof averagng functions. The
estimateof m atapointz is, from (9.35)and(9.34),

D

m(zg) = Z(K_l)ijdei(xO)
i-1
- /bZ(K_l)z‘jKi(xo)Kj(x)m(“’)dx (936)

@ iy
Theaveragng functionis therebre

Az, o) = Z(K_l)inz’(-’Uo)Kj(x) (9.37)

Thenormitself is obtanedfrom (9.35):

b
|m|2:/ m2(x)dx=/ Z)\K Z)\ K ( (9.38)

In matrix notation, with (9.34),this becanes
|m|? = ATKA = dTK1d (9.39)

Applicationto the massandmomentof inertia problemis left asanexercisefor
thereackr.
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9.6 Discretising the Continuous InverseProblem

The grea majority of geghysicd inverse problems are continuous they involve
amodeldesribedby piecewisecontinousfunctions. It is therdore surptising that
the great majority of practtioners solve these inherently continous prodems by
discrdising themfirst, representng the model by a finite numbe of parameters
beforeapplying the methodsof disaeteinversetheoryor even paraneterestima-
tion. Therearetwo mainrea®nsfor this. First, the matricesinvolvedin continous
inverson, likeK'in (9.34), areof order D, thenumberof data.This is usually very
large, making numeical inverson of K impradical, although moden numerial
technguescanprovide goodapproximatesolutionsfor very large linear systems
Discretisng with a small numberof paranetersreduesthe computaional effort
consicerably. Secondly, the elemens of K mustbe evaluatedby integration. Only
in rareinstarcescanthes integrals be doneandytically, andoften the matrix el-
ementghemseyesmustbe compuednumertally. Changng the inverseproblem
slightly, such aschangng the norm, often involvesa grea deal of new work and
progranming effort, whereaghe equivalentchange for a disaetised problan can
usually beaccanplished very simply.

To illustrate a straghtforward discrdisation, we appoximatethe modelm(z)
by its value at a discrete setof equdly-spacedpointsay, z2, ... zp, With z; = a
andzp = b, andtheintegrd in (9.1) by thetrapeziumrule to give

pP-1
di = lKila)m(a) + K@)m(b)] + Y Kile;)m(a;)(e; — ;1) + €& (940

Thisequationmaynow beexpresedin thestardardform (6.5) andwe canproceel
by the methodsof discrde inversionoutlinedin Chaptes 5 and6. The purpceof
the disaetisdion is simply to provide anaccuate numericé representaion of the
continuousproblem. It thereforehasnothing to do with the inverson: it is an ex-
ercisein numeri@l analysis. P mustbe sufiiciently large to provide an acairate
respresentaion of all the possble solutionsto the inverse problem, not just some
of the better-beha&d ones For this reasonit is importart to estaltish the gen-
eral propeties of the inverseproblem, particularly thoseof existenceand unique-
nessbefare disaetising. Bad behaviourof the underlying mathematal prodem
is rarely obvious in the disaetisal prodem becaisethe inversion tends to find
smooth,well-behaved soluions that fit the data Two examples of this are given
in Chapterl2 on geomagetism. Both problems are inherenty non-unique. In
one(finding the geomageticfield from dirediona measurenents)the discretisel
problem retans a unique solution until P =~ 60, whencommonexperiencewould
sugget that perfedly adeaiate soluions would be obtanedfor P = 10; in the
other(finding fluid motionin the corefrom secdar variation) the non-wiqueness
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anddamping allows you to find ary resut you want! Theseare not pathdogical
casesin my opinion they arequite the opposite: rareexamples thataresuficiently
simplefor therealdifficultiesto be undestood

Thetaskof discretisatbnis oneof numerial analysis,andshoud beappoachel
assuch | will nottherdore attemptto dealwith the subject here, save to indicate
the consiceratimsthat detemine the chace of disaetisaion. Point-wisedisaeti-
sation asdescibedin above, is the simpled. It canded with mostproblems,with
integras performedby thetrapeziumrule andderivativesby finite differences. An-
othermethodis to expard in orthogonalfunctions. Legende polynomialsareused
for polynomial expansiors (seeAppendx 5); spheical harmorics for spheical
problems;andsometime®Bessé functionsfor cylindrica problems.

Finite elemen andspline approximationsarecomputaiondly efficient thecrit-
ical decison hereis local versts global repreentaton. Polynomids, spheical
harmoncs, Besselfunctions andthe like are globd appioximations: the value of
theapproaimation atonepointdepemisonits valueatevery other point. Is thisrea-
sonalbe for the problem at hand?For the main geomageticfield onecoud argue
for aglobd repregntaton becaseit originatesin thecoreandwe measuret atthe
Earth’s surfacewhereit is sengtive to contributionsfrom all over the coresurface.
A local representaion may be moreappiopriate for a seismicprobem, whererays
sampleonly a small partof the region arownd its path. Local represenationsalso
have the advantageof leading to sparg matrices simplifying the compuations

Orthogonailty is desrablein the representdion. | give acommon,geneic rep-
resenation here We expandthe modelin a setof orthorormal functions (Ap-
pendk 5) ¢;(z); i =1,2,..., P satsfying the conditions

b
| 6:@)s;()dz = 5, (9.41)
P
m(z) =) mi¢;(x) (9.42)
i=1
Equation(9.1)becomes
b P
d; — / Ki(z) 3" mygi(z)de + e (9.43)
a i=1

This hasthe stardardform of adiscreteinverseproblem (6.5) if we defineamodel
vectorwhosecomporentsarethe coeficients m; andequationof condition matrix
A to have elements

b
Aij = / Ki()¢;(z)de (9.44)



9.7 ParameterEstimation:the Method of Badkus and Parker 165

For orthonomal functionstheright hard sideof (9.44) is simply the # coeficient
of theexparsionof thedatakerrel K;(z) in the orthonormalbass.

Otherexamples of discrdisation areto befound in theapgicationsin Partlll of
thebook andin further readng. Note that disaetisaton simply redwesintegral
anddifferentid expressiors to algelraic forms; it canbe usedon nonlinearprob-
lemsaswell aslinear ones the only differencebeing thatthe resuting algebraic
equatonsarethemslvesnonlinear

9.7 Parameter Estimation: the Methods of Backusand Parker

In this sectian | give abrief overview of thegereralmethodof linearinferenceand
parameteestmationdevelopedby Backus(Backus 970ab,c) with modificaions
by Parker (1977). Corventioral parameteestimatian relieson theassumptionthat
errorsstementrely from the data.ln mostgeoghysicalproblemslarge errors arise
from modelinadequag: thediscretisdion is not goodenowghto representthereal
Earth. Frankin (1970) developed a formal apprachto this probdem by treatirg
the modelasa realisationof a stochasticproces. This is not a very satigactay
apprach, mainly becasethe Earthpropertiesarenot randomly varying, but also
becaweit involvessomeharshassunptionsabou the statistcal propeties of the
proces. Ratherthan startng out by simplifying the model with a set of finite
parametes, Backussoudt to estimatethe paranetersfrom the continousmodel

We beggin, asusual, with thedataconstrairts (9.1), but now addthe P parameters
thatarelinearly related to the model:

b
Dk :/a m(x)Py(x)dz (9.45)

where Py (z) is a kerrel definingthe paramete For exampk, if m is dersity, we
couldmake p; the meandensty of the core,in which caseB, would be z? inside
thecoreandzerooutsice. Boundng the norm of the modet

/ " m2(2)dz < M (9.46)

constainsall acceptablesolutionsto lie within anellipsoid in function space(Ap-
pendk 5). The ellipsoidalform is important becaiseit is a bourdedfunction: it
guararneesa finite volume of soluions. The dataconstrairts (9.1) arelinear and
defineaplanein thefunction spacetheintersecton of this plane with theellipsoid
definesthe allowed soluions to the inverse problam. It is anotrer ellipsoid. The
parametes andtheir errars canthenbeestimaedfrom themodel If the planefails
to intersectthe ellipsoid the dataareinconsisentwith the model;thereis no solu-
tion. This secton contdns a brief outline of the methal andcompaesthe resuts
with the minimumnormsolution found in Chapters.
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Firstwe definesomenotaion. Matrices P andH have elemens thatareintegras
of thekernd functions P, (z) and K;(z):

P = / ' Py(2) P, (2)da (9.47)

H; = / ! P0)K; (2)de (9.48)

P andK [equation (9.12)] are square, postive definite, invertible matrices; H is
rectargular P x D. P is a P-length vectorof functions B;(z); i = 1,2,..., P,
and K is a D-lengt vectorof functions K;(z). The setof funciions Pi(z); i =
1,2,..., P thatform the comporentsof thevecta P definedby

pP=pPlP (9.49)

arecalledthedual basis becawsethey satidy the orthogondity relation

/ By(2)P;(z)dz = 6;; (9.50)

whichis easly verified by multiplying (9.49)by eachfunction B(z) andintegrat-
ing. Notealsothat

b -
/ By(2)B;(x)de = (P~1); (9.51)
In this notaion the minimum normsolution (9.35 becomes
m(z) = KT (z)K™1d (9.52)

Substituing m(z) from (9.52)into (9.45) givesthe solution for the paraméer vec-
torp

p=HKld (9.53)
Theexpanson
P
mp(z) = Zp,P,(:c) = pT P(x) (9.54)
=1

givesthatpartof the modelrepreentedby the paraneters.lt is easyto verify that
(9.54)satisfieq9.45 usingthe orthogorality relation (9.50

b
/ Py (z)m,(z)dz = / Zp, z)dz = py, (9.55)

Resut (9.53) may be compaed with the disaetisedsolution derived in Chap-
ter 5, in which m(z) is replaed by m,(x) atthe outse. In the present notaion
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(9.1)bemwmes
d=H"p (9.56)

soHT is the equdions of condtion matrix, andthe unweightedleastsquaessolu-
tionis
p=(HHT) 'Hd (9.57)
Thisis differentfrom (9.53).
Parker (1977) repats disgopointing resutsfor minimumnormsolutionsbecase
the a priori bound M that determiresthe sizeof the error ellipsoid canrardy be
madesuficiently small. Furthermaoe, he finds it unreasomble to minimise the

parametasedpartof the model,which is presumablythe part we think we know
best.Instead he separéesthe paraneterisel partfrom theundeterming partm,,

m(z) = mp(x) + m.(z) (9.58)

andminimisesthe norm |m|.
Procedng asbefore we apply dataconstrairts (9.1) by the methodof Lagrang
multipliers andminimise

foi / lm(z) — my(2)Pde + 2A7[d — / * K (¢)m(z)da] (9.59)

where is avecta whosecomporentsare Lagrangemultipliers. We now chang
m by ém andp by ép, thensetthechang in FE to zero:

/ab{[m* (z)[0m(z) — dmy(z)] — AT K (z)dm(z)}dz = 0 (9.60)

Thetermin ém, = épT P vanishesbecaisethe P areorthogoral to m,. To
shaw this multiply (9.58)by P(z), integrate,anduse(9.50) to give

b
/ my(z)P(z)dz =0 (9.61)
Premultiplyby the matrix P~ anduse(9.49) to give therequiredresut:
b -
/ my(z)P(z)dz =0 (9.62)

Theremainirg termsin the integrandareall propationd to ém, andsince the
integrd mustvanish for all m theintegrand mustvanish leaving

my(z) = ATK(z) (9.63)

m(z) = p'P7'P(z)+ ATK(x) (9.64)
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Thesoluion is alinear combhation of both datakerrnelsandparameterkerrels. It
remaingto find the codficients A, p usingthe dataconstaints.
Subsituting (9.60)into (9.1) andusing the definitions (9.47) and(9.48)gives
d=pTP H + ATK (9.65)

In manipdating thes equaions it is usefu to recal that matricesK andP are
square symmetri@l, andinvertible. Furthermeoe HH is square and symmetic
andwill beinvertibleprovided P < D. It follows thatHKH! will beinvertible if
P < D. Rewrite (9.65)in termsof A:
A=K ld—KHP1p (9.66)
Subsituting (9.63)into (9.61) gives
b D b
/ my(x)Py(z)de =) A;j / K;(z)P;(z)dz = 0 (9.67)
a ]:1

or in matrix notation
ATHT =HA =0 (9.68)

A may therebre be eliminated by premutiplying by H. Premultiplying (9.66) by
H andrearranging gives

HK='d = HK'HTP 1p (9.69)
Inverting the squae matrices ontheright hard sidein sucessia givesthesolution
p =P(HK'HT)"'HK'd (9.70)

This solution is againdifferent from the traditional paramete estimaion (9.57)
Parker (1977) findsthetwo arerathersimilar in his applicatiors.

Now turn once againto the detemination of the meandensty of the Earthfrom
massand momentof inertia. In the dimengonlessform givenin Section9.1 the
meandensty is

1
/3:/0 p(z)dz (9.71)

sothereis justonefunction P, (z) = 1, the dualfunction Py (z) is alsoequal to 1,
andsois thematrix P. K is the sameasbeforeandH is obtainedby integratingthe
K’stogive

H= <§, g) (9.72)

Equatons (9.53), (9.70), and (9.57) give the meandensties 4750, 6638, and
5262kgm3 respetively for the Backus,Parker, andLeastSquaregstimates The
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Backusestimateis minimum norm and so must be the smallest; Parker’s is the
largestbeausdt minimises only theunrepresatedpart of themodel andtheleast
square solution is biassedtowardsconstant densty, or massdivided by volume
whichis 5515

The errorboundson theseestimaesarethe main coneern. Thesearediscussed
by Parker (1977) for problem4, the deteminationof the meandersitiesof mantle
andcorefrom massandmomentof inertia.
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SUMMARY: RECIPE FOR THE CONTINUOUSINVERSE
PROBLEM

The following proceduresarein addiion to thoselisted for pa-
ramete estimationin the box on page 116, andthe underdete-
minedandnorlinearproblemson pages 133and149.

(i) Establi® as much as possble abaut the mathematial
probdem, particularly uniquenes and existence of solu-
tions.

(i) If no uniquenessproof is available, it may be possble to
estallish thenull spae (for anexample seeSection12.8)

(i) Next decde on whetherto usethe full appaatusof con-
tinuousinversionor to paramegrisethe pronemandtrealt
it asanunderdetemined,discree inverseproblem.

(iv) Most pemle chocse to disaetise and follow the proce-
duresoutlinedin the previouschagers.

(v) Whaterer you chocse,a paramegrisaton is neededto ef-
fectanumercal soluion. The choice of parametésation
is deteminedlargdy by the geomety of the problemand
whetheralocal or global represenationis appr@riate

(vi) Decideon choiceof spreal function or averaging func-
tion. This depems on what you wish to achieve by the
inversion.

(vii) Formthe Grammatrix andsolve for the multipliers using
(9.7).

(viii) Use the multipliers to find the averaging function and
modelestimage.

(ix) Plot a tradeoff curve to estallish the requred rangeof
solufons.

9.1

9.2

Exercises

The meandersity obtaired by leag squaesin this Chapter(5262) is dif-
ferent from thatobtairedin Chapter6 (5383. Why?

Find an estmateof the dervative g(x) of thefunction f(z) (i.e. g(z) =
df /dz), where f(z) is definedin the range[0,1], using the following
methal. Notethat

e = [ 1l = [ Ko,a)f(a)d

whereK (z,z') is 1 whenz' < z and0 othewise. Usethis form andthe
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Dirichlet condtion, deseibedin Section9.2,to estimae g(0.25) using the
databelow Plot the averaging function. Compareyour answerwith the
exad soluton (the dataare basedon f(xz) = sinma anderrorsmay be
neglected)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.0 0.309 0.588 0.809 0.951 1.0 0.951 0.809 0.588 0.309

T

f(=@)
Repea the estimaton of the previous question using the spread criterion
degribedin Section9.3. Calcuatethe spreadanderrorandplot thetrade-
off curve.
Estimatethe average of the function f(x) betweenz = 0.25 andz =
0.50 in quedion 9.2 by desgning the averaging function asde<ribedin
Section 9.4. Compareyour answerto the exactvalue.
Obtaintheminimumnormsoluton for g(0.25) usingthemethal descibed
in Section9.5. Plot the corresponling averaging function and compae
your resuts to the solution for the Dirichletcondtion obtairedin quegion
9.2 andspreal criterion in quegion 9.3.
Solwe for g(z) by first disaretising g(z) asa polynomial:

g(z) = a + bz + cz?

and perfoming a stardard disaete parameér estmation for the coefi-
ciensa, b, c.
Repeathepreviousestimateusingthefirst 3 Legendrepolynomials RB(z) =
1, Pi(z) = z, Py(x) = 0.5(32%2 — 1). TheLegende polynomialsareor-
thogonal over the interval [-1,1] rather than[0,1], so first transform the
indepenent variale to the apprgriate rangeby replecing z with =
2(z — 0.5). Youshoud getthe sameanswerasin the previousqueston.
Whatanswermwould you expect if disaretising with sinesandcosines?
Obtain two further estimaes of the averageof f(z) betweenz = 0.25
and0.5 usingthe paraneterestmationmethod of BackusandParker de-
scribedin Section9.7. Comparewith the solution to question9.4.

1.0
0.0
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Fourier Analysisasaninverseprodem

10.1 The Discrete Fourier Transform and Filter ing

The DFT of atime seqence{a; k = 0,1,2,..., N — 1} wasdefinedin (2.17)
togetker with its inversein (2.18):

1 N-1 )
A, = Nzake—%mkﬂv (10.1)
k=0
N-1
ap = ZAnez’rik”/N (10.2)
n=0

Thesewo equatonscanbewrittenin matrix form by definingvectossa, A, whose
componaits are the time seqeenceand DFT samplesesgectively, and matrix D,
whoseelementsaregivenby

o—2mink/N
D= 10.
Equatiors (10.1)-(10.2)arethenwrittenin vecta form as
A = Da (10.4)
a = ND'A (10.5)

where! dendesthe Hermitian conjugateor complex conjugateof the trangose4:
Df = (DT)*

Since(10.5)mayalsobewrittenasa = D~'a andtheresut is truefor all equally-
spacedime sampla a andcorrespomling frequengy sample A, it follows that D
is invertible with inverse

D~! = NDf (10.6)

Equaton (10.5) conditutes aninverseproblemfor the DFT coeficients A, the

175



176 Fourier Analysisasaninverseproblem

model, given the time seqwencea, the data. Thereareno errars andthe inverse
problem is equiceterminel beausethe numberof modelparaméersand number
of dataarebothequd to N. Sofarthisexercisein rephraingthe problemof finding

the DFT asaninverseproblemis not very interestingbecaiseall we needto do to

solve (10.5) is invert the squarematrix NDf, andwe do not even have to do that

numericdly becawsewe have its analyical form. The inverseprobdem becanes
moreinterestingwhenwe consdertheeffects of errarsin thetime sequaceandtry

to estimateasmallemumberof frequency terms. Thenumberof frequeng/ sampes
is lessthanthe numberof time samplesandthe inverse probdem posedby (10.5)
is overdeterminel, andwe canusethe leastsquaressolution to reduce the errorin

eachfrequeng estimae. Thisis a stardardexercis in paraneterestimdion (with

theslight complicationthatthemodelparamegrsarecomplex numbes ratherthan
realones)thatcanbe solved by the method givenin Chapte 6.

The inverse problem becaneseven more interesting whenwe try to estimate
morethan N spedral elements Now the number of model parametes exceed
the numter of dataandthe inverseprobemis undedetermired. The matrix NDF
is rectangular and hasno corventioral inverse. The methals of inversetheay
allow usto constructa numberof generdised inversesto this matrix, for example
the one giving the minimum norm solution (7.5). Thereis a null spae in the
frequency domainthatturnsoutto berelated to the problem of aliasng. Consicer
the caseof just one addiional spectal estimate, Ay. Periodc repdition tells us
that Ay = —Ay, andtherdore the first row of the matrix ND! is equal to the
lastrow. The onedimensonalnull spae is therdore given by all vectass paralkel
to Ap = (1,0,0,...,—1). The minimum norm soluion would therefore retun
spectel estimae Ay = Ay, the sameaswe would getfrom periodic repettion.

Continuousinversetheay providesa mechaism for estimating the Fourier In-
tegral Transfam (FIT) from discrete samplesof the time function. We have to
assumehetime signalis bard-limited, sothelFT is zerofor |w| > Q. Appendx 2
equaton (2.2) providesthe neessaryinverse formula

Flte) = /Q ? F(w)et du (10.7)

Thesamplesf(tx); k£ = 1,2,...,D congitute the data, F'(w) is the model,and
exp iwty arethe data kemels. Solution proceedsby the methodsof continuous
inversetheoryoutlinedin Chapte 9 [and seeParker (1977)]. Thisappoachis very
flexible and opensup a numberof interesting possillitie s: for example,the time
samplesieednotbeequaly spa@d. Theuseof inversemethalsin Fourierandysis
hasbeen exploredby (Oldenbug, 1976).

The convolution, or filtering, processcanalso be castin matrix form and con-
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sideral asaninverseproblem. Adding noiseto equation (2.7) gives

D
o= arbp_k+ep (10.8)
k=0

Writing out the convolution processin full shownsit to be matrix multiplication:

(axb)o = aobo
(@%b)1 = a1bo + aoby
(a * b)2 = agb() + a1b1 + aobg
(axb)y—2 = ...+arx—1bn—2 +arx_2bn—1
(a * b)N,1 = ...... +ag_1bn_1 (10.9)

Thematrix form is obtaned by definingvectors ¢ anda containing the sequeces
¢ anda, andarectangula matrix B whoseelemeits are

By = by (10.10)

B hasthe specal form, called Toeplitz with all elemens$ on the samediagonal
equal:

bo b1 by
b ke by
A=l o (10.11)

Equation(10.8)thenbecanesthe standirdformula for alinear inverse problem
c=Ba+e (10.12)

which may be solved by the method descibedin Chaptes 6 and7. If a is afilter,
inverse method canbeusel to desgn thefilter. Theexample of the Wienerfilter is
givenin the next sectim, but inversemethodscoud be usedto desgn other types
suchasbardpasdilters.

10.2 Wiener Filters

In Section4.3 we found threedifferent method to undothe convolution process
definedby (10.8. A fourth, very common,methodis to desig afilter thatdoes
the bestpossble job in the leastsquaes sene. Suchfilters have beennamed
after the mathemati@an NobertWiene. Suppog we have a sequacea of lengh
K andseekthe filter f with a given length N which, when corvolved with a,
prodwessomething close to a desied outpu seqenced. It will not usudly be
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possilbe to obtan exactly the desiled outpu becawgeof the prodemsencainteral
in Sectio4.3: sequencea maynotbeminimumdelay, its amplitude spectummay
have zeraes, or the recusion formula may be unstalle. Theleag squars method
guaraneesminimumerrar for afilter of givenlength.

Lete bethe(N + K —1)-lengh sequaceof differencesbetveenthecornvolution
f * a andthedesredoutput d:

N—1
ek:dk—anak,nk:O,l,...,N—I—K—l (10.13)
n=0
Equaton (10.13) maybereariangednto the stardardform (6.4):

d=Af+e (10.14)

provided we identify the desred outpu sequencewith the datg the filter coefi-
cientswith themodel andmatrix A with the equatons of condition matrix:

Agn = ag—n (10.15)

Standardnethalsof inverse theory therdore apply.
With no dataweighting or dampirg the solutionfor f is

f = (ATA)1ATd (10.16)
[c.f. equdion (6.26)] Theelemens of the normalequdions matrix are:

(ATA)i; = Y AriAi;
%

= ) ap—iap_;
k
= (2N - D)éi_; (10.17)

where¢ is the autacorreltion of a definel in Section4.2, equdion (4.10. ATA
is asquae, K x K Toeplitzmatrix with the autoorrelaion valuesof a on each
diaganal, apat from a constantmultiplier (2N — 1). It is symmetrc becasethe
autocarelaion is symmetric

b0 1 P2
ATA — ¢1 ¢0 ¢1 .. (1018)

2 ¢ o
Theremainirg termson theright handsideof (10.16)are
(ATd); = ) ag—idx
k

= (2N + K —1)¢ (10.19)
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wherec is thecrosscorrdation of a andd asdefinedin (4.9). Levinsorisalgorithm

(Pressetal., 1992) canbe usedto invert Toepliz matricesof order N in appro-

imately N timesfewer operdions thanthe usual matrix inverson method. The

solutionto (10.16)is therdore far quicker thanthe geneal linear inverseprobdem.
Applying consantdampng to theinversiongivesthe solution

f=(ATA+ ) 1Ad (10.20)

The nomal equaions matrix AT A is madeup of elemeits of the autoorrelaion
of a (10.18; the principal diagonal elemets are all equa to ¢ (apat from the
constat facta 2N — 1) anddampingamourts to increasingthe zero{ag autacor-
relation codficient. We may think of the modified autocarelaton asthe original
plusaspike of height A atthe origin. The Fouriertransform of the automrrelaion
is the power spectum. The Fouriertransbrm of a spike at the origin is a constant
atall frequencies In the frequengy domaindamping thereforeamourts to addirg
aconstat to every Fouriercomporent. This is exacly whatwasdonein thewater
level methoddescibedin Sectian 4.3 in order to fill in holesin the spectrum of
a and stahlise the decowolution. Dampingis therefore equivalent to the water
level methal. Adding a constant to the diagonal of the normalequdions matrix is
sometimesalledprewhitening becaseit hasthe effect of flattenng the spe¢rum.

Clearly thereis acloseconnetion betweerthewaterlevel methodandthedamp-
ing of inversetheay. TheFourierconvolution theoemapgies only to cyclic con-
volution, but provided the necessaryzerces are added to make the cornvolution
theorem exact(seeSection2.3) it is possibleto shav complee equivalenceof the
two proceduresasfollows. Take the Fouriertransform of (10.20 andapplying the
corvolutiontheaemgives

D(w)A*(w)
[A(w)A*(w) + A]

If A = 0 the A*s cancé leaving division in the frequeny doman: if A\ # 0
we preseve pha® informationthrough the A* in the numentor and divide by a
prewhitened power spedrum with its holesfilled asin the water level method
Zeroesarerarely adde to turn the cyclic convolution into a discrete convolution,
andthe Wieng filter is usudly chosento be shotter thanthe recad lengt: either
canmake a dramaic differenceto the resuts for shot time sequences. Wiener
decorvolution mustberegardedassuperor in gener&to division in the frequeny
domainbecaiseit is basel moresowndly onthetheay of leastsquaes.

More generl dampng canbe basedon the estimatel noisein the sequencea.
This alsohasits courterpat in filter theay, wherean estimaéd noisespectrumis
usedto flattenthe spectum. The estimatel noiseautocarelaion defineshemodel
covariarce C,,,! (RobinsonandTreitel, 1980)

F(w) = (10.21)
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10.3 Multitaper Spectral Analysis

No moderndiscussiam of spedal analysis would be complet without mentian of

multitaper methals, devised originally by Thomson(1982. We discussedspectal

leakage in Section3.3. Spectraleakageocaurswhenahamonicsigmalis recaded
for afinite length of time andenergyspread to neighbouring frequencies. A sim-
ple cut-off spread the energyinto side lobesthat have certral frequencieswell

away from thetruefrequeng. The prodem canbealleviatedby tapering the datg

multiplying the original time sequenceby a function of time thatdecreaseso zero
atboth ends The original time sequace may be viewed asan infinite sequence
multiplied by aboxcartaperwith vertical cut-offs. Spectraleakageocaursinto the
side-bbesof the DFT of the boxca (Figure 2.3). Taperswith smootter cut-offs,

suchasthe cosire or Gaussantapers have smalleror no sidelobesandtherefore
lessspectal leakage. They alsohave broaler centrd peals, so the resoltion of

thecential frequeng is impairedrelative to the boxcar. Thetradeoff betweerres-
olution andleakayeisunavoidable; the only way to redwce spedral leakaye while
retairing resdution is to extend the lengthof the time sequace by makingmore
measuremes.

The traditional useof tapersis unstisfactory in two respets. First, the choice
of shge (cosire, BlackmanHarris, etc.) is somavhat ad hoc 1 Secondy, tape-
ing effectively throws away perfectly good dataat the endsof the sequenceby
multiplying it by lessthanunity. For a statonarytime sequencethis leads to loss
of information. For nongationary series an earthqialke seisnogramfor example
wherethe signhd hasa distinct starttime, we could extendthe startandendof the
time sequaceto coverthe headandtail of thetaper but thisadds noiseto the DFT
withoutadding ary signd andwill therdore impair the spectal estimaes.

Both problemscanberemovedby despningoptimal tape's. For theshapeprab-
lem this requres a definition of “optimal” in termsof the side lobesof the taper
While this givesa certan intellectual satigaction in quanifying exadly whatwe
meanby “optimal” spectal leakage, mary practtioners will seethe exerciseas
simplyreplacingtaperchoice with anequally ad hocoptimisationformulaandwill
preferthe flexibility of simply chocsing ataper shapeaccading to the probdem at
hand.

Thelossof data probdem is morefundamentalandcanbe largely eliminatedby
the multiple tapermethoddescibed below. Firstrecallthe DFT formulae(10.1)—
(10.2). Subscrip £ measurstime andn measurs frequengy. The physdcal quan-
tities of time andfrequeng/ aredetaminedby the sampling rate At, which gives
thetotd length of recad T' = N At, the samplirg frequeny Av = 1/T, andthe

1 althoughSecton 3.3 doesnot do full justice to the propertes and reasongfor choice of particular case in
partcular applications, for afuller discussionseefor example (Harris, 1978).
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maximumfrequeng 1/At. Physicalquartities have beeneliminatedfrom (10.1)—
(10.2). Conside first the simpleproblemof measuementof a noisefree sequence
composéd of a single comple frequeng, measurd by subscipt M, of comple
amplituce p

T = ,ueZW'L'Mk/N (102)

We wish to estimae the amplitude ¢ without first knowing the frequengy. We
multiply by anarbitrary tape function wy, to form the new seriesy:

Yk = WkT} (10.23)
andtake the DFT:
1 N-1
Yn — N Z wk’ue27riMk/N6727rink/N (1024)
k=0

We seekthe optimal tape w;, that maximisesthe enagy in the frequency band
M — P to M + P, where2P definesthe width of the bandandtherebre our de-
signspectal resdution. We mustnormalsethetape coeficients, othewisethere
would be no uppe limit to the enegy in the spectral bard, andthis is mosteasly
doneby maximising the enegy inside the spectal banddivided by the energyin
theentire band or

M
o [Yal?

A is always lessthan unity andis called the bandwidth retertion factar by Park
etal. (1987); 1/ the spectal leakage. We chocse M and P before detemining
theunknownswy, implicit in (10.25.

Subsituting from (10.1)for the;,, the numeraor in (10.25 expands to

(10.%5)

Eol

Z N2 Z * —27rz(M n)k/N Z ,we27rz(M n)l/N
M—-P k=0 =0
- 2 N-1N-1
= 2 Z Z wiw; Z e2min(k=1)/ (10.26)
N k=0 1=0 n=—P

The sumover n is a geometre progessim already donein Section2.2 for the
DFT of the boxcar taper it sumsto the ratio of sines. We now corvert to matrix
formulaion by defining a vectorw of tapervaluesandmatrix T with elements

_sin[m(k—1)(2P + 1) /N]
M sin[r (k= 1) /N]

(10.27)

Thenumeraor of (10.29 is then in matrix form, simply thequadaticform |uf /N2w! Tw.
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0 10 20 30 40 50 60
TIME

Fig. 10.1. Thefirst 4 optimal tapersfound by solving (1029). Note thattapersl and3
aresymmetical, 2 and4 antisymmetrich Taperl hasleastspectraleakagebut doesnot
usetheextremesof thetime serieshighe taperamake useof thebeginning andendof the
recad. The corresponthg eigemvalues(bardwidth retentionfactors)are (1) 1.00000 (2)
0.9976(3) 0.9237(4) 0.8%84.

The denaminatorin (10.25) could be evaluatedthe sameway, but it is much
quicker to useParseval’'s theoem (Section2.3.8) andreplece the sumin the fre-
queny doman with the sumin thetime domain

N-1 ’uz N-1 Mz
D2 = Nz D lwl? = mwTw (10.)
n=0 k=0
The maximisaton probem thenredwesto finding the maximumof
T
A= (10.29)
w'w

The matrix T is Hermitian so the variaional principle (Apperdix 4) givesthe
statinaryvaluesof A astherealeigervalues

Tw® = \(P)q (@) (10.30)

Theoptimaltapes aretherdore the eigervectors of therelatively simplematrix
T. Thevectos w(®) aremutudly orthagonalbecusethey aretheeigervectasof a
Hermitianmatrix (Apperdix 4). Thereis justone“optimal” taper thatcorrespord-
ing to maximumeigervalue \. All the eigenvaluesarereal andposiive and may
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be ordered accoding to size: \y > A1 > A2 > .... All taperscorrepondng to
thelarger eigenvalueswill prove usefd. Thefirst 5 tapasareshownin Figure10.1
andthecorrespondng eigervalues arein thecapion. Clearlythelargesteigawalue
correpondsto the simplesttape function, but the remainng tape's correspondto
only slightly smallereigervaluesandtherdore only slightly morespedral leakaye.

The taper shaps areinstructive. The zeroorde taper w49, is similar to the
tapersconsideral earlie in Section 3.3. It is symmetri@l abou the centre peals
there,andtapeas to zeroat the ends. Thereis a symmetryaboutthe highe-order
tapers thosewith evenp aresymmetical abaut the certre, while thosewith odd
p areantisymmetric. Thetape with p = 1 hasenegy conentraed in the early
part of the time sequace, andthosewith higher p are concentraed earler still.
The spectal estimatebasedon w(®) will depem mainly on the cental part of
thetime seqience,asis the casewith corventional tapes, but estimaesbasdon
higher ordertapes will depem more on energyat the beginning and end of the
sequace. This suggestscombning the effects of severd tapes to obtan aneven
betterspedral estmate,the multitaper approach but first we must consder the
effectsof errorsin thetime sample.

In the presaceof noise (10.22) is modifiedto

Ty = pe™MEN 4 o (10.31)

whereasustal e is the errar vector The usualtradeoff betweenresdution and
errordemandghatfinerresdution in frequeng/ be paidfor by decreasedaccuray
of theestimates amplitude. This suggestswe shout design thetape to optimise a
combindion of the spectal leakageandestimae variance. Mutiplying (10.31) by
thetape wy gives

WgTk = Yg + Wiy (10.2)

Conside the caseof uncorelated or white, noise (this does not lose geneality
sincewe canalways transform the datato be uncorrelated and univariant asde-
scribed in Section6.3. Thenoiseenepgy in the taperel datais then proportional to
Yl lwkl>.

We previousy maximisal the ratio of signal enegy in the desiral frequeny
bandto enepy in the entiresignal in orderto maximisebandvidth retention. This
is obviously equvalentto minimising the inverseratio, the total energyfor fixed
enegy in the chasenband We now wish to also minimisethe ratio of the entire
noiseenergyto the signal eneagy in the bard, the samequartity. For uncarelated
errorsthe above proceduretherdore minimises the noise in the band The tapes
areunchanged Correlatednoiseleads to differenttapeas; aslightly differentquan-
tity mustbe minimised.

Now supmsewe wishto estimatetheamplitudeof thesignal, . Thisis obtaned
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from the DFT of thetaperel datay,. Rearraging equation (10.32) andtaking the
transbrm gives

Y, = yWoonr + Ny, (10.33)

whereN,, isthe DFT of thetaperednoise wie;, andwe have usedthe shift theaem
(Section2.3.2to obtainthe DFT of exp 2niMk/Nwy, asW,,_ . u maythenbe
obtairedasaleastsquaesfit to theseequdions.

It is now clea thatusingjust onetaperto find u fails to useall the information
in the data. The other tapers, although not having quite asgood spectal leakag
propeties asthe optimal tape, usedatafrom the endsof therecad (Figure10.1)
that were eliminated by the first tape. We canwrite down similar equaions to
(10.33)for severd high-ardertapes with good leakaye properties

Y® = yw® 4+ NP p=0,1,2,... (10.34)

Thisis alarger setof equationsto solve for the samey, the amplitude. We expect
thesoluion to bemoreaccuatethan theestimae for justtheoptimaltape becase
it usesmoreof thetime series.

Finally notethatthe noisein (10.39) is corrdatedbecaisethe original uncorre-
latednoisehasbeenmultiplied by a numbe of differenttapers.We therdore need
to usetheleag squars soluton (6.59) thattakesthe covariancematrix of theerrars
into account. The covariancematrix of thetaperel noisespectrais proportional to

N-1
(Ce)ij = > WPw®P (10.3)
n=0

Multitapermethodshave beenusedfor morethansimply makingspectal esti-
mates.An excellentaccouwntis in Percval andWalden(1998). In geoplysicsthey
have bean usedto estimateamplitudesof decging free osdllations (Park et al.,
1987) attenuatian (Mastes et al., 1996) wavelet estimaton on a seisnic sectin
(Walden,1991); spectal analysis of high frequeng/ (Park et al., 1987); and mul-
tidimensonal (Hanssen1997)spectal estimation; coheences of magneteelluric
time series (Consableetal., 1997); spedra of climatic time series(Lall andMann,
1995) and of straigraphic sucessiors (Pardoigwequiza et al., 1994; the retro-
gradeannuwal wobble (King and Agnew, 1991); andthe acousic sigral of thuncer
from seismicrecords (Kappus and lll, 1991). Software is available from Gabi
Laske’s website (Apperdix 7).
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SeismicTravel TimesandTomagraply

11.1 Beamforming

Arraysof seismomedrsareusedfor two principal purposes:to increasethe signd-
noiseratio by stackng mary recadstogeter, andto measue the direction of the
incoming wavefront. Relatve arrival times neal to be known accuately Until
the recent adwvent of long-wave radio, and then satelite timing, this could only
be achiewed by telemeteringevery station to a certral recader and clock. The
term netwok was usedfor a group of statonswith independen timing in order
to distinguish it from an array with cental timing. Timing on a network was
usually too poor to allow mostof the array teciques to work. Many seismic
arraysweresetup to detect nuclear explosions for exampleNORSARN Norway
andYellowknife in Canadaandthesehave beenusedto do muchgoodseismdogy
unreldedto monitoring nuclea tests.Marine seisnic surweys useextersive arrays
of geghones towed behind ships to recod airgun sources. Sincethe late 1980s
it hasbeenpossble to deploy portable seismomeers, eachwith their own clock,
in tempoary arraysto study particular area, a gred stepforward in the use of
seismola@y in earhquale andtectoric studies. Nowadayswe talk of aglobal array
of seismanetersanddo arrayprocessimg on the Earth's spheical surface.
Stacking requres alignmentof the onsé of the sameseismicphase or wave,
atevery instrumenton the array. Oncetheright arrival hasbeenidentified andthe
righttime delay introduced,summingall thetracesncreaseshesignd to (random)
noiseratio by a facta of orde the squareroot of the numberof traces. It is often
usedto identify signalsthat are othemwise buried in the noise. The simples way
to identify the onsé time is to readthe recods by hard, but this is a very time
consuming pracice andimpracical for large arrays. If theincoming wavefrort is
planar asimpleformula givestherelatve arrival timesasfunctionsof the postion
of eachstatiln. Thenormalto thewavefrort, or assumeday path is definedby two
anglestheazimuh anddip. Thedip is usudly replacedby theslownes, theinverse

185
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of the speea with which the wavefront travels acrasshorizontal ground. Azimuth
andslownes maybe estmatedby leag squaesinversionusingtherelative arrival
timesasdata. They yield the direction anddistancefrom the array to the souce,
assumig the soure to be on the Earth’s surface. The largest soures of error
are caugd by indistinct picks and delays introducedby local ananaliesbene#h
the arrays. Residués to the plare wavefrort arrival timescanbe inverted to map
the strucure beneth the array using method sud asthat of Aki et al. (1977),
discusedin Sectionl11.2below

Very large arraysdemandan automaitc way to deteminethetime delays. There
aretwo appraches:;crosscorrdatethetracesandpick the maximum,asdescibed
in secton 4.2[seealso(varDecarandCrosson1990}), or invertfor thetime delays
that maximisethe enegy in the stack The secom appoachis dexribedhereas
anexample of aninverseproblem thatcontainsseverd of the featuwresdiscussedn
Partll; it is deribedin full in j.95maaguh¢,

Suppsewehave N seismictraces{y;(t); ¢ = 1,2,..., N}, wheret is thetime.
We produceabeam yg, by delay-andsum:

N

yB(t) =Y wiyi(t + 1) (11.1)
-1

wherew; is a weightand 7; the time delayfor the ! traceis thattrace We use
aweighted sumrather thana simpleaddtion becaisesometracesmay be noisier
than othes andwe wish to redue the effect on the beam. We now fit the bean
to a chose referencetracey(t) by leag squaes. The original seismictracesare
discrdaisedin time. The equdionsof condtion aretherebre

N
yo(tr) = > wiyi(te + ) + ex (11.2)
i=1
wherek runsover the entire recordng time. We chocse a time window running
from time ¢; through time ¢y, and minimise the sum of squaes of differences
betweenthereferencetraceandthe beamwithin this window,

M
E? = [yo(te) — yB(t)]?, (11.3)
k=1

by adjustng the unknown weightsand delays that appea in yg. The optimum
delaysareestimdesof therelative arrival times.

Equaton (11.2)definesheinverseprodemwe wishto solve. The“data” in this
problem are,rathe strangely, discraisedvalues of the referencetrace which we
defineproperly later. For thetime being we assumewe know this trace andthatit
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hasuniform errors. This definesthe dataarray

dr. = yo(tr) (11.4)

We normalise eachtraceto unit maximum; this doesnothing to the solution as
we are going to asignead tracean unknownweight. The unknowndelays and
weightsarearrandng into arrays = andw; the modelvecta maythenbe written
in theformm = (7|w)7.

Theinverseproblem(11.2)is linear in w but nonlinearin 7; we solve by lineari-
sationasdescribedin Section8.3. The partial derivatives matrix for the weights
comprise simply thetraces themseles:

w _ 9yB(tr)
kg ow,

= yj(tk + Tj) (11.5)

The partid derivatives matrix for the time delaysis obtaned by differentiaing
(11.2)andinvolvesthetime derivativesof thetraces dended y(t):

Azj = wjy(tk + Tj) (11.6)
Thefull equatonsof condtion matrix may bewritten in partitionedform as
A = (AT|AY) (11.7)

We needa stating model, which for this problem mustbe chose with care
becase of the dange of cycle skipping (page 148), wherea trace may skip an
entirecycle andgive atime delay thatis in error by onefull period. The starting
modelfor the delays is compued from afirst apgroximation usinga plane wave-
front followed by a grid seart of time samplesshifting eachtracebackandforth
by severaltime samplesuntil the bean enegy reache a maximum. The startirg
modelfor the weightsis simply a setof ones.

Mode dampirg is essetial becaisetherearetwo distinct classesof modelpa-
rameterswith differentdimensgons. Denotethe dampingcongantsfor the weights
by thecompmentsof thevectorA” andfor thedelaysby A™. WhenA" islargeand
dominaes\” the weights are constainedto stayat unity (the “pendty methal”,
pagel29); whenA” dominatesthe delaysare constraired to stay at the startirg
values Theoverallevel of theratio of A to A™ mustbefound by trial anderror.

Finally we return to the chace of referecetrace )e coud chooseone of the
traces perhas the one that looks leastnoisy, but this is obviously not optimal
Insteal, j.95maogb. ¢, chaseeachof thetracesin turnto form a setof misfits:

E} = lyi(te) = > wiyi(ty + 7 — )] (11.8)
k i#j
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andminimiseda sumof all the misfits:
N
E*=> E; (11.9)
J

This schemevoids the needto choosea specific referancetrace andworkswell in
practice, being insersitive to a few badtraces The weighting wasfound to work
well in eliminating noisy traces,giving soluionswith w; = 0 for tracesfrom faulty
instruments.

i.95maguhy¢, give two apgdicationsto real data The first wasfrom a surface,
verticd-comporent, linear array study perfomedin 1992 by British Coal. Geo-
phone wereputon landwith a 10 m spacng. Shotswerefired at differentdeptts
in aborehole. Herewe use68 upgdng P wave records from thefirst shotat 50m
depth(Figure 11.1). The 64th recod is at the heal of the borefole. It is obvi-
ousthatsomearrival timesdeviatefrom a hypertla; this is cause by variaions
in elevation, weathemg thickness,andseisnic velodty. The initial solution was
obtairedby alinear relationshipbetweerarrival timesandoffsets. Theinitial trace-
to-trac alignmentshowsobviousresidualstatics (Figure11.1) After six iteraions
the inversioncorvergedto a rea®nalle solution. The traceto-trace alignmentis
showvn in Figurel11.1;theresidwal staics have clealy beenminimized

Theirseconl datssetcomprisedseismagramsfrom abroadband threecomporent
arrayoperded by The Universty of Leedsin the TararuaMountan areaof North
Island New Zealand(Stuartetal., 1994). They seleceéda surface wave magniude
6.7 eventwith epicentraldistancel1.8 thatoccuredin the Kermadedslandsat
16:230n 1stNovember1991 (the eventis alsoshown in Figure 1.1). The wave-
forms are complex (Figure 11.2) and strondy influenad by fine-scaé structure
assocatedwith subdiction of the Pacific Platebereaththe array, providing avery
severetestof themethal. They first bardpased-filterad therecords from 1to 2 Hz
(labeld in Figure11.3). Seventhree-compmentseisnogramswvereanalyzed. The
time delaywasreferral to thetop trace(l t n1).

The initial solution vecta was obtained by assuming a plane wavefront with
fixedazimuh andappar@at slowvnes. Inversiors corvergedto a satishctory solu-
tion whendeviationsof the stating azimuh andslovnes from thefinal solution
werewithin arangeof 1* and0.02sknt! respetively. Thisrange, of course, will
deperd in gereralonthearraysizeandsourcdocdion. Figurell.3shovsinverted
resulsfor vertical, eastwestandnorth-southcomporentswith initial soluion cal-
culated from an azimuthof 40° andslowness.1 sknT!. The methal corverged
after5 iteraions thefinal traceto-tracealignmentshavs alignmentof the P wave
signalin all threecompments The stackng weights areshownat the left of each
aligned trace(labelledb).

A similar andysis of the Swavelet wasimplemeried. A 4 s time window was
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Fig. 11.1 Top: arrayrecods from a boreholeshotto 68 geghoreson land with 10 m
spacing Middle: resultsfrom theinitial model. Trace99 is the beamformedby a simple
stackwith unit weighting Bottom: resultsof theinversion.
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Fig.112. A regionalevert (1 Novemberl99116 723222, 30.255°S177.981°W, Ms 6.7)
atthebroadband three-conporentarrayopertedby the University of Leeds,UK, in the
Tararwa Mountain areaof North Island,New Zealand.Thetime axesdo not correspondo
theorigin time of theearthgake.

taken from 228 s to 232 s. Theinitial soluion was calcdated with azimuh 40

andapparet slowness0.21sknt!. The Swaveletis clearly aligned on the east-
westcompaent, which is close to transrersefor this wave. It doesnot seemto
align aswell on the north-souh compament,andworsestill on the vertical, partic-
ularly for stationsltwl andltw3, which lie to thewestof themainarmof thearray
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Fig. 11.3. Resultsof the filtered P and S waveletsin the frequeng/ band1 to 2 Hz for
the regional evert shawn in Figure5. Labeld standsfor data,a for initial modelandb
for inverted mocel. The numtersat the left of eachtraceof inverted mockl are stacking
weights. A SRconverted phases presehin theverticalandNS compnentsof | t wl and
| t w3, closeto the Swave. It is suppessedn the Swave beams.

i.95maoghb.¢, beliewe this to be cauisedby corversim of the incoming S wave to
a P wave at aninterfacebene#h the array probably the uppe surface of the sub-
ductedPacific Plate. SinceS waves and SP-corvertedwaves have different patrs
andarrival timesat eachstaion, the SPphagsaresuppessel in the beamswvhen
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the Swaveletaligns. For the P wave the calcultedbad azimuh was35 andap-
parentslowness 0.103sknT!; for the Swave they are47° and0.20 sknt!. Both
azimuthsaresignificantly larger thanthe source-reeiver azimuh (29) becaseof
lateralhetgogereity in this complkex subdictionzone.

11.2 Tomography

Arrival timesarethe bast measuementof seismolgy. Intempretaton of the full

waveformof aseisnogramis arelatively recentinnovation, foll owing thedevelop-
mentof betterseisnometersdigital recordng, andthecomputng power neededto
computethe complex waveformsproducedby evensimpleEarthstrudures. Travel

timesare predided with remarkalle accuacy by geometical ray theory, simply
by apdying Snell's law progressiely along the ray path Travel timesarein fact
anaverag of theinverseof the veloaty, sometmescalledthe slowness(notto be
confusedwith the slownes of awave acros anarray). Travel timescantherefore
beinverted,in principle atleast.for the Earth’s seismicvelocity. In geoplysicsthe
appraach called travel time inversion the word tomogiaphywas coined later for

medicalapplications andis now usedalmostuniversally throughou geoghysics
Tomographycomesrom the Greekword for slice; the methodimagesslices of the
tamet materialby moving the souce of soundwavesanddetectorsaround to sam-
ple differentslices Seismictomograhy suffers relatve to medicd tomogiaphyin

two ways: the raysarenot straght becaiseof strong refractionwithin the Earth,
andwe arerestrictedto pladng our soucesandrecevers on the Earth’s surfaceor
usingeartlquale soucesat poorly-knownlocatons. In medicalapplicatiors it is
possilte to surraund the whole body with sourcesandreceivers. Refradion turns
out to be an anroyana rather than a fundamenté difficulty; the surface restric-
tion for souwcesandreceiversposesnuchmoreseriais prodems,andthe inverse
problem canbe highly undedetermired.

Examples of seismictomograhy arelegion andcover a wide range of geome-
tries and applications. The earliest form of tomogaphywasto invert the travel
timestabulatedasa function of distancefor the seismicvelocity (P or S accoding
to the wave measued) asa function of deph. If thetravel time is availableasa
continuousfunction of distarceit is possible to solve for the velocity providedit
increasescontinoudy with degh. Thisresut wasprovedby Hemlotz andWiecheat
by solving an Abel integral equaton [.95kulbol.]. Theresut appiesin bothplane
andsphercal geomety. The approachis not the beg way to invert real daa that
fail to produce a well-defined continuousfunction of travel time agairst distarce,
but theanalytic solution is vital in highlighting problemsarisng from low velocity
zones thesecreat invisible layers which canna be explored by surfacemeasue-
mentsTheinvers problemhas in effect, anull space
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Zone A (v increasing)

Zone B (v decreasing)

Zone C (v increasing)

Fig.11.4 Onedimensioml seismictomogaphy

The process of travel time inversionfor a layered mediumis shavn in Fig-
ure 11.4. The shatestray, S1, gives an estimae of the seismicvelocity in the
shallowestdeptts. This canbe usedto strip out the time the next deegestray, S2,
spend in the shdlowestregion, leaving an estimatefor the seismicvelocity in the
secom shallbbwestregion, andsoon. Ray S4just reaclesthe zonewhereseismic
velocity beginsto decrasewith depth Raysin zoneB arerefracteddownwards
creatirg a shadowzonre on the surface. No raysread staions5-11. Ray S12has
reachel the dept of zore C, wherethe seismicveloaty increasesagain,andthe
ray retuns to the surface. Clearly we have no informationabaut the seismicve-
locity in zoneB, the low-velodty layer. We can proceedto detemine velodties
throudhoutzoneC aswedid for zore A. If acontinuoustime-digancecurveis first
constuctedby interpolation we candetermire the seismicveloaty asa corntinu-
ousfunction of depththroughoutthe zoneswhereseismicvelocity incresseswith
depth

Aki etal. (1977) took animportant stepin using travel timesto determire later-
ally varying structures bereathseismicarrays, using the excellent datagt from the
NORSARseisnic arrayin souhernNorway. Dziewonski (1984) performedthefirst
inverdon to give laterd variations on the global scak. In exploration geophysics
a greatdealof effort hasgoneinto cross-boeholetomograghy, in which shotsin
oneboreholearerecadedin anotter anddelays in arrival timesareinterpretedin
termsof structure betwee the borenoles andinto reflectin-trarsmissia tomog-
raphy,which combirestheinversionof reflection timesfor thedephsto interfaces
with delaysintroducel by lateral variatonsin theinterveninglayers. Despiethese
efforts, exploration seisnology s still dominatdby reflecion work becawseof its
higher resoluion.
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Thetravel time betwea two points A and B is givenby the pathintegra

B B dl B
TA :A W :A S(Z',y,Z)dl (1110)

wheretheintegrd follows theray pathfrom A to B ands = 1/v is the slowness
This equation posesa continuousinverseprobem in its basicform: the dataare
a set of travel times betweena set of pairs of points A and B and they areto
be invertedfor the mode| the velocity of the intervening strudure, v. Despite
appeaances the inverse problem in termsof s is norlinear becaisethe integral
follows theray pathandtheray pathdependson the slowness

Linearisation of (11.10 usesFermat’s principle of leas time, which assers that
thetravel time will be staticnary with respectto chargesin the ray pathprovided
theintegralis takenoveratrueray path.In thelinear appro<imation asmallchange
in the slowness §s, will prodice a smallchange in travel time §7%, accoding to
theintegral

B
5T = / §s(x, y, 2)dl (11.10)
A

where, becage of Fermats principle, the integral is taken over the samepath
asoriginally. Thisis animportart simplificaton; without Fermats principle we
would have to addan addtional termto (11.11) allowing for the change in travel
time caugdby thechargein ray path Notethatcharginganendpoint A or B by
a smallamourt does change the travel time to first order Timesof reflection are
therebre chargedoto first order by shoreningor lengthening of the ray pathasthe
depthof thereflecor changeswith the changein structure This is why reflection
seismicsaremoresensitve to structurethantransmissia tomograhy.

Most studies proceed by parametdsing the slowvnes with suitalde functions

Cj (LE, Y, Z)
P
ds(z,y,z) = ijcj(m,y,z) (11.12)
j=1
to corvertthe coninousform to the stardarddiscretelinear form

P
T; = Z/ cj(z,y, z)dl m; (11.13)
j=17Ti

wherenow T; dendesthe ray pathof the #? travel time. The parial derivatives
matrix haselemerts given by the ray path integrals of the bass functions in the
parametesation

oT;

Ay — :/ (v, 2)dl 11.14
o=~ [ e2) 11.u)
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Typical basisfunctions usedinclude uniform blocks (Aki et al., 1977, spheical
harmoncs for global studies (Dziewonski, 1984), and splines (Mao and Stuart
1997)

Thenonlinearproblemis solved by iteration from a stating model. The partial
derivativesmustbe calcuatedat eachstepusing(11.14) by first compuing theray
paththrough the existing strucure, then performing the pathintegral for eachof
thebass functions¢;(z, y, z). In termsof compuationthetime-cansumingstepis
calcuhktingtheray path andthe form of paramegrisaton is bestchosento facili-
tatethis partof the inversion. Most inversionshave usal only onestep effectively
assumiig a linear approiimation. Therearealsomary examplesof nonlinearin-
versiorsthatincluderay tradng ateachstep(althoughl remainuncawincedof the
needfor extraray traang in mary caes).

Solution of the one-dmensiaal problem, in which the slownes is a function
only of the depth is illustrated graphically in Figure 11.4. Low-velocity zones
preventsolution. Thisis oneof thefew tomograhic problemsto have beentackled
using continuousinverse method (Jomsonand Gilbert, 1972). Eachray pathis
identified by a paraneterp = sin I /v, where! is the angleof incidence p is, by
Snell's law of refradion, consantalongtheray path A littl e work shawvs the ray
pathz(z) satisfiesthe differentialequation

dx ps
_— = 11.15
- i (11.15)
andthetravel timeintegralis
T(z) 2/10 Ps__g (11.16)
DT Va2 |

wherez, is the lowestpoint reacled by theray. The integrand containsan inte-
grablesingularity at s = p, the lowest point of the ray, wheresin/ = 1. The
datakernd is infinite at the bottom of theray path theturning point. No informa-
tion canberetrieved from within low velodty zonesbecawgseno rayshave turning
pointswithin low velocity zones. Thedata kerrel reflectsthis curious aspecof the
problem: informationis conentratd around the structureat the bottom of theray
path.

The method of continousinversioncan be appied by changng the modelto
remove thesingularity, aprocedureknownasqudling. JomsonandGilbert (1972)
dothis using integration by parts In termsof the stancirdform (9.1)

20 ds

/OzOK(:c)s(:E)d:E _ —/0 Qa) L de (11.17)
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Fig.11.5. Geometryof raysandreceversfor the ACH inversion.Only oneray pathpasses
through both blocks A and B, sotherewill beatrade-df betweervelocitiesin the two,
creatirg anelemenbf thenull spaceThesameappiesto blocksC andD. Raypathsl and
2 both passthrough block E but have no othersin comman, which will allow separation
of anomaliesn block E from thosein ary othersampledlock

where
Qz) = /0 " K(2)de! (11.18)

A final twist to the 1D problemcomedsrom (Garmaiy, 1979) who shovedit coud
be transbrmedinto a linear inverseproblem provided there are no low veloc-
ity zones Modern methodsof inverdon for one-dimensonal structuresare dis-
cussedn textbookson seismdogy (Lay andWallace 1995 Sheare, 1999 Gub-
bins, 1990)

Theinversioncarried out by (Aki etal., 1977) is alandmarkin seisnic tomog-
raphy becaiseof its simplicity of methodandresuls. They deteminedrelative
arrival timesfrom telesisms(distant eartlquales) at the NORSARarray and in-
vertedthemfor strudure bene#h the array The assumgions seemsevere at first
sight: all ray pathsfrom eachevent arrive pardlel and canbe treatal as straight
linesbecawseof thegred distancefrom the event, the meanarrival time from each
eventis unknown becaseof errorsin location, all resdualtravel timesarecausel
by anomalesimmediatey bereaththe arrayto a fixed maximumdepthcompag-
ble with the apeture of the array andthe strucure canbe repregntedby uniform
rectargular blocks. The geoméry of atypical “ACH” inversionis showvn in Fig-
urell.5.

The ACH problemis linear in theslovnes s(z, y, z) becaisewe do noray trac-
ing beyond the initial paths The parametdsation function ¢ (z, y, z) of equaion
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(11.13)takesthe valuesl inside the ##* block and0 outddeit. The paraneterm;

is the slovnessanomdy in the /** block. Thepartid derivative 0T;/0m; is simply
the length of the it ray within the 7** block. The meantravel time is subtracted
from all the travel timesfor eacheventto remove uncetainties in travel time to
the baseof the assumedinanaly benaththearray cause by mislocationandun-
known distant anomalesthataffect all ray patts equall. This creaesanull space
contahingthemeanslovnesin thelayerbecaseaddngacongantslownesgo all
theblocks in ary onehorizontallayer will chargethetravel time of all thearrivals
from one event by the sameamourt. Additional elemerts of the null spae will

include ary blocks containing no ray paths,blocks whereall ray pathsare paralkel
(top row in Figure11.2), andcombindions of blocks whereall rays have roughly
equallengh in bothblocks.

In the simple ACH version of the methodthe null spa@ canbe readly unde-
stoodand removed from the soluiion using the methodsdescibed in Chapte 7.
Similar considerdionsindicate wherewe shoull expect resdution to be poor. Par-
allel raysinevitably occur nearthe surface (Figure 11.5), and the ACH method
gives poor resuts for shallow strucures, whereby “shallow” we meana degh
compardle with, or lessthan the statin spacimg. Thekey to goodresobltionis to
have crossng ray pathswithin theblock. Resoltionis therebre bestat the baseof
theanamaly.

The literature contans a hugenumbe of regional tomogmphicinversiors fol-
lowing the ACH principles. Most of them remove someassumptions madeby
ACH, suchasstraight raysandlinearisaton, although| remainuncawincedthat
theseimprovemens charge the resuts by muchmorethanthe errars inherentin
theinversion Raytracing removesthe null spacebeausethe raysareno longer
paralkl, but thegeanetryolviouslyleavesthe averagelayer velocitiesvery poory
determired andcareis needel in interpreting the resuts. This shoud shav up in
theresdution matrix.

A commontechnque is to avoid the resdution matrix by a chedkerbaard test
A syrthetic model corsisting of alternating +/— valuesis insetted into the ma-
trix of blocks or model estimages, a synthetic setof travel timesis calcdated by
ray tracing, andtheseareinverted in paralel with the realdat. Recovery of the
checlerboad patten is usedasgoad evidenceof goodresdution; places wherethe
checlerboad squaesarelost areviewed asevidencefor poar resoluition andpoor
resulsin thatarea.

In factthe chekerbcardtestdoesnot evaluake theresoltion properly: it merely
testsone linear combhnation of the rows of the resdution matrix. To calaulate
the resdution matrix using this sort of approachyou would input a model with
zeroparaneterseverywheke except one;the resut of the inversionwould thenbe
therow of the resoltion matrix correpondng to the nonzeromodel paraneter



198 SeismicTravel Timesand Tomagraphy

In ACH inversion the worst-ceterminel aspet of the modelis cerainly not the
checlerboad, it is the meanlayer velocity. Anothe simplified resdution testis
to compue a spread function for eachparaneterMichelini and McEvilly (1991).
This is usdul but againunsdisfadory becase the sprea function compued is
not the oneoptimisel by theinversionandit containsonly partof thewhole stary
contahedin the resoltion matrix.

| seeno needto avoid the resdution matrix. It is not that expensve to calou-
late and can be displayed, given someimagination, using techniquesfor plotting
functionsof mary variables: amatrix canberepresente asa pergectve plot asin
Chapterl2, andit looksnicein colour.

Modern developmentsin tomograhic inversion include the use of mary dif-
ferentseismicphases,including reflections and corversiors from P to S wavesat
interfaces. j.97maatu. ¢ developed a tecmiquefor exploration geoghysicswhich
combines transmision tomograhy with reflection data (Eberhat-Phillips and
Reyners,1999 have usedcorvertedpha®sfrom the sulducted Pacific plate be-
neaththe North Islandof New Zealandin atomograhic inverson thatrevealk the
depthof the subdictedplate ratherwell beausethe corvertedphasesresdve the
depthwell. Large scaletomogmaphicinversions suchasthoseby Grand(1987)
for North AmericaandvanderHilst etal. (199]) for sulduction zonesaround the
world have madean enamousimpacton our undestandng of structuresin the
lithosphereandmantle

11.3 Simultaneouslnversion for Structur e and Earthquake Location

A very commonsituation is to invert arrival timesfor strudure whenthe source
locations are uncetain. For example, a temporay deplbymentof seisnometers
may recad alarge numbe of local andregiond earthagiakesin an active tecionic
area.Thelocal structureis inhomageneaisbe@useof theactive tectorics, andthis
prodwesdifferences from arrival timescalalatedfrom a stardardvelodty model
Uncertantiesin the arrival timesfrustrate efforts to locate earhqualesaccuately,
andearthaquake mislocaton frustrateseffortsto determire thestrudure. Theproper
formal procedureis to invert for both hypoantralcoodinates andstructuresimul-
taneowsly, andthisis now oftendore.

The combnedinverseproblem exhibits somegeneal charaterigics of mixing
two differenttypesof modelparanetersjn this casethe postions of the hypocen-
tresandslownesgarametes. It is acombindion of earhquale location, discussed
in Chapter8, andtomogaphy discussedin Sectionll1. Thetravel timeintegral is
taken betweenthe unknownsoure postion (zg, yg, zg) andthe known statin
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position S

s
Tys :/ s(z,y, z)dl (11.19)
H(zm,yu,2H)

wherethe integral is taken alongthe ray path. The inverseproblemis linearised
as befare, using Fermats principle. The parial derivatives with respet to the
hypocentre parametes is obtainedby differentiating the integral with respect to
its lower limit. The resuts are similar to those obtaired in Chapter8, with the
azimuthandincidenceande being deteminedfrom the take-off angles of theray
at the source location. In a gener& 3D strudure we canrot assumehe ray path
remainsin the planeof the souce andrecaver andtheazimuth mustbe calcuated
from theray pathrathe thanthe soure-recéver geomety.

Theslowness is paraneterisel, although muchof thefollowing discussionalso
applies to the continuous inverseprodem. The lineaiised problem then hasthe
joint form

0T =Bh+Am +e (11.20)

whereB is the usud matrix of partid derivativeswith respectto the hypocentral
coordnatesandh is the4-vector of smallimprovementdo thehypocentralcoord-
natesA is thematrix of partial derivativeswith respet to the slovnessparametrs,
m, compued by integrating the basisfunctionsfor the parametasation along the
existing known ray pathsasin (11.14.

h andm arecombinel into asingle modelvecta, B andA into asingle equdion
of condtion matrix,and(11.20 writtenin partitionedform

_(B]o h
5T_(0|A>(m)+e (11.21)

We ned to scak the modelparametrsto approaximately the samesize a goad
rule of thumbis to redue themto the samedimensons. Theideais to produce
model parameg¢rsscaledin sucha way thatsimilar changesin ead of thempro-
ducesimilar changesin the arrival time. for example,a chargein origin time of 1
secom will produceachang in arrival time of 1 secand; a shift in hypocentreof
1 km (along theray path)producesa chargein arrival time of zgll secads,where
vy istheseisnic velocity atthesoucelocation. vy is therdore asuitable scalefor
the depthandepicentral parameters.Similarly, multiplying the slovnes parame-
tersby atypical ray pathlength givesatypical chang in arrival time from changes
in the strudure. We mustnot useary consteraton of dataerrorin thesescalings;
they areirrelevantto our choice of model. Oncescalal, we canusea single form
of dampiryg for all the scaledparametes the sameway, shoutd dampirg beneecded.

Forming a single, stardardinverseprobdem hassomemathematial appe# but
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it carries seseral seriausdisadzantages. It concealsthe undetying strudure of the
problem, theessatial differencedetwea asourcelocation andvelocity strudure;
it malkesit difficult to as®ssthe distribution of uncertairties betweenmislocaion
andvelocity detemination, andit is compuatiorally inefficient unlesssomeclever
algorithmis usedto take advantagef the spasenatre of the combnedequaions
of condtion matrix.

Equaton (11.20) makesclearthejoint nature of theinversion If A = 0 we have
tomograhy, if m = 0 we have earthaqiake location. If we canfind someway to
transbrm the equatons (which meanstransforming the data)to eliminate either
termwe could begin to discussthe solution in termsof oneor otherof the simpler
subpoblems.Minimising the sumof square of errars €!’e with respet first to h
thento m givesthetwo setsof normal equatons

ATsT = ATAm +ATBh (11.22)
BTsT = BTAm +BTBh (11.23)

Bearingin mindthatonly matrices AT A andB” B aresquae andinvertible, we use
(11.23)to eliminate h from (11.22 in favour of m to give

m = (OA)'0éT (11.24)
h = (BTB)![BTéT — BTAm (11.25)

where
0 =AT — ATB(BTB) !BT (11.26)

This formulation is compuationally very efficient becase the matrix B B com-
prises4 x 4 blocksalongthediagonal; all otherelementsarezero.B is the partial
derivatives matrix with respet to the hypocentral paraneters,eacharrival time
only dependson onesource location, so eachrow of the matrix B hasonly 4 non-
zeroentiies. Inversionof BT B involvesn, inversonsof 4 x 4 matrices, wheren, is
thenumberof sources.Thisis amuchfaste taskthaninvertingasinge 4n, x 4n,
matrix.

Matrix O is an opeator that annhilates h from equaton (11.20. It is easyto
shav thatOB = 0, sopremutiplying (11.20) by O gives

04T = OAm + Qe (11.27)

Transformirg the databy premuliplying by O leavesa purdy tomogaphicprob-
lem; thetrandormederrars Oe carry informationabaut the effects of mislocdion
ontheerrorandysis for thetomogaphy

Returring to equaions (11.22)-(11.23), we could altematively use(11.22) to
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eliminatem in favour of h in (11.23). This givesthe altermtive solution

h = (QB)!QéT (11.28)
m = (ATA)HATST — ATBh] (11.2)

where
Q =BT —BTA(ATA)1A (11.90)

Thistime Q annitilatesm from (11.20) leaving the earthqiake location problem
QT = QBh + Qe (11.31)

Assesing contiibutionsto modelcovariancesandresdution from different sets
of model paranetersis difficult. This probem is discussedfurther by (Spercer,
1985) and the prope treatmem of resoldion matricesis dealtwith fully in the
bookby j.79bemre.¢,.

Severalmethodshave beendevised for accuraerelativelocaionsof earthaquakes
Theseinclude joint hypocente determinaton (JHD), (Doudas, 1967, Pavlis and
Booker, 2000 Pujol, 1988) andthe related maste event methods the homoge-
neousstation methal Anselland Smith (1975), andtherecen doublke-differencirg
methodWaldhawserandEllsworth (2000).

In JHD onetakes a clusier of earthquakesandassumeshatthey aresuficiently
closetogetterthattheray pathsto ary onestatian all pasthroughthe sameanoma-
lies andthe arrival timesareall affected by the sametime error. This error is re-
moved by usingdifferencesof arrival timesrathe thanthetimesthemsehes. The
eventscanbeaccuately located relative to eachothe becaiselarge errorsarising
from uncetaintiesin strucureareremoved Theabsdute location is notwell dete-
mined. In termsof our formalism, taking differencesof arrival timesat staionsis
the opeation perfamedby premutiplying by Q to form (11.31); matrix QB then
hasa null spacecorrespoming to the meanlocation of the cluster of earhquales.

In the maste event methal it is assumed that one event, the master is well
located. This is often the casewhena large earthquake is followed by a number
of smalleg aftershocls; thelarge eventis recadedby a greder numberof staions
andis therdore beter located thanthe afterdiocks. The masterevent methodis
similar to JHD, but the one (or possbly more)well-locatedevent combineal with
goodrelative locationsof the smallerevents to the masterprodiwce goad absdute
locationsfor all events The sameeffect canbe producedusing anexploson with
apreciely knownlocation in the sourceregion.

For example consder equaton (11.20)written out explicitly for the #* event
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and;*h statin, andsubtract the timesfor the masterevents = 0:
5T0] Z sz khk + Z ij,k AOj,k)mr + (eij - er) (11.&)

Themaste eventis supgposedo bewell locatedsonoimprovement is neecedto its
hypocentral coordnates If theray pathsaresuficiently similar for thetwo events
thedifferencesin parial derivatives(4;; , — Ao; ) Will besmallandthe effects of
velocity strucureis minimised

In the homog@aeots staion methodthe sameprinciple is appled by taking dif-
ferendng arrival timesat statonsratherthandifferencingtimesfrom ead event.
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Geomagetism

12.1 Intr oduction

Globalmappirg of the Earth's mainmagneic field is avery old scientific problem,
datingfrom the earliest times of navigation in the daysof Europeanexploration
Halley’s expeditions in the late 17® centuy areanimportant sciertific landmark.
Measurenentsof the magnetc field areusedto condruct a global mapof all three
of its comporents.Initially measureentsof onecompament,thedeclirationor an-
gle betwee the compasdirecion andtrue north, werehandcontairedon a map.
The moderneradatesfrom C. F. Gausswho developed the theay for represent-
ing themagnetidield in termsof sphercal harmanics (Section12.2),leastsquaes
analyss, andan early network of magneticobservataries. Sincethe 1960s a ref-
erencemagnetc field, the International Geomagnec Referene Field (IGRF), has
beenpublishedevery 5 yearsand, by internationd agreementjs usedasthe stan-
dardfor mappingpurposes.ThelGRFis now built into GPSinstrumentso corvert
betweentrue and magneic bearirgs, andis usedto definethe compas diredion
on mapsandmarine chat. Updatingis neecd every 5 years beausethe Earth’s
magneticfield chargesby a per centor two during thattime. The IGRF posesa
classt paramegr estimation problem: we needa concise, accuate model of the
magnetidfield usinga simplerepresenttion with asfew paranetersaspossble. It
is not well suitedto scientific study of the magnetc field becase of the nature of
internationd agreement:the criteria vary from epochto epach depening on the
available dataandevenpolitical consderaionsfrom the contibuting countries

I have beeninvolved with the probdem of construcing a modelof the geomay-
netic field for sciertific purpcses,anddescibe here someof the methals we de-
visedto obtan a consstentmodelof the historical period (AD 1550—presentday)
for scienific purposes.The daia have variedgreaty in bothqudity andtype over
the cenuries(Section 12.5), makingit impossble to obtan a modelwith uniform
accuray in time. It is possble, however, to constructa modelwith error bounds

203
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consigentwith bast assumpbns aboutthe natue of the geomageticfield (Sec-
tion 12.3),the mostimportant being its origin in the Earth’s core some2886 km
belaw the Earth’s surface. Inversetheoly is idealy suitedto this problem. Con-
strucion of the magnetc field at depth within the Earth,doneby a processknown
asdownward continuaton, is unsieble. This meansthe errors amplify with in-
creasng depth makingit very difficult (somemight sayimpossible) to determire
the magnett field at the surface of the Earth’s core. For the samereasm, a prior
requirementthat the magneic field be rea®nably smoothat the core surfaceis
avery strong constaint on the modelfor the magneic field at the Earth’s surface
(Sectionl2.4)becaisetheerrars assaiatedwith smallwavelergthsmustnot allow
themodelto grow drastcally whendownward cortinued

The main purposeof developing thesegeanagnett modelswasto understam
theprocessesinderwayin theEarthsliquid core Changsin thegeomageticfield
arecause by fluid flow at or nearthe core surface, andthey canbe mappednto
coreflow provided eledrical resisancecanbe neglected. Undertheseconditions
the magneic field is frozento the fluid andactsasatrace for the flow. Unfortu-
natelyit is not possible to label individual magneic field lines, andalthaugh we
canfollow somemagneic featuesin time it is not possible to obseve the fluid
flow directy: theinverseproblem of finding fluid flow from the secuar variation
or rate of charge of the magnetc field hasa null spa@. Much recent work has
beendirectedtowardsredudng this null spaceby making addtional assumpbns
aboutthe flow basedon the fluid dynamicsopeating at the top of the core. This
prodwesa fascirating exampleof anill-posedinverseproblem (Secton 12.8).

12.2 The Forward Problem

The Earth's atmosplere, crust,and mantlemay be treatal aselecrical insulators
on the long periods, longea than abaut a year of interestin mapphng the main
field. Thereareno electiic currentsandthemagnett field B maybewritten asthe
gradient of amagnett potertial V'

B =VV (12.1)
which satisfiesLaplaces equdion
V-B=VV =0 (12.2)

Laplaces equdion may be solved everywherein the insuator provided we have
satiskctory bourdarycondtions,suchasV, B-n wheren is nomrmalto thesurface,
or alinear combindion of the two.

A geneal soluion of Laplacés equaton is available in spheical coodinates
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(r, 0, ¢) asanexparsionin sptericalharmanic functions In geanagnetsmthisis
usually written as

+1
V(r,0,¢6) =a Z (g) " P"(cos 0)(g;" cosme¢ + hi"* sinma¢ (12.3)
l,m

[see for example Jacols (1994); Arfken andWeber(2001); Kellogg(1953); Backus
etal. (1996)]. Herea is the Earthsradus, P™ is anasso@tedLegendrefunction,
andg™, hj* arethe geamagnetc coeficientsdescibing the magnéic field, some-
timescalledthe Gausscoeficients. In pradice it is necessaryto take the Earth’s
ellipticity into account. Thisis straghtforward: the procedureis descibedfully in
BarraclaighandMalin (1968). Therearetwo partsto the correction onearising
from the surfacenot being at exacly » = a andthe other cau®d by the differ-
encebetweerthe verticd andradial diredions. Thefacta a is introducedto give
the geamagneticcodficients the dimensiams of magnett indudion. The combi-
natiors P;™(cos #) cos m¢ and P/™(cos 6) sinm¢ arecalled spheical harmorics.
They have [ nodd linesonthe sphee, giving I the charateristic of awavenumbet
Functiors with large ! aresmallscde. m courts the numberof nodallinesrunning
throuch the poles | — m is thenumberrunning alonglines of congantlatitude.

Exparsionin spheical harmoncs is analogusto Fourier Serieson spheresand
therearemary resuts pardlel with thosegivenin Part| of thisbook For example
thereis a Gibbs pheromenon truncating the spherical harmaic expansion asis
donefor thelGRF, producesoscilationsin thespacedomai (WhalerandGubbins,
1981) Takingthe gradient of the potertial gives an exparsionin for the vector
field, eachterm of which desribesa multipole. Magnéic field lines for the first
Thefirst term of this vecta exparsion givesthe familiar axial dipole componaeit,
which is by far the largestterm (¢! =~ —30,000 nT). The secom term gives a
dipole whoseaxislies in the equaor through the Greenwichmeridian; it is much
smaller(gi ~ 5,000 nT). The third term givesthe equataial dipole compment
emepging at90° E. Thefourth term(¢9) givesthe quadupde. Thedegree 1 terms
form atriad of dipoles that canbe consderedascomporentsof a vecta dipole;
highe degreetermsdo not have ary suchsimpleinterpretation.

Equaton (12.3) is usedto derive the forward probem, the formulathat allows
usto calcuate the magneticfield compaentsthat can be measued from the ge-
omagneit codficients. For example,the vertical comporent Z measurd at the
Earths surface(by convention Z is measued positive downwards) is obtaned by
differentiating (12.3)with respe&t to r» andsettigr = a

Z(a,80,¢0) = Z(l + 1)P™(cos 0)(g]" cosme¢g + h]"* sinmepy) (12.4)

Iym

The natureof measuementshave chargedover the yeas with the development
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of instrumentdion. We never measue magneic potertial directly. Thefirst, and
easies measuementwas the dedination, D, which wasthe only measuremsat
available until thelate 16" centuy. Inclination, I, followed,andGaussdeveloped
the first methodof measuing absdute intersity or field strength early in the 19"
centuy. 7 compmentshave beenmeasuwed in all. Theseprovide the bast data
for the inversion: the three sphercal comporents X, Y, Z; the andes D, I; and
thetotal andhorizontd intensities F, H. Of these, X,Y, Z arelinealy relatal to
the geamagnete coeficients [e.g. equaion (12.4)] inverting themposes a linear
inverse problem. All theothersarenonineary relaiedandposeanonlinearinverse
problem. For example the declinationinvolvesthe arciangert:

D = tan! (%) (12.5)

12.3 The InverseProblem: Uniqueness

The modelvectoris definedas simply the array of geomagetic coeficients ar
rangedin asuiteble order

m = (g),91,h1,99,93,h3,--.) (12.6)

Thedatakernds arethe derivativesof the spheical harmoncsat the measuremeat
site. For example (12.4 showsthat the datakerrel for a measuementof the
verticd comporentis (I4+1) F™(cos 6y) cos m¢y for ag coeficient[sin mdgy for an
h coeficient]. Forthechose rangeof I andm the datakernds form therow of the
equaton of condtion matrix correpondng to this particular verticd compment
measuremerat a paricular site.

Nonlineardatg such as D, areincorporaed by a quas-linearisediteration as
descrbedin Chapte 8. The datakerrelsareobtaned by differentiaion. Consicer
horizontal intersity H first. Fromthedefinition

H=+vX2+Y2 (12.7)

differentiation givesa smallchangein H, § H, in termsof smallchargesin X and
Y

§H = %(XéX +Y5Y) (12.8)

SinceX andY arelinearly related to the model (12.8) givesa linear relationshp
betweena smallcharge in horizontd intensity and small chargesin the geomay-
netic coeficients. Thesearethe quartities neededfor row of the equaions of con-
dition matrix whendoing an iterative inversion. Similarly, differentiating (12.5)
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givestherequred formulafor ameasuwementof decination

1

6D = —

(XY — Y5X) (12.9)

In eachcasevaluesof thecompmentsD, H, F etc. arecompuedfrom the model
of the previousiteration.

Poteriial theowy is well undestood and stardard resuls give us much of the
information we needabaut uniquenes of the inversion given perfect data. For ex-
ample,astandrdtheoren guarantee uniquenesif thenormd gradientof the po-
tentid is knowneverywhereon the bounding surface of the region wherewe wish
to solve for the potential. Thusknowing the vertical compaent everywhere on
the Earth’s surfacewould producea unique soluion. Thenorth compaent, B in
sphertal coardinates,alsogivesa unique solution, but the east-weg or azimuthal
componat, doesnot. Thisis easly shovn by calculating the datakernel for B,
by differentiaing (12.3 with respectto ¢. Clearly all termsinvolving m = 0
vanishon differentiaion; the equaions of condtion do not involve ary geomay-
netic coeficients with m = 0 andthis part of the main field remairs completely
undeermined. m = 0 definesthe axisynmetric part of the magnéic field, and
the axisymmetric part forms the null space for aninverseproblemin which only
east-wescompmentsof field aremeasued.

Datasés with only eastwestcomporentsalmog never arise,but satelite datais
often confined to totd intensty data,andsuchdataoften dominatein the modern
era. Backus(1970 shaved that total intensity measuremets do not provide a
unigue solution, but leave a null spa@ now known asthe Backusambiguty. It
is charaterised by a spherical harmorc seriesdominged by termswith [ = m.
The Backusambiguity is alleviated by even a modestamoun of ground-based
measuremds of othercompments

Prior to 1839we hadno absoute intensity measureents,only diredions. It is
thenobvious thatarny field model could be multiplied by an arbitray scalarcon-
stantandstill fit the data. Interestindy, the null space for a linearised, iterative
solution comprigsary congant multiplied by the best-fitthg model itself, since
addition of ary multiple of the model simply multiplies the modelby a constant
factor which doesnot alterthefit to the data. It wasoriginally assumedimplicitly
that a singde condantwasthe full extent of the ambiguity, but Proctorand Gub-
bins (1990) showved for axisynmetric fields that more unknown consantscoud
beinvolved,andconjectural a similar geneal resut. Theresut in 3D wasfinally
proved by Khokhlov etal. (2001). Thefull solution to theinverseproblemfor per
fect diredional datacovering the Earth's surface involvesa linear combiration of
n fields, with n unknown coeficients, wheren is onelessthanthe numbe of dip
poles. A strange result but a reassiring one whenone consdersthat the Earth's
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magneticfield hasonly two dip poles,andtherebre the original implicit assump-
tion of justonearbitrary congantwascorrect.

Finally, in the earliest times datssetswere dominatedby declination Gubbirs
(1986 showedthat perfect declimation datacombired with measurenentsof hori-
zontalintensity along aline joining the dip poles aresuficient to providea unique
solution, anotter strange resut. Measurenent of inclination on a voyage from
Francearound SouthAmericainto the Pacific, and anoter from Englard to the
EastIndies were enowgh to provide very good control on a globd model for
epochAD1695-1735, which includes a large volume of decination data(Blox-
ham,1986). In practice datacoverageof the globe is sparseandthe datacontdn
errors but formal uniquenes theaemsprovide animportant guide to the type of
datathatareneeadedto contol the solution well.

Procta and Gubbins (1990) study gives an exampleof how greatcanbe the
difference betweenthe original, coninuous prodem andthe discrdised version.
They computel synthetic datafor anaxisymmetic field with two linesof dip-poles
theninvertedby stardardmethod using atruncatedspheical harmanic seriedike
(12.3). They found both solutions but only aftertruncatingthe seriesabove degree
about50. This is muchhighe thanonewould ever usefor the Earth’s mainfield
(nowadays the IGRF is trunctatedat degree 12) and higher thanwould normaly
be needel for a satigactay numeical representéion of the true solutions of this
particular syntretic problem. The high truncationwasneededto obtan the secon
family of solutons: truncating belowdegree 50 yielded only onesoluion. Thisis
an exampk of the darger of extrapdating uniquenes of a discrdised problemto
the continuous case andundelinesthe valueof assesingthefundamentapropea-
tiesof theinverseproblem atthe outse.

12.4 Damping

Now we mustdistinguish betwee mappirg the magneic field at the Earth’s sur

face,the purposeof the IGRF, anddeveloping magneic field modelsfor sciertific

purpcses. In the former casewe seekonly a concise and accuate model of the
magneticfield compamentsnearthe measuementsites. The uswal procalureis to
truncde the exparsion (12.3) at somesuiteble degree and apdy the method of
Chapter6 to find estimates of the geanagnett codficients. The truncation point
hasincreasedover the yearsfrom 8 to 12; its selecion is basedon the degree
wherethe signal from the crust with its origin in magnéisedsurfacerocks begins
to dominat the magnett spedrum {. Sinceonepurpcseof thelGRFis to sultract

1 Onaspherethesphertal harmoniccoeficients arecorredly referredto asthe spectum, with degree ! taking
the partof the wavenumbe
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awell-definedlarge scalefield from small-galeregional survey maps ,this choice
of truncation makescorsiderdle sense.

In sciertific studies we needto quantfy how accuately we sepaate the core
field, andthe paraneterestimationappoachis unaiitable. Themodelis really that
part of the magnete field that originatesin the core; the signd from the Earths
crustis justanaher souce of noise. The normal compaentof magnetc field on
ary surface providesa unique soluion to Laplaces equaton andthereforedefines
themagneic field everywhee within theinsuating region. We cantherdore take
the modelto be the radial compmentof magneic field on the core surfaceand
formulate a continuousinverseproblem.

The magnett field at the Earth’s surface (r = a) is related to the model by a
surfaceintegra (Gubbirs andRoberts 1983)

B(,6,0) = § Bi(c,6',¢)N(u)ds (12.10)

wheretheintegralis takenover the coresuriaceandu = cos « is the cosire of the
anguhr distancebetweerthetwo points (8, ¢) and(d, ¢'). Thecompamentsof the
vector N arethe datakernds that descibe how a particular measuementat the
Earth’s surface sample the vertical compmentat the coresurface. They aregiven
by formulaeinvolving the geneatingfunction for assocatedLegendrefunctions:

2 (1-c%/a?)

N.(6,4;6',¢) ina? (12.1)
Nog(0,¢;6',¢")) = —Np[cosfcosb cos (¢ — ¢') —sinfcos§'](12.12)
Ny(6,8:6',4')) = —Nysin sin(¢— ¢') (12.13)

Nu(6,6:08) = S| p__cle=f 2c? (12.14)

A dma |1+p  f(f—c/atp) fa®

f(r;0,0;6',¢'") = 2((12 — 2acp + )2 (12.15)

(12.16)

Thefunctions N, and N, dependonly ontheangular distancebetweerthe mea-
suremen point on the Earth’s surface and the samplepoint on the coremantle
boundary. They are plotted in Figure12.1. N, peals at « = 0, shaving thata
verticd field measureentat the Earth’s surface bes sample the vertical field at
the coresurface, immediatly belowv the measuementsite. It alsosample a con-
siderdle areaof the coresurface,the datakernd only falling to abou half its peak
valueat a distanceof 28. N, showshow horizontd comporentssamplethe core
surface. Theresmnseis zerofor a = 0, shaving thata surface measuementof
the horizontd field doesnot samplethe vertical field immedigely below it. The
datakerrel increasesto a maximumat a distarce of 23. The anglebetweenthe
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Fig. 121. Datakernelsfor the continwousinverse probdem of finding the radial compo-

nert of magneticfield on the coresurfacefrom a measuementof radialcompnern (N ;)

andhorizontalcompnert (V) atthe Earths surfaceasa function of anguar distancebe-
tweenthetwo points. Notethatradial compnentmeasurmentssamplebestimmediately
bereaththe site, but holizontalcompmentssamplebestsome23° away.

verticd on the core surfaceandthe horizontal on the Earth's surfaceis 90 — «;
the kerrel initially incresseswith a becawse this ande decreaes,introducng a
componat of corefield in the measueddiredion. It ultimatelydecreaesbecase
of the greager distarce betweerthe corefield andmeasuremat point. This means
horizontal comporentssamplethecorefield aconsderable (angular) distancefrom
the measuementsite: a simplemapof observation points is therdore not a goad
indicator of geogaphial coverage. Theremaining contibutionsto ; and Ny in
(12.12)and (12.13 cortain the variation with azimutharound the measurenat
site: Ny is moresensiive to corefields to the eastandwest; Ny to the north and
south

The continuousformulation has never been implemeried; everyone has pre-
ferred the relaive simplicity of working from the sphercal harmaic exparsion
(12.3). Thefollowing inversionis from Bloxham et al. (1989), which follows the
generaprocedireoutlinedin Chapte 7. We truncate(12.3)at somehigh level, re-
taining mary coeficients beyond thosethatcoud estimatel accuately. We apdy
aprior congraint on the magnetc field on the coresurface.

Minimising theintegrd of thesquae of themagneic field onthe coresurfaceis
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onechoice

21
]f BldS=C> (1+1) (%) (g™ + h?) = >°mTWm (12.17)
Iym

where(C is a known congantandthe weight matrix W is diaganal. Conside the
diagmal elements of W. As [ increasesthe elementincreasesby a fador (I +

2)/(1 + 1) times (a/c)? = 3.342. The elemeits of the dampirg matrix increase
asl increases sothe shorte wavelergthsaredampe moreheavily thanthelonger
wavelenghs. This is exactly whatwe wantin orderto producea regular solution
to the inversion becaise the short wavelergths are lesswell constained by the
datathan the long wavelengths When! is large, above 10 say the first factor
(I +2)/(1 + 1) appoache unity but the downward continuation facta (a/cf

remainsthe samewhatever the valueof I. Applying the normatthe coresurface,
ratherthanatthe Earth’s surface, providesby far the strorgestpartof thedamping.

Theeledrical heatng is a betterphyscal constaint thanthe surface enegy be-
causewe know its upper limit from estimatesof the heatpassng acrossthe core-
mantlebourdary It is also a strorger constaint becaiseit involvesthe squae
of the electric current andtherdore the curl of the magneic field. It is not pos-
sible to comput the electical heatirg from the geamagnetc coeficientsbecase
we cannd continue the soluion (12.3 inside the core Gubbins(1975) derived
aninequality for the electrical heatng in termsof the geomagetic codficientsby
choosng anoptimal form for themagneic field within the corethatminimisedthe
electrical heatirg, but theinequality is sofarfrom ary likely equdity thattheresut
is notusetll. Instead, mostauthas have usedrather arbitrary dampirg whereW is
takento be diaganal with elemeits " (a/c)? wheren takes valuesfrom 1-6. The
dampingonly hasa significant effect on the soluion whenl is large, sothe (I + 1)
canbereplacedby ! in (12.15). At high valuesof I the datahave no effect on the
solution and everything depemls on the choice of dampirg. This allowed Blox-
hametal. (1989) to calaulatedthe effectsof raising the truncation of the spheical
harmonc series to arbitrarily high levels: errars introducedby the truncationwere
therely eliminatedto give the samesolution asa coninuous inversionwith the
sameprior assunptions In pracice they found the asympbtic limit wasreache
by truncatingat degree20.

Core-airface damping producesa smoothfield model| free of ary ringing effects
assocatedwith prematue truncaion of the spherical harmont series. It provides
powerful prior informaton for a Bayesiannverdon, andshoud give very reliable
errorestimate for the Earth’s surfacefield. Hopefuly future IGRFswill be basel
on coresmoothng inversiors.

Thesameremarls do notapgdy to mapsof themagneic field atthe coresurface.
Downward contnuation to the coreamplifiesthe geomagetic coeficients by the
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factor(a/c)! andthe errars areamplified by the sameamount. The errars on the
coresurfacearethereforecontrolled only by theadditionalassumptionsin the prior
model covariancematrix, the rather arbitray facta I* andthe dampingconstant
62. Quoting errorsfor field modelson the core surface is controversial Backus
(1988.

12.5 The Data

The histarical datagt is very inhomayeneais beauseof its long, 400-yeartime
span. Differert instrumentshave beendevelopedduring the periodand magneic
suneying hastaken placein spurs which have caugd dramaic chargesin the
geogaphicd coverage over time. Early datagts are dominated by declination,
with only a handul of inclination measuremets available for the 17" century.
Feuillee’s voyages starting in 1714, werethe first to provide anything like global
coverage of inclination. Theseearly voyagessuffered from poor navigation; un-
certairty in longitudeon seavoyageswasa majorcontributor to erroruntil Cook’s
expedtions startng in 1775. Errorsin posiion produceuncetainties in the equa-
tions of condition matrix A. We have not deat with this type of errorin this bodk;
thereackris referredto Jacksonetal. (2000) for arecent discussionin the context
of this problem. Intensity databecamawidely availablefrom 184Q Theearly 242
centuy saw the stat of detaled land surveys (promped by minerd exploration)
andthe estdlishmentof permanat magneic obsevatoiies capableof monitaring
the seallar variation. Later datasés becane dominatd by total intensty becawse
of thecorvenierceof theprotonmagnéometer.This continuesinto thesatelite era
becaweof theeaseof measuing totd intensity compaedwith vecta compments
whichrequresstarcamerato detemineorientation We arenow in aperiod when
mary ground-basedobservatorieareclosing but severd new satellte missinsare
startirg. Somehistorica landmaks arelisted in Table12.5anddatadistributions
areplottedin Figure12.5.

In all but the earliest measwementsdataerrorstendto be dominaed by sigral
from magnéised rocksin the crust. This contributes an average of 200-300 nT
anda maximum,over seamonmts andvolcanic terran, of over 1000nT. In terms
of direction theseerrorstranshteto 0.1-3 over distancesof several hundedkilo-
metres. Directions mustbe weighted to corvert themto an intensty in orderto
provide auniform dataséfor inverson (this coud equdly be consdered aspartof
the datacovariancematrix C;). D mustbeweightedwith H becasethe accuray
of a diredional measuementis detemined by the force acting on the compas
needle which is propationd to H (notethat declinationis not determired at all
at the geomagetic poles, where H = 0). Similarly, I mustbe weighted with F
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Fig. 12.2. Datadistribution plots. Fromthetop: epod 1966 domindedby total intensity
from the POGOsatellite.Epach 1842. Epochl7775, thetime of Cook’s voyages. Epoch
1715, contairing Halley’s voyagesandFeuilliees measuremntsof inclination.
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2000 Oerstecsatelliteherald decadeof magretic obseration

1980 Magsat—Tfirstvectormeasuremasby satellite

1960 POGOandotherscalameasurerantsby satellite

1955 Protonmagnéometemakesmagretic sureys easy particdarly atsea
1926 ResearclvesselCarnggie burnsin Apia harlourcausinggapin marinesuneys
1880 Challengeexpedtion providesglobal coverage

1840 Raoyal Navy suney of southen oceansRossexpedtion to Antarctica
1830 Gausgevelopsmethodof measurig absolte intensity

1775 Cook’svoyages,navigation muchimproved

1700 Halley’'s cruisesof the Atlantic in the Paramour

1601 William Gilbert puldishesDe Magnete

1586 RobertNormaninventstheinclinometer

Table12.1. Somekey histarical dates in the developmentof magnetic surveying

becawsethe accuray of ameasuementof I is determired by the force exertedon
aninclinometemeede, whichis proportionalto F'.

Intensities themselesweregiven a nominal error of 300nT for F and200nT
for all single compmentsincluding weighteddiredions Bloxham et al. (1989) in
orderto accaunt for the crudal “noise” aswell asinstrumenta errar. This gives
a diagonal covariance matrix; the valuescan be justified to someextent by the
final fit of the modelsto the weighted data, which are quite closeto 1. These
errorsapply only at ground level. At satelite altitude the crugal signd is much
smallerbecawseits smalllength scaleis atteruatedstrorgly with heigh. A smaller
errorneedsto be appied; 10 nT is typical for Magsataltitude. Exterral magneic
fieldsareanohersoure of errar. Groundbase measuementscanbe assumedo
have beenmadeat magnetially quiet times,but satelitesfly through polar regions
where chargedparticles flow along magneic field lines and creae field-aligned
currerts. Thesedisturb the horizontal comporentsof magnett field morethanthe
verticd componats. Only vertical compaentdatafrom Magsatwereusedabove
50° magnetidatitude.

Permanat magnett observatories monitor the time variation of the magneic
field over deca@ésandit is possible to remove the crustd signalin the form of a
statian correction. Thenominalaccuray of absolue measuementanadeat these
observatorigis 5 nT, but this is very difficult to achieve in pradice. Contributiors
from atmoghericdisturban@sare hardto eliminate completdy, and maintaning
the standrd over deadesis virtually impossble becawe of changesin instru-
mentation andstaf. Many “permanent” obsevatorieshave beenforced to chang
location becaiseof encioachng urban development.Efforts areoftenmadeto link
the measuementsat the new site to thoseat the old site but thesearerarely fully
satiskctory. Errorscanbe estimaed by plotting the dataasa function of time and
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mocel median  data data D H X Y z F
year year total rejected
at3oc
19800 1980.0 4178 0 0 0 0 1262 12& 1654 0
19660 1966.0 1140 21 424 392 117 146 146 460 9334
19555 195/.4 30732 319 9335 418 6754 136 135 2963 6922
19455 19465 16208 367 7079 4290 3135 86 86 1084 81
19355 19%.1 1670 506 8154 408 2477 96 96 1282 0
19255 1924.4 23210 554 10711 608 5567 62 62 225
19155 1914.8 248&5 393 9812 748 7040 51 51 56
19055 19(6.4 20203 267 7639 6029 6106 47 47 47
18825 188.0 10573 534 5214 1529 2601 39 39 37 585
18425 184.2 1238 380 4335 0 4615 0 0 0 3068
17775 17/6.9 6115 288 4551 0 1276 0 0 0 0
17150 1717 2636 81 2508 0 128 0 0 0 0

Table12.2. Details of the datacontributing to eady model. Themodelyearis the
epod to which all datawere redwed(excep thetwo oldeg models for which no
seallar variation estimats were avaiable). Themedianyearis the average date
of all the contributing survey data (excluding the obsevatory data). The
remainng columnsgive the numberof measuemeits by comporent; the
differencedn their distribution betwea epodisis duemainlyto the availability of
differentinstrumentsdownthroughthe ages.

estimatirg the scatte from a straghtline or smoothcurve. An examplewasshavn
in Figure6.3.

Bloxhametal. (1989) binnedthe datainto deadeintervalsfor the 26" centuy
andinto larger time bins for earlig centuies. The numberandtype of dataare
showvn in Table 12.2 and somedatadistribution mapsare given in Figure 12.5
Outlierswereremoved progressiwely from theinversiors by simple datarejedion;
numbersof datarejeced at the 3 standard deviation level in the final iteration are
listedin thetable.
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Fig. 12.3. Tradeoff curvefor ageanagnetidield mockl for epot 1980basecbn Magsat
data.

12.6 Solutionsalong the Trade-off Curve

Thegeneanl form of thedampiry is specified by thematrix W; the precisedampirg
requireschoice of the conganté?. Four rationalesweregivenin Chapter7: (a) to
fit the data(misfit to the weighted dataequalto one), (b) to produce a uniform
model (norm equd to someprescibed valug (c) to incorporéae prior information
in a Bayesaninverson (the right ohmic heatng for examplke) and(d) finding the
“kne€’ of thetradeoff curve.

In pracice we compue a series of modelsandconstuct atradeoff curve. From
thiswe canreadoff the value of thedampirg congantfor unit misfit, agivennorm,
or theknee.The serieswastruncaed at sphercal harmoric degree20, giving 440
parametes to be determired. Table 12.3 gives numeri@l detals of eachmodel
Thetradeoff curve for epach 1980 is shavn in Figure12.3. The scalesarelog-lin
andthe normis in arbitrary units. The solutions corresporing to four points on
thetrade-off curve areshown in Figure12.4.
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model dampig norm misfit resolutin
year  constant /10'?

/10~ 14

1980.0 1000 136 1.09 150
196.0 2000 130 1.29 144
19%.5 200 132 0.87 137
1946.5 75 126  0.87 119
193%.5 150 124  0.97 112
195.5 200 124 0.94 118
1915.5 330 131 0.89 125
19%.5 130 129 0.94 124
188.5 90 132 1.03 115
1842.5 130 132 0.92 102
1777.5 170 88* 1.09 83
1715.0 400 47* 1.03 54

Table12.3. Model parametes. Themodels19055-55.5were derivedfromdata
which were weighteddifferenty fromthe othe modelsandthe misfitsmaybe
adjustedupwads accadingly.

The knee lies nearplot 3 with a misfit of nearly 2. The misfit never reacles
unity, evenfor very weakdampirg. This suggestswe have undeestimaedthe er-
rors or, morelikely, the errorsarenot normally distributed. Jackso et al. (2000)
have shownthesedatato have a douwble-exponertial, | rather thana Gaussan, dis-
tribution (Figure 6.6). A 1-nom soluion might therdore alleviate this problem.

Thesoluionsshownin Figure12.4shav theeffect of increasseddampirg. Plot 1
is very compicatedandis dominaed by small scalefeatures,althoughthe overall
dipole structureis still clearfrom the prepondeanceof flux of different signsin
thetwo hemispleres.Plots2 and3 arenearthe kneeof the tradeoff curve. They
have similar featuresbut thosein Plot 2 aredeepe. Plot 4 is muchsmootter and
contans far fewer featues. Thesedifferencesonly shov up whenthe modek are
plotted ator nearthe coresurface:atthe Earth’s surfaceit would be hardto tell the
difference.

We mustnow ask two rathe different questions which of thesefeatues are
resohed by the data,and are they representaitve of the geomagetic field at the
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Fig. 12.4. Solutiors for epoch1980for 4 values of the dampng constah marked on the
tradeoff curve in Figure12.3 B.. is plottedat the coreradius. They shav the effect of
smodhing asthedampng is increased.

core? Thefirst quedion is the easer to answer We have decale-long databins
andthe geomagetic field does not change muchin a decale. Somefeaturesin
the field have persiged for cenuries. The small BLUE patchnearEasterlsland
in the soutreastPacificin plot 2 appersin mostepocts, evenin the 18" centuy.

Persistene of modelfeatuesthroughouta rangeof datagtsis goodevidencethe
feature repregntssometling real. The secor quegion is muchmoredifficult to
answer The geomagsetic field coud look morelike plot 1; the only control we
have is the choice of dampingconsant, which is ultimately basedon our prior
belief aboutthe geomagetic field. If we wereto condruct a geod/namomodel
with this surfacefield would it have reasomble ohmic heatirg? Is the magneic
field in Plot4 too simpleto be geneatedby dynamo action? Thesearethe sortof
physicd quesionswe shoud now beasking.

12.7 Covariance, Resolution, and Averaging Functions

The covariance matrix applies to the geomanetic coeficients. A point estimate
on the Earth's surface(or on the core surface) is a linear combindion of the ge-
omagneit coeficients, soits variarce may be recorstruded using the quadatic
form (6.53). Suppos, for example,we wish to estimde the varianceof a model
estimateof the vertical compaentat a point (&), ¢o on the Earth’s surface.Equa-
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tion (12.4)givestheestimae in termsof thegeomagetic codficients. This hasthe
form aTm thatappersin (6.52), whereelemens of thearraya are

(I + 1)P™(cos 6 )(cos, sin)meo

Thevarianceis thena’ Ca. Variarcescompued at the Earth's surface reflectthe
proximity andaccuagy of the original measurenentsbecaisethe modelis essa-
tially anintelligentinterpolation of the original data. It is “intelligent” becaiseit
buildsin the physial constaintsof a potertial field originating atthe coresurface.
Varianceestimatesat the core surface are obtaned in the sameway, but array a
mustinclude the downward cortinuation facta (a/cf*2.
Figurel12.7givesconibursof standarderror (squae root of variance)atthe core
surface for threedifferent epocts calculated in thisway. In 1715.0thelarge errars
nearthe poles,particularly in the souhernhemisplere,arisefrom pawcity of data
Epoch19155 hadparticularly good data coverage thanks to land surweys andthe
reseach vesselCarnagie. The 19455 map shaws the effect of the semnd world
war on marinesuwveying, with hugeerrorsarisng from lack of datain the Pacific.
The resoluion matrices also apdy to the geomagetic codficientsandtell an
interesting story. They areplotted for threedifferentepodisin Figure12.7. For
perfed resdution these matriceswould be diagaal. For the mostrecen epach,
1966.Q this partof the matrix is quite closeto diaganal andtheresoluion is goaod
out to spheical hamonic degree 8 or more. Only the top left handcorne, out to
degree 10, hasbeen plotted. Note that the resdution matrix is not symmetrcal.
Resoluton is alsogoodto degree 8 for epoch18425, surprisingly so for suchan
old data®t, although resdution detioratesmore rapidly in the degree9 and 10
coeficients thanfor the 1966.0 data®t. Theoldestmodel,epot 17150, beginsto
deterprateat degree 5 andcoeficientsabove degree8 arevirtually unresolved
Table12.3 contans a column for resdution. This is thetraceof the resoluion
matrix, the sumof its diaganal elemens. For perfed resoldion this would equal
the numberof codficients,or L(L + 2) where L is the maximumspterical har
monic degree. Thetraceof R is a measureof the numbe of degreesof freedom
in themodel,or roughly the numberof resdved parametes. For epach 1715.0the
resoluion is 47, correspomling to resoling parametes to spheical hamonic de-
gree5 or 6. Resoluion for the remainirg modelsis remarkably uniform, showing
the excellent geogaphica coverage of thesedatasets(but it sayslittle abou their
accuray). Resoluton for epot 18425 is 132, correspondng to harmaiics up to
degreelOor 11, andfor 19660 it is 144, aboutdegree 11. Thesenumbes arein
agreemenwith plots of the resdution matrices in Figure12.7,althoughthe plots
give amuchcleakr ideaof whereresdution fails thana single numbe can.
The rampirg evidert in the diagonal elemerts of the last two plots showsthat
coeficients with low m arelesswell resolvedthanthosewith high m atthe same
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[. Thisis becaisethe datagtsin theseearly timesaredominaed by declination,
which sample high m coeficients. Equaton (12.9) shavs why this is so. For a
nearaxial dipole field suchasthat of the Earthwe have Y =~ 0 and§D nealy
propationd to §Y, thechargein theeastely comporentor the ¢-derivative of the
potertial. Equaton (12.3)shaws thatdifferenticting with respectto ¢ bringsdown
anm, making the partid deriative largestfor large m.

The diagmal elementsn the 19660 resolition matrix rampthe othe way for
degrees9 and10: they arelargestfor m = 0 anddecreasewith increasingm. This
dataseis dominaed by satdlite measuementsof totd (scdar) intensity F. The
rampingreflectsthe “Backus effect” of the non-uniquenesdeft by F-dataalore;
thenull spae is descibed by spheical harmaic seriesdominatd by codficients
withli =m

Onerow of theresdution matrix givesthe averagingfunction. The estimae of
ary onecoeficient is alinear combnationof all the codficients,andthe averag-
ing function givesthe weights appied to each It is instructive to transbrm this
averagng function into the spa@ doman. The estimde of B. atpoint (6, ¢o) IS
relatedto the true modelby

By(60,60) = § A(6o,60:6,0)B1 (6, 8)dS (12.18)

whereA is theaveraging function andtheintegral is taken over a spherical surface.
Note that A depemls on two posiions on the sphee. Theradialfield is a linear
combindion of themodelparame¢rsandthe estimatel modelis relatiedto thetrue
modelvia theresdution matrix asin (7.28). It follows that

B,(80, ¢0) = a¥m = aTRmy (12.19)

Orthogamality of the spheical harmanics gives my; asan integral of B,.(6o, ¢o).
For example the comporentg;™ of my is

™ I+1

gm = me (8, )P (cos 0) cosmepdS = f (6,8)B:(0,¢)dS
(12.20)

wherearrayec cortainstheintegrandapartfrom B.. Subsituting (12.20)for eachof

thecomporentsof m; in (12.19) leavesanintegral of theform (12.18) compaing
thetwo givesthe averagingfunction assimply

A(6o, ¢0; 0, 8) = a” (6o, ¢o)Re(6, ¢) (12.21)

If we wish the averaging function to apply betweenfields on the core surface,

ratherthan the Earth’s surface, the arrays a and ¢ must contain the dowvnward

continuation facta's (a/c)'. Furthe detals arein Bloxham etal. (1989).
Averagng functionsareplotted in Figure12.7 for three modek for estimaesat
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two differentlocationson the coresurface. The point bereathEurope(50N,0°E)

iswell samplel atall times. Thereis only aslight broaceningof thecental peakin
earlytimes. Theotherpoint haspoordatacoveragein earlytimes. Thisis reflected
by the very diffuse averaging function in epoch1715.Q although the other early
model hasexcdlent resdution becaiseof the surweying activity in the soutiern
oceamandAntardica atthistime.

12.8 Finding Fluid Motion in the Core

Slow changesin the geanagnett field arecalled the secuar variation. They are
causedby motion of liquid iron at the top of the corg and secuér varigion may
be usedto estimatesomepropertiesof the fluid flow. This is aninverseprob-

lem. Progresds only madeby neglecting the effects of electical resisance,the
agument beingthat the obseved geanagneticchangesare rapid compare with

thetime taken for resistve effects to changethe magnetc field. Alfven’s theaem
stateshat magnéic field lines arefrozeninto a perfecteledrical conducta: they
never move through the conductor but move with it. They coud therdore be used
to tracethe flow if only we could label eachfield line. Unique labeling is im-

possille andasa resut the inverse problem hasa large null space. For example

consicerauniform magnett field anda uniform transhtionof thefluid. Thereis no
chang in magneic field becawgeit remainsuniform to the obsewer; the uniform

transhtiontherdore forms partof the null spae.

We ded only with the radal componat of magneic field at the core surface
becasehorizontalcompmentscanbe affected by bourdarylayers andmaythere-
fore not be representtive of the magnett field in the main body of fluid nearthe
top of the core. Contoursof zero B, play a specia role in this inverseprodem
becase they sepaate regions of inward-direded flux from regions of outward-
directed flux. Thesecurves mustbe materal lines, i.e. they remainfixed to the
fluid andcanbe usedastraces. This meanswe candeterminethe flow normalto
thecontourswhereB, = 0 but notthe compmentparalel to it, asthis compment
doesnot move theline. Anothe partof the null spaceis thereforeflow parallel to
cunesof B, = 0. Thetotd integratedflux through oneof thes curvesmustre-
maincorstantbecaisefield lines canrot cross the bourding curve. Theseintegras
definesomeaverage properties of the flow andprovide corsisterty conditions the
datamustsatisfyfor resisanceto be negleded. Backus(1968 madean extensve
study of the inverseprobdem and derived the conditions necesary for existence
of solutons, definedthe null space andshaved thatthe necessarycondtions are
sufficient to determire solutionsfor the coreflow.

Backuws’ resuls of non-uniquenessliscouraged further work on the problem for
20 yeas. New efforts beganfollowing the greatimprovementin datacoverage
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provided by the Magsatsatelite in 1980, with further constaintsbeing placedon
the flow. Theseincluded arbitrary dampng, steadyflow, geostophic flow (i.e.
dynamic dominaed by rotation), andstratfied flow (no radial motionanywhere).
Herewe disaussonly stratified flow becaiseit providesarathersimpleillu stratian
of this particularinverseproblem.

The radial comporent of flow is always zero at the core surface becawse the
liquid camot peretratethe solid mantke. Upwelling from deepe dovn manifess
itself by anapparentsource of fluid atthe surface with flow dirededradidly awvay
from the centreof upwelling. If the fluid is incompressibe andthereis no flow
from deepe down, the horizontd divergene of the flow on the surface is zera
The divergenceof anincompresgble flow v is zera In cartesan coordnateswith
z downward, thedivergeneis

_Ovy | Ovy  Ov,
At thesurface we have v, = 0 andif thereis no verticd flow furtherdown we have
alsodv,/9z = 0. Equaton (12.22 thenshaws thatthe horizontal divergencewill
be zerofor stratiied flow

(12.22)

Vh'v:%-l-%—?:—?;}::o (12.23)
Similar resuts applyin spheical coardinateswith r replecing z; the equatonsare
alittle morecomplicaed.
Theinduction equation givesthe rate of charge of the magnete field with time
in termsof inductive andresistiwe effects. For toroidal flow andno resistve effects
theradial comporentof theinduction equaion redwcesto

0B,
ot

The secula variaion on the left handsideformsthe datafor our inverseproddem
andthe velocity » ontheright hard sideformsthe model. The partial derivatives
depem ongradientsof B,. It is clearfrom this equaion that thenull spaceconsists
of flows perpendiailar to Vy, B,, or paralkel to conoursof B,. Denotng the flow
normalto cortoursof B, by v,, thesoluion of (12.24) is simply

o = 1 0B,
" |VuB,| ot

Thereis aprobem nearthestatonarypointsof B. whereVy B, = 0; this provides

aconssteny condtion onthedatathatdB. /9t = 0 atthesepoints.
Theinverseproblem canbereformuatedby integrating (12.24 overthesurfaces

bounced by contaurs of B,. The divergencetheoren appliesin 2 dimensons on

= v VuB, (12.24)

(12.%5)
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the surfaceof asphee, so

/ V- vdS = ?f vl (12.26)
S

whereS is arny patchof thecoresurface theline integralis takenarowundits bourd-
ary, andsubscipt n denoesthe compaentalongits normal. Integrating (12.24)
over a patch bourdedby a curve B, =constant gives

0B,
s Ot

We could, therefore,usetheintegrals on theleft handsideasour daia. This might
be preferableasit is easierto make estimaesof integralsof secubr variaion over
patche rathe thanat singe points.

Interestirgly, the integrd form (12.27) yields an inverseproblem thatis very
similar to seismictomogrghy becawse the right handside containsline integras
of themodel.In this casethe“rays’, thecontoursover which theline integralsare
taken, arecontaurs of B,; they aretherebre closedandnever intersect. Thelarge
null spae of the core motion prablem could therebre be viewed asarising from
thelack of ary intersectng “ray paths”. Finally, note from (12.27) thatwhenB. =
0 thereis a congsteng/ condition on the data: integrals of the secuar variaion
arourd conburs of zeroradial magnetc field mustvanish Toroidal flows were
first invedigatedby Whaler(1980).

In pradice, theinverseprobem for coremotions hasnealy alwaysbeensolved
by discreising all variableson the coresurfaceusing sphericalharmontsto leave
a standard linear discrde inverseproblan. Stratifiedflow may be repregntedby
a singe scala streamfuncton ¢: v = V x ¥», where# is a unit radial vectot
Thespheical harmonc series for B, andits time deinvative have themseVesbeen
derived from inverseproblems and will have model covanances but these have
beenseldan useal for core motion problems. Secula variaton is estimaged by
differencing field modelsfrom differentepodis, or inverting permanentmagneic
observatondata diredly, andwill have muchlarger relative errorsthan B. or even
thegradientsof B, thatenterthe equationsof condition matrix. Errorsin VB, are
ignored in core motioninversions

Truncdion of the spterical harmoric series presefs an interesting problem.
Supposeve truncatev atdegree N, and B, at N,. The prodict on theright hand
sideof (12.24 producesharmorics upto degree N, + N, which meansve shoud
truncaethesecuar variaion seriesatthis level. Seculawariationis poorly known,
andwe camot hopeto deteminethe sphericalharmonc coeficients to degree,
with ary accuacy, let alone higher coeficients. Thereis alsothe inherentincon-
sisterty of having high degreecodficientschargewith time yet not be part of the
magnetidfield model. The correct solution is to keepthetruncation of v andB. at

dS = B, ?{ vndl (12.27)
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thevalue requredby the prior informationof the problemandsethigh harmoncs
of secuar variation datato zerowith appropriate error estimats. This prohbits
unreaistic soluions for v that geneate huge secubr variaion in very high har
monics,which canariseif thesehigh secubr variation harmorics areomitted from
the inversion Realigic error estimatesallow soluions for » that fit the known
harmoncswithout being overly constrairedto force the higher harmorncs to zero.

A stardard dampedieastsquaes solution to the inverseproblem (12.24) pro-
videsa more stableand uniform estimae of the velocity than the simple division
in (12.25), but dampingproduwessomeundegrable effectsassotedwith thenull
space.Thisexampkillustratesrather dramaically theproblemsthatarisewhenap-
plying standaird dampirg techhiques to aninverseproblem with alarge null space
Solving (12.24) by leastsquareswith little or no dampirg givesa solution thatis
completdy dominatedby the null spaceandwill resut in large amplitude flows
that are everywhere paralkel to contaurs of B.. Dampingprogessvely removes
componaits of the null spaceandleavesonly that part of the modelrequred for
fitting the data. This will eventwally leave uswith u,: severe dampihg produces
flows normd to the contaurs of B,, or asnearto normalasis allowed by the ge-
ometryof the conbours. This flow is everywherepergendiailar to the oneat zero
damping Arbitrary dampingis no solution to evaluatingtheimportanceof models
in thenull spa@;thecorrect soluion is to find moredata,or moreprior information
from the physics of the problem.

Anotherinterestingeffect of dampng arises from secuar variaion in the Pacific
region. The magneic field hasbeenremarkably congantwithin the Pacific basn
throudhoutthehistorical period. Goodcoremotioninversiors havelittle flow in the
Pacific becauselittl e flow is neededthere. Excessvely dampel solutions“spread”
themodelinto the Pacific, putting flow whereno secuar variation exists. Thisruns
contray to our expedation of the effects of damphng: thata minimum norm so-
lution only introducesfeatuesinto the modelthatareneededto explain the data
Thisis anotter undesiralde effect of alarge null space Thespedal caseof toroidal
flows is given hereto simplify the mathematics. The full problem is no moredif-
ficult to understaml, andcontainseven moreserere uniquenes prodemsbecase
the allowed flows have the extra degree of freedam of radid motion. Inversionis
usedin core motion studiesas a mappingtool: thereare no pretensins at error
estimateson the flows; its value lies in guiding our ideason coredynamicsrather
thanin giving a predse magniude anddirection at a particular point on the core
surface.
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Fig.12.5 Contou mapsoftheerrasin theestimatedadid field atthecoremantlebourd-
aryfor (a) 17150; (b) 1915.5; and(c) 19455. The contou intenval is 5 pT' andthe units
arel0uT; theprgectionis PlateCaré.
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Fig. 12.6. Resolutionmatricesfor threeepodis with quite different datasets.(a) epoch
1980 (b) 1966 (c) 1715.
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Fig. 12.7. Averadng functionsfor the samethreemodelsasFigure 12.7 andtwo points
onthe coremantlebourdary. Goodresolutio is reflectedin a sharppeakcentredon the
chasensite. Resolutioris very poorin the southPacific for epach 1715.0.



Appendixl1

Fourier Series

Al.1 Definitions
A periodic function of time, ¢, obeys the equation

a(t +7T) = a(t) (1.1)
whereT is theperiod and
2w
T
is the angulr frequency Any periodc function canbe representel asa Fourier
series

w =

1 o0
a(t) = an + Z (cp cos nwt + sy, sin nwt) (1.2)
n=1

wherethe {c,; s, } arethe Fourier coeficierts. a(t) canhave discatinuities but
mustsatidy the condtion

T
/ la(t)] dt < oo (1.3)
0
Thecosineandsinefunctionsareorthogoral, meanirg
T 1
/ cos nwt cos mwtdt = §T5nm (1.4)
0
T 1
/ sinnwtsinmwtdt = denm (1.5)
0
T
/ sinnwt cosmwtdt = 0 (1.6)
0

where é,, is the Kronedker delta They are also orthogonal to the function %
[prove it]. Any reasmablefunction (i.e. onesatisfying (1.3)) canbe expardedin
the setof functions{$; cos nwt; sin nwt }—the setis saidto be complete

To find the coeficientsfor ary a(t) from equations(1.4)—(16) do thefollowing:

228
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(i) Multiply by the correpondng function.

(i) Integrateoverthewholerange(0,T")

(iii) Usetheorthogondity relaions(1.4)—(.6)to shav thatall integralsvanish
except the onecontaining the chosnfunction coeficientcorreponding to
therelevantfunction

(iv) Rearramgetheequationto give the coeficient explicitly

Thus
2 T
a0 = iiA a(t)dt (L.7)
2 T
Cn = f/ a(t) cosnwtdt; n =0,1,2,... (1.8)
0
2 T
Sp = ?/ a(t)sinnwtdt; n =1,2,3,... (2.9)
0

Al.2 Examples
() The squarewave. This function may be defined asperiodic with petiod T’
with
a(t) =1 0<t<T/2
=—-1 T/2<t<T

The Fourier seriesfor a(t) hasthe form of (1.2) wherethe coeficients are
givenby (1.8)«1.9). Substitding for a(t) gives

2| r1/2 T 2 /(T T

and
2 /2 opg T 2nm
e = T {/0 cos Ttdt - /T/2 cos Ttdt}
= 1 { [sin 2n_7rt] i — [sin Qn—ﬂt]T }
nmw T 1o T It
=0
and

2 /T/2 . 2n7rtdt /T . 2n7rtdt
= = sin ——tdt — sin ——
Sn ; n s n

1 [ 2nn]Tﬂ [ 2nW]T
= — —cos —t — | —cos —t
nmw T 0 T T/2
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1
= —(cosnm+1+1—cosnm)
nw

2
= —[1—(-1)"
- (1)
Theseriescanthenbewritten as

a(t) = 4 sin@ —I—lsin@ + lsin@ +...
s T 3 T 5 T
The cosihe and consainttermsvanish this always happes for odd func-
tions, thosewith a(t) = —a(—t); the sinetermsalways vanishfor even
fundions, which have a(t) = a(—t). The Fourier seriesrepresentsa de-
compasition of the squae wave into its comporentharmoncs.

(i) A parabola. It is left asan exerciseto shov, using formulae (1.2) and
(1.8)«1.9) and (8), that the Fourier seriesof the function t — £ in the
interval 0 < t < 11is

s 1 X cos2nmt
S D D
[This requiressometediousintegration by parts It is possble to circumvent
someof the integration by noting the function is symmetri@al abaut the
point ¢t = % while all the sinefunctionsareantisymmetrical.

(i) The sawtooth function, definedby S(¢) = ¢t ontheinterval 0 < ¢t < 1
andperiodic repettion: S(¢ + 1) = S(t) [You needto sketch the function
over several periads, sayt = 0 to 3, to seewhy it is called a savtooth.]
The Fourier seriesof S(t) hasthe form of (1.2) with T = 1. All integrds
containing cosiresvanish. Doing theremainng integralsyields:

S(t) =

B i sin 2n7t

DN | =

oy} 2nm

Al.3 Complex Fourier Series
Thefunction a(t) mayalsobe expandedin complex exponentids.

a(t) = f: Ap et (1.10)

n—=—oo

Theexponentialsareorthogona:

T . .
/ ginte—imut gy 5 (1.11)
0
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Note that orthogorality for complex functions requres one of the functions be
comple conjugated(seeApperdix 5. Multiplying both sidesof (1.10) by e im«t
andintegrating from 0 to T' givesthe formulafor the complex coeficients A4,:

T .
An:i/ a(t)emt gy (1.12)
0

The complex Fourier series (1.10) may be shavn to be equivalentto the real
form (1.2). Using DeMoivre’s theorem:

P — cosme + isinme

we rearangethe real Fourier series (1.2) into the complex form by chocsing the
coeficients
A, = cn—2isn n>0
cn +is,

= "5 n<0 (1.13)

NotethatA_,, = A, if a(t) is arealfunction.

Al.4 SomeProperties of Fourier Series

(i) Periodicity. The Fourier seriesis periodc with the definedperiad; in fact
the Fourier seriesis not completly specified until the period T' is given
The Fourier seriescorverges on the requred function only in the given
interval, outsidetheinterval it will bedifferent [seethe parabola(ii) above]
except in the special casewhenthefunctionitsdf hasthe sameperiod[e.g.
the squae wave (iii) above].

(i) Evenand odd functions. Sinesareoddfunctionsa(—t) = —a(t); theDC
termay andcosnesareevenfunctonsa(—t) = a(t). Evenfunctionscan
beexpanddin cosnetermsplusaDC shift, oddfunctionscanbeexpanded
in sineterms.

(ii) Half-period series A function a(t) definedonly ontheinterval (0,7") can
be expresedin termseithersine or cosneterms. To seethis, considerthe
function extendedto theinterval (—7', T') asanevenfunction by a(—t) =
a(t). TheFourierseriesontheinterval (—7°, T') with period 27" will contan
only cosire termsbut will corverge ontherequred functionin theoriginal
interval (0,7). Similarly, extending the function asan odd function with
a(—t) = —a(t) will yield a Fourierserieswith only sineterms.

(iv) Leastsquaresapproximation. Whena Fourier seriesexpanson of a con-
tinuous function a(¢) is truncatedafter N termsit leaves a leastsquaes
approximation to the original function: the areaof the squaed difference
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betwea the two functions is minimisedandgoesto zeroas N increases
This propety follows from orthogondity of sinesandcosnes: it is useill

becaiseincreasing N does not charge the existing coeficients, and only
the highe termsneedbe compuedin orderto improve the approximation.
If a(t) is expandedin functionsthat are not orthogoral, for examplethe
monomids z", thenraising the truncationpoint N requres all the coefi-

cientsto berecomputed,notjustthe new ones. SeeAppendx 5 (ii).

(v) Gibbs’ phenomenon TheFourierseriesstill corvergesin theleastsquaes

N=1 N=2
1 1
0.5 0.5
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.5 0.5
-1 1
N=3 N=4
1 AN N\
0.5 0.5
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.5 0.5
1 1
4 \
N=8 N=16
l{\v V/\ 1l\V w
0.5 0.5
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
0.5 0.5
1 JAN N\ 1 N A
V V v 7y

Fig. A1.1. Fourier seriesappgoximatian to a squae wave. The Fourier serieshasbeen
truncatedat1,2,48, and16, terms.Notethe overshootandcompessiorof theoscillations
arownd thediscontiruity.

seng whena(t) is discortinous, but the truncatedseries oscillatesnearthe
discontinuity with a consantovershmt of abou 19% of the height of the
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disoontinuity. As N increaesthe oscillations are compresedto a pro-
gressively smallerregion aboutthe discontinuty but the maximumerror
remairs the same.The cornvergenceis saidto be non-uniform becasethe
errar dependsnotonly on N but alsoon¢. Theseoscillations areknown as
Gibbs’ phenanenon.FigureAl.1illu strates the effect for the squae wave.



Appendix2

TheFourierIntegral Transform

A2.1 The Transform Pair
TheFourierintegrd transbrm (FIT) F(w) of afunction of time f(¢) is definedas

Flw) = — /°° F(t)e tdt @.1)

:% -

Theinverse tranform is

£(t) = / ' P(w)etdw 2.2)

—o0

Substitding (2.2) into theright hard sideof (2.1) anddoingthe integra senesto
verify the inverseformula from the definition. The choice of facta 1/2x in (2.1)
is arbitrary, asis the sign of the exporent, but of course changng themrecquires
changng theinversionformula (2.2). Thefactor1/y/2x yields a symmetrc tran-
form pair, the samefacta appearingin front of theintegralsin both(2.1)and(2.2).
Theintegra ontheright handsideexists (i.e. is finite) provided

/oo |f(t)|dt < oo (2.3)

— 00

Theintegral transbrm satisfiesmary of thesamepropertiesastheDFT (page 43).
F(w) is acomplex function andtherdore contans amplitude and phase; F(0) is
theintegral of the entiretime function (divided by 27) andis therdore a measue
of the average; the shift theaemholds f(t — t) +> e~ F(w); asdoesParse-
val's andthe corvolution theoraem; the Fourier Integra Transfam of the derivative
f'(t) isiwF (w); andthetrandorm of f(—t) (timereversl) is F*(w). Thereis no
counerpartto aliasng becaisethereis no maximumfrequency.

234
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A2.2 Examples
(i) Boxcar.

fit) =1 |t<T (2.4)
= 0 |t|>T (2.5)

The FIT is obtainedsimply by evaluaing the integral in (2.1) to give the
sincfunction
Fw) = el 2.6)
W
whichis the continuous analgyueof the sequenceapparingin (3.5).
(i) The FIT of the Gaussiang(t) = e~ presets a slightly morechalleng-

ing integral:

G(w) = 1 /00 e~ it gy (2.7)
21 J_ o '
whichis evaluatal by completng the squarefor the exporent:
iw\? o  iwt  w?
a(t—i—%) —a<t +7—W (28)
charging varigblesto
z=+a (t + ﬁ) (2.9)
2c
andnoting the stardarddefinateintegral
[e ¢]
/ e ¥ dy — /7 (2.10)
— 00
to give
_ 1 —w?/4a
Gw) = 2\/756 (2.12)

Thisresut wasusedonpage34. TheFIT of aGaussiaris andherGaussan.
TheGaussia function canbeusefd in taperihg andfiltering becaiseit has

no sidelobes.
(iii) The exponentialfunction hasthe power spectrumof a 1-pde Butterworth
filter.
fit) = et t>0 (2.12)
= 0 t<0 (2.13)
Integrationof (2.1) gives
1
Flw)y=———— (2.14)
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Thepower spedrumis then

1 1
2 _ -
FOI = gz .2 (2.15)
A2.3 Properties of the Fourier Integral Transform

f(@) © F(w)
ShiftTheorem : ft—tp) “ el F(w)
Derivative : df /dt “ —iwG(w)
ConvolutionTheorem : [0 f(t)g(t —t')dt' <« F(w)G(w)
Symmetry : F(t) Real < F(—w) =F*(w)
Parseval : 22 1F(t)2dt = [%|F(w)]?dw

A2.4 The Delta Function

Condition (2.3) is very restiictive indeed. It excludessimplefunctionslike f(t) =
1 andsin wt, for example Thisis aseriousdravbackto useof theFIT in analysing
wave motionbecaiseit camotcope with thesimplesiof waves,themonochromatic
sinewave.

This deficiercy is rectifiedby using the Dirac Delta function §(t), which plays
thepartof aspikein cortinoustime seriesanalysisandreplaesthesinge non-zero
entryin atime sequence.Thedeltafunctionis propely definel by two propeaties

8(t) =0 t#0 (2.16)
and
/ ~a(0f(dt = £(0) (2.17)

for all functions f(¢). It follows from (2.17)with f(¢) = 1 that

/°° 5(t)dt =1 (2.18)

andfrom (2.16) that the integral is unity for ary time segmentthat includesthe
origin. Intuitively, we canthink of the delta function as an infinitesimally thin
spike of infinite amplitude, so high thatthe areabeneth it remairs unity despie
its narownessbecaiseof (2.18). Anothe usefu property follows from (2.17) and
changp of variable:
o

| bt -t £t = £(t0) (2.19)
This subditution property of the deltafunction makesintegrationtrivial; the delta
function is somethirg to bewelcomedrather thanfeared.
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Thenext bold stepis to assumethe FIT equdions (2.1) and(2.2) applyto func-
tions of time thatcontan the deltafunction. Settirg f(¢) = §(¢) in (2.1) gives

1

1 * —twt 34
o /_ " BBt = o (2.20)

If Fourier'stheoemapgdies, we canputtheright handsideof (2.20)into theinverse
transbrm formula(2.2) andwrite
/ ¢t — 2 (2) (2.21)
—o0

Intuitively this seemsplausble becase the resut of integrating the osdllatory
function e for all w gives zero, the oscilations canelling out, exceptwhen
t = 0, whene? = 1 andtheintegra diverges.A similar aigumentleads to

/ e” Wt = 2mé(w) (2.22)
andby charging the signof w:
/ eWtdt = 2md(—w) = 2mé(w) (2.23)

Adding and subtacting thesetwo equaions gives the FIT for monochiomatic
waves:

/ Y coswtdt = [6(w) + 6(—w)] (2.24)
/_oo sinwtdt = in[é(w) — §(—w)] (2.25)

Thedeltafunction therdore allows usto repregntline specta mathematally; the
Fouriertrangorm of amonoromaticwave of frequeng/ w is apairof linesat+w,
their signsbeing deteminedby the phaseof thewave.

Theseequdions allow us to take the FIT of a periodic function exparded in
a Fourier series, asin 1 (1.2) or the complex form (1.10). Consder the simpler
complex form. Takingthe FIT of both sidesof 1 (1.2) andusing (2.22)and(2.23)
for thetermson theright handsidegives

> 2mn
Alw) = Apd | — 2.26
@= 3 () (2.26)
Any periodic functionfailstheintegrability test(2.3) becawsetheintegrad overeach
periodis finite. The FIT doesnot exist by the strict definition, but it canbe written
in termsof delta functions. A combiration of deltafunctionslike the right hand
sideof (2.26) is calleda Dirac comh

Thedeltafunction is a very powerful formalism for the Physicist but it is only
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that, a formalism that extends Fourier theoryto include idedisations of common
waveforms.Unlike the spike of discreteFourieranalysis, the delta function hasno
definedvalueatt = 0; notethatthedefinition (2.16)and(2.17) avoids ary mentian
of theactuad valueof §(0). Thedeltafunction is renceredharmlessby integration
It obeys theusud rulesof integration, mostusetlilly integration by parts.

Constlerthe effect of multiplying the derivative of f(t¢) by a delta function and
integrating. The subditution property (2.17)gives:

© N df
/W 8() % dt =2 | g (2.27)
Integration by partsyields:
00 o d§
OO 0 — | S f()dt (2.28)
Thefirst termvanishesfrom thefirst property of the deltafunction (2.16), leaving
df B o d§
===/ dtf(t)dt (2.29)

Thederivative of a delta funcion picksout (minus) thederivative of therestof the
integrand. We canthink of it intuitively asa pair of spikes:the delta function itself
risessuddely to infinity then plungesbad to zero; its gradient goessuddenly
from zeroto +o0, thento —oco beforeretuming to zero. The effect of multiplying
anordinary function by suchadoule spike andintegratingis to pick outthevalue
of f(t) just before t = 0 and subtrat the value of f(t) just after¢t = 0; the
normalisationof thedeltafunction (2.17)is justright to leave (minus)thedervative
att =0.

A similar processleads to definitions of higher derivatives of the delta func-
tion. Thedeltafunction itself maybe regardedasa deriative of the stepfunction,
becawsetheindefinae integral gives

t
/ 5thdt = 0 t<0
—00

=1 t>0
= H(t) (2.30)

anddifferentiation is the reverse of integration

dH
0(t) = —-
(t)=—
Onceagain,we canthink intuitively of thestepfunction H (¢) rising abrutly from
zeroto oneatt = 0 while its gradientjumpsfrom zeroto infinity andbackto zerg
justlike thedeltafunction.

(2.31)
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| wastaught deltafunctions twice, oncein Physicsand oncein Mathemaics.
The mathemadtians methal is by far the best: delta functions are not ordinary
functions but, strictly spealing, distributions. They may be integratedusing the
Lebesge definition of theintegral, whichwe donotrealy need to understanl. The
rulesarefew andsimple: distributionsin isolation do not necesarily take specific
values(so they are not functions); they yield specific valueswhen multiplied by
an ordinay function and integrated they mustnot be square or multiplied by
anotter distribution even underthe integral sign (although even this last rule is
broken in Chapte 9, in the useof the Dirichlet condition). An accesible account
of distributionsis givenby j.96lig.¢,

The Physicigs’ treatmat of deltafunctionswaslessrigorousandconsideralty
more awkward. Therearetwo unsdisfadory devices. Thefirst is to definethe
deltafunction asa boxcar with width w andheight 1/w, giving it unit area,then
take the limit w — 0. It is then possble, with consderalie effort, to perform
someintegrals to give restuts like (2.19) above. The usud Riemanndefinition of
theintegral involvesdividing the range of  into small elementsiz, summingthe
areasf therectarglesbene#h theintegrand,andletting dx — 0. Theresut gives
the correct valueof theintegral if thelimit exists. With the boxcar definition of the
deltafunction we havetwo limits, w — 0 anddz — 0, andwe musttakethesecom
limit first to obtainananswer Thisis tantamountto integrating thefunction befare
we have definedit! Thesecad fudgeis to complketeintegras involving functions
like et by assuming somedampirg to make ¢“* — 0 ast — 4oo. This also
leavessomehorrible integralswhich eventudly give the desiedanswer

For me, the combindion of mathematial rigour with utility (not having to do
thosecomplicaedintegrals)is a strong incenive to learnthe simplerulesfor delta
functionsandusethem. j.62p@.¢ gives mary pradical apgications of the delta
function, usedin the propea way.
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Shannofs SamplingTheorem

To prove (3.4),congderthetime sequencen(t) with Fouriertransform A(v), where
v = w/2/pi, suchthat

Alv) =0 |v|>vn (3.1)
andthe periodic function Ap(v) with period 2vy sud that

Ap(v) = A(v) <OV <vn (3.2)
Ap(l/) =0 vy < |V| < 2vun (33)

Beingpeiiodic, we canrepresent4p(v) asa Fourier seriesexpanson:

Z apke”k"/”N (3.4)

k=—00

)
— Z ap, e2mkuAt

k=—00

Ap(V)

wherewe have usedthe definition of the Nyquist frequeny: v = 1/2At. Invert-
ing theintegral Fouriertransform, noting from 2 (2.22) that

&) . .
2 [ kvl ity — (¢ — bAt) (3.5)
—00
gives
1 o0
ap(t) = o kgoo Ap, d(t — kAt) (3.6)

Thecoeficientsin (3.5) aregivenby the usualFourier seriesintegral:

1 VN

Ap

k

- = A —2mikv At 7
o s p(v)e dv (3.7)

240
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Comparingthis with the inverse Fourierintegral trandorm:

VN .
a(t)=2rm Ap (v) e T Wigy (3.8)
—un
shows that
i s
Ap, = —a(kAt) = —ay (3.9)
VN VN

Therequred Fouriertransbrm, A(v), is relatedto the periadic function Ap (v)
throudh multiplication by aboxcarwindowfrom v = —uy to +vy. By thecorvo-
lution theaemfor the FIT, this multiplication is equivalentto convolution of ap(t)
with theinverseFouriertrangorm of theboxcar, whichis b (¢) = 2sin (27unt) /t:

1 [ sin 2y Nt
t)=— t—t)—————dt' 3.10
ot) = [ aplt =)™ (3.10)
Substitding from (3.6) and(3.9) gives
1 [e 0]
t)y = 3.11
a(t) . k:z—oo ay (3.11)
© in 2 t
/ 3(t —t' — kAt)ZEETUNT gy
o v

B i . sin 27wy (t — kAt)

2y (t — kAR) (3.12)

k=—00

For atruncatedseqencethis sumis reduedto therequiredform in (3.4).
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Appendix4

LinearAlgebra

A4.1 Square Matric es
The eigervalue equation for asquae matrix A is

Av = v (4.1)

A is calledthe eigervalue and v the eigervecbr. If N is the orderof the
matrix, thereare N eigawalues, eachwith its comrespormling eigervedor.
The eigernvedors canbe multiplied by ary scalar(seeequaion (4.1)) and
we usudly nomalisethemto unit lengt:

vTv=1 (4.2)
A symmetric matrix hasAT = A. Symmetricmatrices have realeigerval-
uesandtheir eigenvecibrs aremutualy perpendiailar (or may be madeso
in the caseof equa eigervalues). Positive semi-ddinite symmetricmatrices
have real eigawvaluesthatarepostive or zero(all postive = definite some
zerobut nonenegative = semi-cefinite).
Orthogonal matrices. The matrix V whosecolumnsarethe eigervectas
of A is orthogoral

Vv =wwT =| (4.3)
becaisethe eigervectas making up the columnsof V are orthogonal V
representsa rotation or refledion of the coordnate axes, depanding on
whethe det V = +1 (swappirg 2 columnsof the matrix will changethe
sign of the determinant which therefore only determiresthe ordeing of

the eigawvalues. We ignore reflectionsfrom now on).
Diagonalisation. Thetransformaton

VTAV = A (4.4)

givesa diagonal matrix A with eigenvaluesof A alongthe diagonal. The
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transformatonis arotation of coodinateaxessothatthe (mutualy orthog-
ond) eigervectas becanethe new coominateaxes.

A quadatic formdratic formis asolid geometical surfacewhosemostgen-
eralformis

az? + by + c2® + 2hxy + 2922 + 2fyz = K*? (4.5)

which maybewrittenin matrix form as

zl Az = K2 (4.6)
where
a h g
A=| h b f 4.7)
g [ ¢

Whenrotaing to diagonal form we just charge axes, the surfaceremairs
the same.lts equationwith respetto thenew axes(/, v/, z') becanes

)\1$I2 + A2y12 + A3zl2 _ K2 (48)

wherethe \'s arethe 3 eigervalues of A. If all eigervalues are postive
eguation (4.5) descibesanellipsoid; if oneeigawalue is zeroit descibes
acylinder,andif 2 arezeroit descibesa pair of planes

Variati onal Principle. The quadatic form " Av, wherew is a unit vec-
tor, is statinary when A is statimary and v is an eigenwvecbr of A. The
prod simply involvesfinding the extremevalues of the quadraticform sub-
ject to the constaint vTv = 1 using the methal of Lagrang multipliers
(Apperdix 6).

Formthefunction F(v):

F(v) = vTAv + 21 — vT0) (4.9)

where—\ is the Lagrang multiplier. An arbitrary chargein v, dv, pro-
ducesachargedF in F, whichis zerowhenF is statonary

§F(v) = dvT Av + vTAdv — AdvTv — lambdav® §v (4.10)

Notethatév” v = v’ §v becaisethey aretranspose of eachotherandboth
arescalas. Similarly,

svT Av = (bmv AT §v)T

andthefirst two termsareequalprovided A is symmetric SettingdF' = 0
redwesto

svT(Av — Av) =0 (4.11)
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Linear Algebra
This musthold for any v, which will only betrueif
Av = )v (4.12)

i.e. v isaneigervecta of A.

Complex matrices. Most of the propertiesof real matrices apply to ma-
trices with complex elemens with onenotable excepion. Scalarproducts
of complex vectors areformedwith a complex conjugate.This ensursthe
length of thevector the squae root of its scala productwith itself, is areal
quantity (Appendix 5). The Hermitian conjugateof ary arrayis definedas
the complex corjugateof the transposeandis written with adaggef. For a
compkex vectoru we have

[u? = (uT)*u =ulu (4.13)

A Hermitianmatrix is onethatis equalto its Hermitianconjugate:
Hf = (HT)* =H (4.14)

A realHermitianmatrixis symmetric Hermitian matrices have mary prop-
erties in commonwith symmetricmatrices notably real eigervalues or-
thogonaleigenvectas, anda variational principle.

Non-symmetric matrices. If A is notsymmetic the eigawecior equdion
for its transseyields a setof left eigervectas.

Aty = pu (4.15)

Transmwsing both sidesof this equation explains why they are called left
eigawvecbrs:

ulA = put (4.16)

Theeigervalues of At arethe complex conjugatesof thoseof A; the corre-
spanding eigenvectas are orthogonalor maybe madesoif thereareequal
eigewvalues. If A is areal matrix, its eigervalues arereal or occu in com-
plex conugatepairs(becasethey aretheroots of acharaterisic equdion
with real coeficients). AT therdore share the sameeigervaluesasA.

The complee setof vectorsu form the reciprocal vectoisto v. Let U
be the columnmatrix of left eigervectoss u. It is thenpossble to obtaina
diagonal matrix

A =UfAV (4.17)

whereA is thediagmal matrix of eigervalues of A, which maybecomple.
While these formulaeare correct, the product wfv is not real. Hermitian
conjugatesgive ufv, whichis reat theu maybenormalisdsothatulv =
1 whenthey correspondto the sameeigenvalue.
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A4.2 Realrectangular matrices

() If therealrectargularmatrix A hasD rows and P columnsit is saidto be

(ii)

D x P. A mapsvectasfrom a P-dimensonal spaceontoa D-dimensonal
spae. AT is P x D andmapsvectoss from a D-dimersiond space onto
a P-dimensonal space.To multiply two matricestogetherthe secor di-

mensia of the first matrix mustequa the first dimenson of the seconl;
there are no suchrestictions on the othe dimensons. Thus ATA is an

allowedmultiplication andis a squage, P x P matrix. AAT is alsoan al-

lowed multiplication andis asquare,D x D matrix. AA is notanallowed
multiplication, noris ATAT'

Eigenvaluesand eigenvectass of rectangular matrices

Theordinary eigewvalue equaion (4.1)camotapgy to rectargularmatrices
becaise A now chargesthe dimersion of the vecta. However, it is still

possibleto write down meanindul eigewvalue equations Conside thejoint
spae of dimenson D + P formedby the union of spa@sacteduponby
both A andA”. Thenform the partitioned matrix:

S= ( ;)T /3 ) (4.18)

NotethatS is squae, (D + P) x (D + P), andsymmetrc. Its eigervalues
aretherdore realandits eigenvecirsareorthogoral:

Sz =z (4.19)

Write the eigervectorin the parttioned form ' = (vT|u®) whereu
hasdimersion D andwv hasdimenson P. The eigervalueequaion (4.19)
canthenbe expardedoutto

ATy = o (4.20)

Av = du (4.21)

ThisdouHle formis theeigervalueequatonfor arectangubrmatrix. Trans-
posing (4.20) gives

ul'A = o7 (4.22)

which showswhy w is called a left eigervecta of A. v is called a right

eigenvector of A.
Combining equdions(4.20 and(4.21)gives:
ATav = M (4.23)
AATuy = Nu (4.24)
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Thusall eigervaluesof the squae matrices A”A and AAT are positive or
zero(becawse ) is real). u is the correpondng eigervectorof the D x D
matrix AAT andwv is the correpondng eigervecta of the P x P matrix
ATA. However, the two squae matrices we formedfrom A are different
sizes andthereforehave differentnumbes of eigervalues.In thecaseD >
P thenAT A is thesmalle of the 2 squae matrices andwill have P postive
(or possbly zero)real eigenvalues. AAT is the larger of the 2 matrices it
will have the sameP eigervalues asthe small matrix and an additional
D — P real eigervalues with orthogond eigervectas. Let one of these
eigenvecrsbeu;; thenby orthogondity

uFAv = 0 (4.25)
for all P linealy independen eigaweciors v. Transpaing this equdion
gives

vTATul =0 (4.26)

This equaton holdsfor all the vectorsv, which spanthe P-dimensonal
spa®, andtherebre

ATu, =0 (4.27)
andobviously:
AATu; =0 (4.28)

Theremainng D — P eigawalues are therdore zero; the correspormling
eigawvecbrsof S have the paritioned form (0|v).

In thecaseP > D thesameremarks apgy in reverse: AL A is thelarger
of the 2 matricesandhasP — D zeroeigewalues.

A4.3 Generalisedinverses
The null space If ary vectorm, satisfiesthe equaion

Amg =0 (4.29)

thenmy is aright eigenvector of A with zeroeigewalue; it is alsoaneigen-
vecta of ATA, which will have a zero eigawalue corresporling to this
eigawvecbr evenin thecaseP < D. Thesetof all vectorssatisfying (4.29)
spanavectorspae of dimenson N < P calledthenull space Thegeneal
vecta belorging to this setis sometimesalledthe annihilator of A.
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A squae matrix with zeroeigawalue hasno inversein the usual sense
i.e. B istheinverseof A if

AB =BA =1 (4.30)
It is alsoimpossble to solve a systemof linear equdions of thetype
Am =d (4.31)

in the usualway. However, this sygem of equations hasmary soluions
becauseit is deficient. If onesolution m canbe found, thenary vecta of
theform m + amy will alsobeasolution, whereq is ary scala multiplier.
m definesan uncetainty in the soluion. The null spa@ definesthe full
uncertairty in the solution; the complee soluion to (4.31)is a singlevec-
tor orthogonalto the null spaceplus anarbitrary linear combiration of all
vectasin thenull space.

Evenwhenthereareno null vectas my, andD > P, the matrix AAT

hasanull spaceof dimersion N = D — P becawseof thezeroeigervalues
found in (4.28).
Least squaresinversion of redangular matrices Rectanglar and sin-
gular squae matricesdo not have inversesin the normalsenseandit is
uselul to gereralisethe conept of inverse of a matrix by relaxing the two
conditions (4.30). Theleag squaessoluion developedin Section6.2 is
oneexampleof agereralisal inverse.lt satigiesonly oneof the equaions
(4.30. Ignoring theerrar vecta in (6.25)gives(4.31);we write thesoluion
(6.26) as

m=A"d (4.32)

where
AN = (ATA)IAT (4.33)

It is easilyverifiedthat A=A = | but AA—" hasno meanirg becasethe
dimersionsarewrongfor the multiplication.
Matrix inversion by eigervector expansian. A genealisedinverse can
be corstruced for a singular, symmetri¢ squae matrix A in termsof its
eigenvectors and eigawvalues. First rotateaxesto diagonalise the matrix;
equation (4.4)yields

A = VAVT (4.34)

The inverse of A is obviously the diaganal matrix with elemens 1/X9).
Provided A is notsinguar, its inversecanberecmstrudedby rotaing bad:

(ATA)"t = vA~IVT (4.35)
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The procadure does not work when an eigawalue is zero becase some
elemerts of A~ canrot befound. A genealised inversecanbe condructed

by replacing the offending elemens 1//\(1') with appropriate alterratives:
the ustal chaice is to make themzero. Writing this inverse as A-¢, the

gereralisal inverseof A becanes

(A)~¢ = vA~EVT (4.36)

whereA ¢ is diagonalwith elemerts 1/A(®) whenA® £ 0 andzerowhen
2@ = 0.

Multiplying by theoriginal matrix thenusing (4.4) andthe orthogorality
of V from (4.3) gives

A CA = VIA-GyWTAY
= VIA=GAV=IC (4.37)

wherel¢ is a diagmal matrix with ones on the leadng diaganal when A
hasa non-zeroeigewalue, zerowhenit hasa zeroeigervalue. Any vector
canbe expandedin a completesetof eigervectas of A. Multiplying by
hasthe effect of removing any contibutions from eigawectbrsin the null
spae of A, it is therdore a projection opeator that projectsthe vectorout
of the null space
Dampedinverse. Thedampel inverseis similarto thegenealised inverse.
Insteadof zeroing contributionsfrom the null spae, all the eigervaluesare
increaseduy afixedamoun. Thereareno longer ary zeroeigervaluesand
the squae matrix may be inverted in the usualway. If the matrix A has
eigenvalues \;, the matrix (A + el) will have eigervalues); +e. A=1 in
(4.39 is replaedby A—P, which hasdiagonalelemens 1/(); + €). When
A; = 0 the corresponaed eigenvecir is multiplied by €. The dampel
inverseis usefu whenthe projection of d onto the null spae is not too
large, so that e can be chosenbe smallerthan most typical eigervalues
while at the sametime the amplification factore~! doesnot increasethe
compaentsin the null spacetoo much.
Minimum norm solution
Another way to solve a deficint setof equatiors is to selectthe shatest
solution for m, the onewith the minimumIength or norm. Thegereralisel
inverseA—¢ alread does this by projecting the soluiion vecta out of the
null spa@; thereis no unnecesary comporentandthe solution mustbethe
shatestpossble.

The following altemative derivation of the minimum norm soluion is
instructive. Minimise the length squaed m! m subjctto the corstrairts
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imposed by the given equdions Am = d using the methal of Lagrang
multipliers. Arrange the Lagrang multipliersinto avectorA andminimize
the quartity

L£=m"m+ AT (Am - d) (4.38)
by differentiathg with respe&t to m, which gives
oL D
B—mj = 2mj + 1221 A,A” =0 (439)
Rearraginggives
1
m = —iAT/\ (4.40)

ThelLagrarge multipliers arefound from the constaint
1
d=Am= —§(AAT)/\ (4.41)

Thistime,if P > D, thesquae matrix AAT hasthesmallerdimersionand
will (usudly) haveall D eigervalues non-zero,its inverse exists,and(4.41)
canbesolvedin theform

A= —2(AAT)1d (4.42)
Substtuting from (4.40) givesthe minimum length solution for the model
m = AT(AAT)~1d (4.43)

Justasthe leastsquaressoluion gave the gereralieed inversefor the
reciangulr matrix A when P < D, the minimum norm solution givesa
gereralisal inversefor thecaseP > D:

AM = AT(AAT) (4.44)

Notethat AA—™ = |, whereasA—™A is not defined; the opposte wasthe
casefor A~V definedin (4.33.
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VectorSpacesandthe FunctionSpace

The concept of a vecta is useflly extendedto NV dimensons,where N canbe
greate than3 or infinite.

A5.1 Linear Vector Space

A Linear \VectorSpaeV is asetof elemelts a, b, ¢ which combire (+) unde the
rules:

Closue:a +b C VisavectainV
Commutaton:a +b=>b+a

Assodation: (a+b)+c=a+ (b+c)
Null vectorexists andis unique:a + 0 = a
Theneggative —a exists:a + (—a = 0

andcanbe multiplied by scalas («, 8) undertherules:

e Closue: aa C V
e Distribution: a(a + b) = aa + ab
e Assodation: (a + f)a = aa + Ba

A5.2 Dimension
A setof vectas{a, b, c, ...} in Vislinearly independen if theequaion

aa+pBb+yc+...=0 (5.1)

impliesa = 8 =~y = ... = 0. If thereexists N linearly independern vectors but
nosuchsetof N + 1 vectosthen N is thedimengon of the space
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Ab.3 BasisVectorsand Coordinates
A setof N linearly independet vectas {el!), e ... 4 e(M} is saidto spanthe
spaceandform a basisfor the set. Any vecta & C V may be written asa linear
combindion of the basisvectors

T = xle(l) + xze(z) +...+ xNe(N) (5.2)

The {z;} arethe compmentsof the vecta x in the coordinatesystemformedby
this basis.

A5.4 Scala Product
Thescalarproduct of @ andb, a - b, satsfiesthefollowing rules:
a-b=>b-a
a-(ab+pc)=aa-b+pa-c
ea-a>0
a-a=0=>a=0
(a- a)% is thelengh of a
If @ -b = 0thena,b aresaidto be orthogond. If the basisvectas aremutualy
orthogonalandof unit length:
e®.eld) =g, (5.3)
they aresaidto be orthonormal Thecompamentsof x in anorthonormalbasisare
givenby
;= el (5.4)
If the scahr productis definedasthe sumof products of comporentsin an or-
thonamal basisthevecta spacds calledN-dimensioal Euclidean:

a-b=aiby +asby+...anby (5.5)

A5.5 The Function Space

Conside a setof functions f(z), g(z), . . . definedontheinterval (a, b). Theusual
Riemanndefinition of theintegral is

/ab f(x)g(z)dz = ]\}i_r)nooz f(zi)g(z;) A (5.6)
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wherez; = a,zn = b, ziy1 —z; = Az = (b—a)/(N —1). Apartfrom thefactor
Az, theright handsideof (5.6)is a Euclidean scalarprodwct. Thefunctions f(z)
obey the rules of combindion and multiplication by a scala and form a vector
spaceprovided enoudn functions are included to satisfy the closue condtions.
f(z;) maybethought of asthe*® compmentof f(z).

Thedimenson of the spaceof functionsis infinite, N = oo. Thescdar produwct
of two functions f andg is usudly calledaninner product andis written

(9= [ 1@o@s (5.7)

A function spacein which the scala product is definedin this way are called
Hilbert space The definition of the scakr productin (5.7) may be madewithout
refererceto the Riemanndefinition of theintegral becauseit satisfieghepropeties
required of a gereral scalarprodict; equaton (5.6) is uselul in drawing the com-
parisam with the morefamiliar scalr product of two vectas in threedimensonal
Euclidean space but is not necessaryfor the developmentof the theowy of Hilbert
spaceslf

/a ' f()g(w)de = 0 (5.8)

thefunctions f andg aresaidto be orthogond.

A5.6 Complexvector spaces

Requirechangesin definition of the scala product to make the length of a vector
real. Equation(5.5) becomes

a-b=aiby +asby+... +ayby (5.9)

whichleaves|a| real:
N
la> =a-a = Z |a;|? (5.10)
i=1
Thefirst propety of the scalarproduct(commutdion) is changedto

a-b=(b-a)* (5.11)

Thesamerulesapplyto thefunction spa@. Thescahr productbeammes

(9= [ F@os (5.12)
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For example the exporentids usedin complex Fourier series areorthogonat

) ] T ) ) T . e27ri(m—n)t/T T
(e2mnt/T7 e27rzmt/T) — / e—27rmt/Te27rzmt/Tdt — / e2m(m—n)t/Tdt — :
0 0 27i (m —n)
(5.13)
whichis zerounles m = n.

A5.7 Basisfunctions
Thebasisfor afunction spa@ is a setof aninfinite setof functions. Two examplkes
will demonstatetheir use.

(i) Fourier series If a = 0,b = 27 andall the functions are periodic with
period 27 the sines, codnes, and congant function form an orthanormal

bass:
1
e = — (5.14)
2T
elm = 1 cos mx (5.15)
™
1
elt™ = N sinma (5.16)
Thefunctionsareorthogond becase
1 (27 1 [2m
— / cos mz cos nxder = — / sinme sinnedr = dpm, (5.17)
T Jo m™Jo
and
1 2
- / cosmzsinnxdr =0 (5.18)
0

The exparsion of a memberof the set, f(x), in the basisvectoss thenbe-
comesthe Fourier Series(1.2):
flz)=¢ Xi—l-ic icosm:z:—i—s isinmx (5.19)

The compaentsof f aregiven by the scala prodicts with the basisfunc-
tions, which have theform:

27 1
Cm = T)—— cos mzdzr 5.20
m= | f(z) Wer: (5.20)
This is the closeto the stardard formula for the coeficientsin a Fourier

seres.
Note that sinesalone would form a bassk for the set of odd functions
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(ii)
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f(—=x) = —f(x). They form abasisfor all periadic functionswith period
7 but only “half” thosewith period 27. Thesameappliesto thecosiresand
the setof evenfunctions f(—z) = f(z). Seethediscussionof half-period
Fourierseriesin Apperdix 1 page231
Polynomials. Thesetof monomials{z™; m = 0,1, 2, ...} ontheinterval
(—1,1) form avectorspace. A few simpletrial integrations showthatthe
monomids are not orthogond. The only setof polynomialsthatform an
orthogoral bass for this setarethe Legendrepolynomials. To prove this,
stat from the functions Fy(z) = 1 and Pi(z) = = + « andapply the
orthogorality condtion to detemine .. ThendefineR(z) = 2% + Bz +
andapgy the two orthogondity condtionsfor B and P; to find 8 and-.
The functions may be normalsed by multiplying by anoter scalarfound
by applying the normalisationcondtion. For examplke, R, is aconstat and
thecondtion [*, P?(z)dz = 1 requiresthe congantto bes.

The usua form for the Legendrepolynomialsis not normalised, but
[P(x))? integratesto 2/(21 + 1). They are

P()(.’E) =1
P(z) = =z
Py(z) = %(3952 _1)

Legende polynomialsplay animportan role in the theory of polynomi-

als and appraimation theory. If a polynomial appioximation is neead,
it is bestto usea seriesof Legendrepolynomialsrather than monomids

becaiseof their orthogondity. Among the mary advantage is the same
lead squaesbestfit property asFourier Series(page 231). If a bette ap-
proximationis requred by adding moretermsto anexparsionin Legende
polynomials the existing termsremainunchanged Suppos, for example

acubic apgroximation a 4 bz + ca? + dz? is requred insteadof a quadatic

a + bz + cz? appoximation. Thecodficientsa, b, ¢ will bedifferentin the

two case, whereaghefirst threecoeficients of a Legende expanson are
the samein both cases.

The functions P, with [ even areeven functions Py (—z) = Py(z) be-
cau® they cortain only evenpowersof z, whereasghe B;,; areoddfunc-
tionsbecasiethey containonly oddpowersof z. Likethecoshesandsines
the Py, form a bags for the vector spaceof even functionsandthe B;
a basisfor the spae@ of odd functions; eitherform a basisfor the spa@ of
functionsontheinterval (0, 1).
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A5.8 Linear Operators
A linear opemtor A actsonavecbr a to prodwce anadhervectorb:

Aa=0> (5.21)
Theoperdor is only linear if it satigiesthe propety:
A(aa + Bb) = aAa + SAb (5.22)

For Euclideanvectorspacs of finite dimersionlinear opemtorscanberepresentd
by matricesof compmentsin the chosenbasis Linear opeatorsusualy mapto
vectorsin the samespace, but not necesarily so. Rectamgular matricesmapto a
spaceof different dimenson, for example

Differential andintegrd operdors acton functionsin a function space.Linear
differential operatorshave mary propetiesin commonwith matrices For exam-
ple,thesecad derivative mayberepresentel by thelimit of thesecom orderfinite
difference

?f lig (@i+1) = 2f (@) + f(@i-1)

&? A Ac? =Af (5:23)
whichin matrix form givesrows asfollows:
1 -2 1 ... ... f(zi—1)
Af = o 1 -2 1 ... f(zi) (5.24)
o 0 1 -2 1 f(@iy1)

For theinterval (0, 27) andhomog&eoushoundary condtions f(0) = f(2x) =
0 the eigenfundions of the operator & /dz? are the solutions of the differential
equaton
d*f
dz?
They arethe sines andcosiresof the Fourierseries. Equatian (5.25)is analaous
to the matrix eigervalue equaion Az = Az. Somedifferential operdors, called
Hermitianor self-adjoint depemling on whether they arecomplkex or real,areana-
logues of symmetic matrices andhave orthogonaleigenitnctions,like the Fourier
functions here. Theseeigerfunctions form usdul basesfor mary problems,just
aseigawecirs form usdul basedor finite-dimensioml vecta spa@s. Note that
not all approximatons of Hermitiandifferential operdors leadto symmetricma-
trices. For example,the first derivative of f could be appro<iimatedeither by the
secoml order, certred-dffererceform [f(z;+1) — f(x;—1)]/2Az or by theforward
difference [f (z;+1 — f(x;)]/Az. Thefirst form gives a symmetricmatrix, the

= —m?f (5.25)
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secom doesnot. This is one exampleof the mary propertiesof the continuous
problem (forward or inverse)thatmay belost whenapproaimatingwith a discree
formulaton.



Appendix6

LagrangeMultipliers andPenaltyParameters

A6.1 The method of undetermined multipliers

In optimisaion methodswve often wish to minimise(or find the extremevalues of)
afunction of severalvariades F'(z, y, . . .) subjectto somecongraintG(z,y ...) =
0. Themostcommonexamplein this bodk comesfrom a linear inverse problem,
whereonewishesto minimise a quadratic function of the model parameers, the
norm of the model, subject to a set of linear constrairts, the data expresed as
a linear combiration of the model paraneters. (It is somavhat alarmingto find
all the physcs of the problem relegatedto a side congraint like this, but it often
happas!).

If thefunction G is sufficiently simplewe canrearangeit to expres oneof the
independen variablesin termsof all the others sulstitute backinto F' to eliminate
oneof thevariables,andperfam the minimisaion by differentiating with respet
to the remaining varialdes. It is usudly not possible to do this analtically, and
evenwhenit is possibleit is often inelegantor inconvenient. Lagrangés methodof
undeerminedmultipliers providesa simpleandelegart solution, although at first
sightit seemdo make theproblemlonge by adding extraunknownsandequadions.

We introducethe new combiration H:

H(z,y,...) = F(z,y,...) + A\G(z,y,...) (6.1)

where is anunknown parameter If theconstrairts aresatidiedthenH = F', and
theminimumof H will alsogive theminimumof F. H is minimised by differen-
tiating with respectto eachof the N independent parametesin turn andseting the
resultto zeroin the uswal way to give N equdions for the N 4+ 1 unknownsthe
valuesof the independnt variablesdefining the extremepoint, andthe Lagrange
multiplier. The extra equdion requrredfor complketesolution is given by the con-
straint G = 0. Alternaively, differentiating H with resgectto A andsettirg the
resultto zeroyields the constaint andprovidesthe sameequaion.
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Consderthe simpleexample of minimising the quadatic form
F(z,y) = 2>+ ey +y°
subjed to the congraint
Gz,y)=z+y—1=0
We form thefunction
H(z,y) =F+ G =2+  + Mz +y—1)

thendifferentiateandsettheresut to zero

2r+y+A = 0 (6.2)
r+2y+X = 0 (6.3)
z+y—1 = 0 (6.4)

Thesetwo equaions andthe constaint give 3 simple simultaneows equatonsfor
thethreeunknowns z, y, A, with soluionz = y = 1/2, A = —3/2. Thisexample
is simpleenoudh to solve by subdituting y = 1 — z into F’ anddifferentiating with
respetto x to give the samesolution.

Minimising ary quadatic function subject to a linear condraint always gives
a setof simple simultaneousequdions like (6.2)«6.4), which makesthe method
particularly appraqoriate for linearinverseproblems. The methodof Lagrange mul-
tipliersis often the only possble approachwhenthe constrairts or optimising cri-
terionis anintegrd ratherthana simplefunction. More thanoneconstaint canbe
introducedby usingmorelLagrang multipliers,onefor eachcorstrairt.

A6.2 The Penalty Method

Thepenaty methal is rather similar to themethodof undetermine multipliersand
is patticularly simpleto applyin anumeri@l solution. Instead of usinganunknown
multiplier A, which mustthenbe eliminated from the equdions or solved for, we
simply chocsea large value for it. Minimising the combination H will thenresut
in making G very small, becaisethe cortribution AG dominges. Thereremain
enoudh degreesof freedomto alsoredue F. F andG mustbe of aform thatthe
ratio F/G cannd be madelarge by extremevaluesof theindepenentvariables.

It remairs to chocse a suitable value for the peralty parameer A, which is a
numericd congderaton. If A is too large the optimising criterion will fall below
numericéd precison; only the congraint will be satisfieq andthe resultwill not
achieze aminimumof F. When X is too smallthe constrairt will not be satisfied
The optimum value of A depemnls on the accepable ratio of /G and machire
precison; it mayhaveto befound by trial anderror.
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Consderthesimpleexamplegivenabore. Suppsewe fix A atsomelargevalue
anduseonly (6.2) and(6.3)to find z andy. (6.2)and(6.3)givez = y = —\/3:
large values of z andy therdore always resultfrom large values of A\. This is
becase F' is a quadatic function of x andy wheread is alinear function, and
F/G is maximisedfor z,y — +o0o. Thisis notthesoluion we want. Theprobem
is fixedby replacingG = = + y — 1 with its squae, sothat F//G remainsfinite as
z,y — Foo. Wenow minimisez? + zy + y2 + Az +y — 1)? to give

2e+y+2Mz+y—-1) = 0 (6.5)
z+2y+2X(z+y—-1) = 0 (6.6)

Eliminating A givesz = y. (6.5)thengivesz = 2A/(3 + 4A). As A — o©

z,y — 1/2, asrequired. Choosng A = 100 givesz,y = 0.4963 and\ = 10°

givesz,y = 0.4999996. We could try to improve the solution by increasingA still
further, but we arelimited by numeri@al accuacy. Suppsewe retan 6 significant
figures. The original equatons (6.5) and (6.6) are compldely dominaed by the
termsin A andthe other terms, which originatedwith the quantty we wish to
minimise,arelostin thegeneal errar. Thetwo equationsbemmethe same gxcept
for round-off error, and soluion would be impossble. In a larger problem the
numerica difficulty would be moreobscue to diagrose.
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Appendix 7

Files for the computer exercises

A7.1 The practicals in this book

The computer practicals need publicly available software. as described here. Pro-
grams and data files specific to these practicals are available on the website
http: //publishing.cambridge.org/resources/0521819652.
They were developed and run on a linux operating system and should run on any
unix system with a FORTRAN compiler.

A7.2 The pitsa program

The pitsa program is used for the time series practicals in Part L. It was writ-
ten by Frank Scherbaum and, at the time of writing, is available on the web at
http: //lbutler.geo.uni-potsdam.de/service.htm. Scherbaum’s
(1996) book Of Poles and Zeros makes extensive use of pitsa. Both program
and book have been written for seismologists, but both are applicable to other
subjects.

A7.3 octave

octave is now supported by the Free Software Foundation and is freely available
from www . octave.org. It comes packaged with most linux systems. It closely
resembles the commercial package Matlab, which the student may use instead
if preferred because there are virtually no differences (apart from graphics) at the
simple level used in this book.

A7.4 gnuplot

gnuplot is also supported by the Free Software Foundation and is available from
www.gnuplot.info

Copyrighted Material
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Multi-taper

A7.5 Other files

At the time of writing, other files used in this book may be freely downloaded from
the website http://publishing.cambridge.org/resources/0521819652.

A7.6 Multi-taper
See Gabi Laske’s website: http://mahi.ucsd.edu/Gabi/polaris.html.

Copyrighted Material
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